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We use the method of B.V. Fedosov to construct a star-product on a conic manitold
equipped with a Poisson bracket of constant rank.

1. Description of the problem and notations
A cone (or conic manifold) is a smooth paracompact manifold X with a free action of
g . * . . \
the multiplicative group £, . We denote ¢/ (X) (or (/%) the space of ('™ homogencous
functions # of degree s. i.c.. such that £(Ax) =A% f(x) (we will also denote (/Y the

conc.spondmg, sheafon X'). We denote 0’ (\’) or O the space of symbols of degree s,
.. of formal scrics:

n:an g witha, e A" integer. k> 0. (1.

N N N R .

We denote ¢ the algebra (2 =\ (¥ (k € 7). The algebra. 7%f formal differential

o . e - [N : - G-

operators acts on ¢/ _ an opcrator I” € 77 of degree m is a formal series:
-3 p (1.2)

l‘v .
k<m

where cach 7, is a lincar differential operator, homogencous of degree & with respect to
homothetics of X. Similarily we have a sct. 73 of formal bilincar differential operators: a

bilincar operator of degree < m is a formal serics:

(a.b)= 1, (a.b). , | (13)

k<m

* Le., X i isomorphic with Yx R where Y= 1 R is the basis, and homaotheties are given by:
1y, 1)y = (. 1) the choice of an isomorphism corresponds to the choice of a function r > 0 homoge-
neous of degree 1.
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where £ isabilincar differential operator. homogencous of degrec £, te.. itis locally afinite
sum of the form l‘k (a.b) = Z /)“ﬁ‘(x)ﬁ. Ugph b and it is homogencous of degree & with
respect to homothetics. Such an operator 1. defines a composition law (product) on /> .
A Poisson bracket on Y is an antisvmmetrie bilinear differential operator of order 1: £
g > { /. g}, satisfving the Jacobi identity Le..
VA =0 (antisymmetry).
Lfechy=fle hy+ L0 e (order 1),
(g hy b+ te bh fyy=4h g} ) =0 Uacobi identity). (1.4
It is homogencous of degree-l if 1/ ¢} is homogencous of  degree
deg { f.g} =deg (f)+deg (¢)— T when fand g are homogencous.

A star-product on X is a law [Le 7{ which is  associative,  ic.
Lla L(b, ¢)) = L{l{a. b). o). and unitary. e L{L a) = L. V)= o Such an L defines an
associative algebra structure on /l) for which the unit is I The domunant ey of 1 is
necessarily £, (. h) = ab (slightly more generally if 7015 just associativ e, its dommant
term [, s oneeessarily of order 0 as a differential operator e of the form

4, - . / . e . .
Lm((l. hy=fab for some fe /" I £ is imveruble. 1 has a unit 1owith dominant term

=1 . .
/7 owhosce total formal series one construets clementary by induction on the degree: then
o« uis an cquivalent associative and uniary law)

If /. 1s associative and unitary the relations on terms of degree-1 and -2 imposed by
assoctativity imply that the bilinear operator deseribing the domimant term of commuta-
tors ja. by

Sa by =1 (u. by~ 1 j(b, ) (1.5)

.
is a Poisson bracket. homogencous of degree-1

A natural problem is then to construcet and classify, up to cquivalence. star-products
assoctated to a given Poisson bracket (two laws 7 and 77 are conjueate if there oxists an
invertible 7 & Zsuchthat L' = PLIY Thiswas done by AL D De Wildeand P Lecomite
IDLI. 2w the senu-classical cases where V- V=R with 1o svmpleetic manifold.
1 v hi) j - and the "Planck constant™ /1 i~ a postting Lomovencous fuiction of
degree-1 (ihe mverse of the canomcal varable of B ) e also FONMY 1 21 In [BGY
(cf. also [B1. 21 we studied the case where Vs a svimiploctic cone Flere we will show
the followmg result. usmg the "elemaontan ™ mcthod of Fedosoy [F2

Theorem L [/ X iy a conic manifold equupped v ati ¢ liomocencons Poisson bracket
of desree-1. of constani rank. there exists ain assoctaicd star-prodict.
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Star products on conic Poisson matiitolds of constant rank
Remark 1. The relative position of the leaves of the foliation of the Potsson bracket
with respect to the infinitesimal generator of homotheties (radial veetor) does not enter
in this analysis — in contrast to what usually happens for P. DL E’s. »
For Poisson brackcets of nonconstant rank 1t is in general not known if there exists an
associated star-product.

2. The local model — filtered Weyl algebras

Let X be a conc. and I — X a svmplectic veetor bundic over X. On cach fiber /¢
ymj .

there is a Poisson bracket ¢ = Z ¢ & F] ~where the @, are the fiber derivations, in some

vector basis of the fiber. and the cocfficients ¢;; arc constant along the fibers. 1.c..only
depend (smoothly) on the basis point x. Locally onc may choosc coordinates §; . lincar
along the fibers, and homogencous of degree 1/2 with respect to homothetics, so that the
¢;; are constant (the degree must be 1/21f { } 1s of degree-1).

Let W be the associated fiber bundle of "homogencous filtered Wevl algebras”: its
sections of degrec m arce svimbols:

= 5 (x8)

with £, homogencous of degree m — k. The composition law is given by

(¢

S

: ]
frg=exp e,

DS B =

=2 Al' (C (@%@ n)kf (x. &) glx, ‘n)) @

which is well defined as a symbol (formal serics of homogencous functions) because the
| K, .
o€ (A . ﬂn)/;/(.\: &) g(x. n) 1s of

degree < deg (f) + deg (g) — k — — . (W should be thought of as a sheaf on conic open
scts of I). ‘ .
We will also use the algebra W of jets of infinite order of scetions of ¥ along the zero

In=%

Poisson bracket ¢ 1s homogencous of degree-1. so

section { § =0 } of /7 (it 1s a sheaf on conic open sets of X). Its sections of degree & can
be written, locally with coordinates é/. as above. as formal power series:

I=2 00 & @2

where the j;L are symbols o/n\xXofdcgrcc Shk—=]a|=.172deg(€). Thestar-product (2.1)
is cqually well defined on W. '
In the general case we will construct below the desired star-product algebra as the
subalgebra of such a Weyl algebra killed by suitable derivations. desceribed together as the -
N

cocfficients of a connection as in [F2]. We recall the structure of derivations of W (or W):
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! . N A N .
Lemma 1. Let 1D be a derivation of degree k of Wi, DW " cw ™ +hy, Locally,
if we choose local x-coordinates on X and &-cooidinates in the fibers as above, so that
the { &, %‘ }are constant, 1) can be wrilten:

Df=Yy a; (x) &f 1 &x,+ [h. /] (2.3)

with a; symbols of degree < k + deg X, L and b of degiee < k + 1.
Proof The center of Wconsxsts of functions f'= f(x) constant alongj fibers £ .

is central, then so is Df'since |Df. g] = DI, g] - | Dgl. Let D, = Z a; (x)of/ Oxj be the
vector ficld on X such that Df'= D, /for central £, and denote again D, the extension to
Wdcfined by our choice of coordinates. Then the derivation 1 - D, kills central functions
and this tmplics that it is an interior derivation. This last asscrtion is proved as follows:
we choose dual coordinates éf so that IE,; . 2;/.] = 8,_‘,'1 more generally we have

of1 08, = [éf Sl Letusset B,=(D - D) éf . The equalities
(D~ DYIEE = 1D =Dy &) T+ 18] (D =D& | = 0. (24

e, B/ (")ﬁ/‘: ﬂB/./("fﬁi mcan that 3 = Z B, ¢, is a closed form, so it has primitive b

(along the fibers), and we have (D~ D)) f={h. /] (in fact @ there is a canonical global
1

primiiive: b = J g-aa L B(E) di).

0

Remark 2. The formulas above cqually apply to a conic vector bundle li'cquippcd
with a vector Poisson bracket § ? ¢ N </ which 1s not symplectic, 1.c., the cocffi-
cients ¢y (x} arc again smooth functions oﬂhc base v alone but the matrix (cv.) is no longer

N
uwcrtxblc Formula (2.1) still defines a Wevl algebra Woor a formal ﬁlgubm of jets W.

However, if the rank of the Poisson bracket (i.c.. of the matrix (¢ ;)) is not maximal, in

particular if it is not constaat. the structurc of derivations is more complicated and Lemma
I docs not hold.

3. Connection associated to a good coordinate system

_ : b .
Let X be a cone with a Poisson bracket homogencous of degree-1. of constant rank.
Then there 1s an associated foliation /70 gencrated by all hamiltonians vecior ficlds /’7/,

(these generate a subvector bundle — of constant rank — of 72 and the Frobentus
integrability condition follows from the Jacebi identitvy. The tangent bundle 777 of the
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Star products on conic Poisson manilolds of constant rank

foliation /7 is a conic symplectic vector-bundle with basis XL as above, and there is an
associated Weyl algebra IAV,”,.

As we said above, we will construct a star-algebra associated to { } |- as a subalgebra
of sections of 1/4\/,”, killed by a suitable connection. We first show how this can be done

locally, in a "good" svstem of local coordinates.

Lemma 2. Near any given point x, € X, there exist local coordinates Xphon X, (of
homogeneous degree 1/2) such that the matrix { x, . X; ' is constant, invertible

(k=rank of { }). ‘

lS.’,_/S/\

P roof We first choose functions x]'. (homogencous of degree 1/2) so that the

hamiltonian fields A .....hr form a basis of 77 at x,, . and A ...,k arc lincarily
x, X, 0 X, R R

independant from the radial vector ficld p. infinitesimal gencrator of honothctics (let us
notice that if p is tangent to a leaf /7 at some point, it is tangent to /7 cverywhere because
F and its homothetics meet along the ray through that point. and two lcaves with a
comman point are equal).

We may now modify these coordinates recursively imposing x, =x,, and for
3 B | 1°

1<i,j<k:{x, X; } = constant = { x, xj’. } (%), X, = xj' on a conic initial manifold trans-

vesal to the 4, i <j (this ensures homogeneity, and the mitial transversality hypothesis,
i

that 4y ..., A are linearily independant of p, ensures the existence of such initial
1 -1
manifolds). The remaining coordinates x;,  ,.....x,, may be chosen arbitrarily. We will
call such a coordinate system a "good coordinate system”.
To such a good coordinate system we associate a first canonical "integrable” /*-con-
nection V with cocfficients in W, ® Q... The starting point is the following: the

canonical tangent form of I, with cocfficients in 7/ can be written t = Z dx, 0/ 3, (in
the JF-coordinates as above). To this corresponds
, . ‘
* . * .
d= Z §; d5,;. with & the dual basis of & for { }. 3.h
i=1 )

T is invariant by all changes of coordinates preserving leaves. so 8 is invariant by all
changes of coordinates preserving { }. i.c., preserving leaves with their symplectic
structure.

With good coordinates x; as above we have a first connection:

V=D-5 3.2)
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with & as above and
A X . _
D=Za3ci @/ ax)F, , , (.3)

where we denote (3/ ax,,) the vector fleld tangent to F such that (6/ &c) (x )= 8,] R
1<i,j<k, with 5,.]., the Kronecker symbol (the vector field h.¢). D is the canomcal
. -

extension of the exterior derivative d defined by the choice (x;, §;) of coordinates in
TF as above. Obviously, we have‘ .
D*=0, [D,8]=0, &=1®a, G4

where o is the F-symplectic form associated to { }.

~ Thus the curvature form of V central, and AdV is integrable. The sections of W killed
by Ad V are the symbols f(x, &) such that V/—[5, f] =0, i.e., such that f only depends
onx, +§&,,..,x, +&, . Obviously, these sections form a star-algebra on X, isomorphic to

the standard star-algebra equipped with the Moyal-Wey! product (in our "good" system
of coordinates).

4. Global construction

The connection D above is not invariant by changes of coordinates; if x' = (x}) is
another good system of coordinates, é' = (E,',.) the corresponding coordinates of the fibers
of TF, we have &' = AE with A =dx'/dx, so DE' = dAA"lt‘;’ The linear operator dA.
Al s infinitesimally symplectic, of the form & — [A, ], with A = Z lu %5 5 dx, a
second order section of W "without constant term" (the )'ijk are uniquely determined by
this and the symmetry condition X,.jk = jik)-

- In the new set of coordinates, with V' the new connection, we get
‘ V=V 42
with A=A, k§ E dx,, the Weyl symbol of order 2as above
We will call Weyl connection a derivation V W—-) W ® Qp which locally, in good

coordinates as above, can be written .
V=D-38+h | 4.1

with A= A (. &) dx,= > A, () €% v, , | o |22 a differential form whose coeffi-

~ cients are symbols of degree < 1 (4d A of degree < 0), vanishing of order 2 2 for § =0,
i.e., the coefficients lj are of degree < 1/2 (recall that the dxi are homogeneous of

148 . i MaremaTuueckas duanka, aHanus, reomerpus, 1995,> 1.2, Ne 2



" Star products on conic Poisson manifolds of constant rank

degree 1/2), A i o of degree < — (I + @) /2, | & | 2 2). Such connections exist locally as

we saw above (with the coefficients of A polynomials of order 2), and also globally
"because they can obviously be patched together by means of a partition of unity (so far
this just corresponds to the construction of a symplectic connection on F). A Weyl

- connection extends naturally as an antiderivation of IC\V® /(\'lF. .
We now introduce a new of weight (valuatior) w on W (or W) and W ® Q. , which
measures the vanishing order along the zero-section § = 0:
W)=~ 1, W(f(x) =~ 2deg f), w(E) =0, w(dr)=0.
Obviously, we have

w(f* g) <w(f) +w(g), w(lf. gD <w(f) +w(g)
(note that the graded algebra corresponding to the weight w is not commutative).
We have further

w(Add)=w(0/ ) =0, wD)21, w(A)z1
so the leading term of V is — § which essentially the same as the fiber exterior derivative
d); , exchanging the dx, , d, .
-In the next lines we denote o the differential form deduced from o by exchange of
dx;, dg,; .
’ ?

Let R=V2=1® o +r be the curvature. We have V(r) = 0 because V kills both R
and o. Hence dg ¥ =0+ terms of higher weight.

Let us now suppose w(r) > k (this is always true for some integer k£ = 1). Let o be the
1-form such that

a= _.- g.agL H(E) dt
.

(note that o is globally and canonically defined). We have

| w(a) =w(R)2 1 (deg o.=deg R<0), et w(R - de &) > w(R),
so that the curvature of the modified connection V+a s
Raz(V+a)2=R++V(q) +o?l=1®0 + terms of weight > w(r) = £.

Thus by successive approximations we construct V (i.e., the "Taylor series" of A)
globally so that Vi=1® o, 1.e., Vhas central curvature and 44 V is "integrable”.

Marematuyeckan cusuka, aHanus, reomerpus, 1995, v, 2, Ne 2 ‘ ) ‘ 149



Loitis Boutet de Monvel

5. End of the construction

Let finally 4 be the sub-algebra of W consisting of those f'such that V/= 0. Then the
associated graded algebra Gr 4 1s the algebra of functions f(x, &) constant on the leaves
of gr V. ie., such that

df+ Y -1+ N, [ =0

in any "good" local system of coordinates (x.&) as above. Along the zero-scction
{ & =0} these leaves are tangent to the manifolds (x + & = constant), so they are trans-
verse to the zero section {E=0}. It follows that the restriction

fed —)_/i‘d\. (f{x,&) — f(x, 0)) is one to one, and

o(l/. 1»’])|<,\': {ofog} EINT {]lt\ IR } N

We have thus constructed a star-algebra as announced.

Remark 3. The star-algebra thus constructed is "minimally non-commutative” in
the sense that its star-product can be expressed in terms of derivations tangent to the leaves
of I, and it can be embedded in a Weyl algebra of rank & (k= rank of { }). Its center is
maximally large: Z(gr A) = gr Z(A). With this restriction one can classifv star-products
associated to a given { } along the same as Fedosov |F2]. Otherwisce classification scems
an ill-posed problem — e.g., classifying star-products associated with the zero Poisson
bracket amounts to classifving all star-products associated to all { } of higher homoge-
neity degree-1.
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HOCTOHUHOrO paHra

Jlyi byre e Monpenb
Mt eitoarsyem seton b B Deioconi st (ocipoctigst - poiesseiieiis i

KOHIMCCKOAM  MHOTOOOD i, octatietioy ckoGiase lyvaccona nocrosimoro
patira.

*.JJoOYTOK Hd KOHEYHMX MYACCONOBHX MHOTOBHAAX CTAJIOFO panry

Jivi byre ne Mousenn

Mt sukopocrosycso serton b B deaocosa s nodyiaont x-q00yiky a
i ) ) VIK)
KOHIHOMY MEOTOBIGH, 0CHaue oMy JvaRKkasit Hyacconn crasoro paiiy.
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