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A method of construction of H-cocycles taking values in an abelian l.c.s. group is studied.

The necessary and sufficient conditions of superrecurrence of H-cocycles are found
generalizing K. Schmidt’s result on superrecurrence of cocycles.

1. Introduction

The present article is devoted to study of a kind of weighted cocycles called H-cocycles

the interest in which became apparent recently in papers [1-3, 7]. The expression
n-1

a(x,T")= Z p (x, T )f(Tix) can be considered as an example of a H-cocycle,
i=0

where 7T is a nonsingular automorphism of a measure space (X, p), and
) i
px, T") = d%d-i (x) is the Radon-Nikodym cocycle, and f: X— R is a measurable
0

function. It is easily verified that o (x, T") satisfies the following relation:
a6, T " ™ y=a(x, T")+p &, T")a (T", T™). In this relation p can be con-

sidered as an element of the group R: acting on R by group automorphisms. It means

that the pair ( p, o) belongs to the semidirect product R: x R. It is clear that this
construction can be geﬁeralized to every group extension E(G, A) of an amenable group
G'(instead of R: ) by an abelian group 4 (instead of R); this is a point of the present
paper (see precise definitions in Section 1). Conversely, if we have a cocycle a with

values in E(G, A), then its component o whose values are in the subgroup 4 is a
H-cocycle. Such a point of view at the structure of H-cocycles allows one to prove easily
most of the results from [1, 2, 8].

The main result of this article is the affirmative solution of a problem formulated in
[2]. Let a = (c, o) be a cocycle with values in the group E(G, A4). Then a is a recurrent
cocycle if and only if ¢ is a recurrent cocycle and « is a recurrent H-cocycle. This result
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is a generalization of the theorem of K. Schmidt [6] on the superrecurrence of cocycles
to the case of H-cocycles. Roughly speaking, an H-cocycle is recurrent if and only if it
is superrecurrent.

The author would like to thank Department of Mathematics of Orleans University
for their hospitality while this paper was being done. Especially the author is grateful
to Professors V.Ya. Golodets and J. Renault for the stimulating discussions.

2. Definitions and examples

In this paper we will use the following notations: (X, p) is a standard measure space,
A is an abelian locally compact separable (l.c.s. ) group, G is an amenable l.c.s. group,

[" is a countable group of nonsingular automorphisms of (X, p) acting freely and
conservatively. A measurable map ¢ : X xI' = G is called a cocycle if ¢ (x, 1) =e (1
is the identical map, e is the identity of G) and c¢(x, YY) )= c(ylx, Y, ) ex, Y ) for all
Y Y, €T and ae. x € X. We denote the set of all cocycles ¢: XxT'— G by

Z' (XxT, G).

Let Aut(A4) be the group of all automorphisms of 4 being considered as an abstract
group (algebraic automorphisms). Assume that there is a Borel action of G on 4, that

is a Borel map (g, a) = g(a) : G x A — Asuchthata — g(a) is an algebraic automor-

phism of 4 for every g € G. By [5], the action map (g, @) — g(a) is in fact continuous.
In the sequel we will also fix a Borel action of G on A.

Let f be a continuous map from G x & into A4 satisfying the conditions:
fle,8)=f(g,¢e)=0, g€ G,
20 L (F (8 82 )+ (8, 80 84) =F (80 8) +F (81 8284 )s &1 & 84 € G (D)
- We call such a map f an algebraic 2-cocycle (or simply 2-cocycle). The notation
ZZ(G x G, A) will stand for the set of all algebraic 2-cocycles. Let p: G—> A be a

continuous map and p(e)=0 (such a map we call normalized). Define
f;)e ZZ(GX G, A) putting

(8 8) =8 ‘P& ) +p (8 8,) - pgy), 8.8 € G. @

The map fp is called a 2-coboundary, let B 2(G x G, A) denote the set of all 2-coboun-
daries.

Let E= G x A4, and the topology on E is defined as the topology of direct product.
For every fe Z (G x G, A) one can define a group structure on E by setting

(g =@ -fle. g H -, ON
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(81 3, )8 8,) = (8, 85+ F(81, 8) + 85 (@) +a,). @

The set E with the group structure defined according to (3) and (4) is called the group
extension of G by means of 4 and the 2-cocycle f. We denote it by Ef(G, A) = Ef. Itis

known that in such a way one can describe a collection of so-called topologically trivial
extensions [4]. The two groups Ef and Ef are isomorphic if and only if f, - f, isa
1 2

2-coboundary. With f = 0 we have the semidirect product E; = G X A of groups G and A4.

Now we formulate the definition of H-cocycles for the group I" of automorphisms of
X, 1.

Definition 2. 1. Letfe ZZ(GxG,A)andceZI(XxI", G). Let also o :
X xI' > A be a measurable map satisfying the following conditions:

alx, 1) =0,
alx, v, 1, ) =F(ex, 1), 006y, ) + el 1y ) T Hayx, 1, ) +atx, v, ) L)
Jor every v, , v, €Tl and a.e. x € X. The set of all such maps a. will be denoted by

Z}’ X xT, A) (or Z}, ¢ (A). The elements a. € Z} o X xT, A) are called H-cocy-
cles.

Example 2.2, (a) LetceZl(XxF,G) and p: G — A4 be a normalized
continuous map. Then a(x, ) = p(c(x, 7)) is the H-cocycle from Zf1 ¢ (A), where f)!7
P’

is defined by (2). If a: X—> 4 is a measurable map, then a(x, y) = c(x, y)'1 X
x (a(yx)) - a(x) is a H-cocycle from Zé . 4.

The H-cocycles of the form p(c(x, ) + c(x, ¥) ~ 1(a(yx)) — a(x) are calied H-coboun-
daries.

(b)Letfe Z 2(G x G, A) and c(x, y) = g(yx)g(x) ~ 1, where g : X — G is a measur-
able function. Then
: alx, v) = f(g), g0) ™1 - f(e), @) ™ H
is the H-cocycle from Z } X xT, A).
This statement is proved by the routine calculations.

(¢) Let Tbe a free nonsingular automorphism of (X, p), c € Z 1(X x{T"}, G),and
W be a measurable map from X into A. Put

alx, T) = y(x),
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a(x, T2)=c(x, T) ™ {(w(Tx)) + y(x),

......................................

alx, T")=clx, T" " H 7 W@ ) + ...+ ¢x, T) ™ H(W(T %) + w(x),
and

alx, T™")=-ctx, T"") " {&(T ™", T™)), n20.
Then a: Xx{T"}—> A4 is a H-cocycle from Z(I)’C Xx{T"}, A). Similarly if

feZ %(G x G, A), then we can apply the above procedure to construct the H-cocycle
Be Z}C(XX {T"}, A):

B(x, T) = w(x),

B, T2) =f((Tx, T), cx, T)) + c(x, T) ™ (4(T ) + w(x)
etc.

Remark 2.3. The H-cocycles belonging (in our classification) to the set

Zé p(X>< {T"}, R) were studied in [1, 2, 8], where p(x, T)=%£Z(x) is the
' m

Radon-Nikodym cocycle. In [3] the H-cocycles from Z (1) ¢ (X x T, A) were considered.
The set of usual cocycles Z 1(X x ", A) coincides with Zf1 g X X I“V, A) for every

2-cocycle f, where id is the identity cocycle (as a matter of fact Z} d (A4) does not depend

onf).
3. The H-cohomology group
Let us fix a cocycle ¢ € z! (XxT, G). Put
B, (X xT, 4)={plctx, ) +ctx, 1)~ 'am) -alx) | a: X >4},
where p : G — A is a normalized continuos map. Define

B,XxT,4)=UB, (XxT,4),
=5,

Zi(Xﬂ“,A)szJZ},L_(XxI",A), feZ*(GxG, A).
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Lemma 3.1. Zi (X x T, A) is an abelian group and ﬂi (X x T, A) is its subgroup.

Proof. It follows from the following relations:

1 1 _~1
Zp (M+Zp (D=Zf ),

(D+B, (D=B, ., ),

+pyel

whereZ (A)+Zl NOESCEYE anl (A)BeZ A} e
Letusdeﬁne

HAXxT, 4)= 2} (X xT, 4)/BL (X x T, A).

H i is called the first H-cohomology group.

Proposition 3.2. 1) Let f, and f, be cohomologous 2-cocycles from Z 2(G x G, A),
ie

fiy k) =fy (k) +f (g by, By, By € G,
where fp satisfies (2). Then
oy (6, ) = o, (x, 7)== ple(x, ) + o, (x,7) ©
£ @.

2) Assume that there exist a € Z1 oA and a € Zl (A) such Ihat

is the one-to-one map from Z . (4) onto z!

2()c, y) = plclx, v)) + al (x, ) fora norm.allzed mapp . G —> A. Yhen £, and f, satisfy
the relation

i (elryx, 1y ), e vy ) = (fy =, ey x, 1), ok, 1)) ™
Ifc:XxI'>Gisa cocyde with dense range in G, then f = f, - j;’ .

’3)Zjl,l’c(A)ﬁZ}Z’C(A)=®withflifz.

Proof. I)Letuscheckthato, € Z}  (A):
s

(X, VoY ) = 0y (X, YY) — plex, YqY, ) =

=f; (X, 7,05 el vy ) +clx, vy ) ™ Moy (6, 1)) + o (x, 7, )~ pletx, VY D=
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= £, (crx, ), €06, ¥ ) = €x, ¥4 ) ™ Hp(ely %, 13 D)) + pletx, VoY, )) -
— ple, ¥;)) + e (x, v ) = peCx, 1,7, ) +€x, v, ) ™ Moy (v, 1, )) =

=, (clrx, 1), €0, 1, ) + ¢t 1) ™ Hon(ryx, 1)) + o, Y1)
The remainder of statement 1) is evident.
2) Consider Ez(x, 1,7, )- We have

az(xa YZYI ) =p(c(x, 7271 )+ al(x, Y2yl )) =
= ple(x, Yoy, ) + S (c(y X, ¥, ), ¢, vy ) +

+ o0t 1, ) T3, 1)) + (). ®

On the other hand,
Ay, 1,Y, ) =f (€, X, vy » o, v, ) + o, v ) ™ Hpletyyx, v, ) +

+ o, 1y ) T O, 1)) + pletx, v ) + 3 v, ). ©

The equality (7) follows from (8) and (9).
Let now ¢ be a cocycle with dense range in G (see the definition in [6] or below).
We will prove that for arbitrary neighborhoods V, and V, of the elements h, and h,
1 2

from G and for any set B < X with u(B) > 0 there exist aset D < B, /(D) > 0 and the

automorphisms v, , v, € I" such that
(c(vyX, 1, ), c(x, v, ) € V,,l Vi,

“fora.e. x € D. It follows from density of ¢ in G that there exist a set D' € B of positive

measure and an automorphism y; € I such that y, D' c B and c(x, v, ) € V, forae.
2

x € D'. Choose a subset C, (C) > 0 in y,D" and an automorphism y, & I" such that

1,Ccy D' ande(y,v,) € V) foraeye C. PutD=y] IC. 1tis easy to verify that
1
D is the desired subset. In view of arbitrariness of V, and V, it follows from (7) and
! 2
continuity of f, , f, andfp that fi(hy , hy) = (f vfp )()‘zl , h2 ), i.e. f1 arldf2 are

cohomologous.
3) This is obvious due to (5). ¢
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Corollary 3.3. Let there exists a H-cocycle El ez} () such that
» 1,
El(x, v) + plclx, v)) € Z} ¢ (4) for a normalized map p : G —> A. Then, for every
2)
a € Z ! o (A), the H-cocycle a.(x,v) +p(c(x,y)) belongs 1o Z } oA and
2’

L=h+ fp when c is a cocycle with dense range in G.

Let H 2(G xG,A)=2 2(G x G, A)/B 2(G x G, A) be the 2-nd cohomology group.
We will denote by [ f] the elements of H“(G x G, A) and by [a] the elements of
2 (X xT, A).

Proposition 3.4. Let o € Z} c X xT, A). Then the map @: [a] >[f]isa
surjective homomorphism from #H i (XxT, A ontoH 2(G x G, A).

Proof. For a € Z (A) we define the map CD . o — f from Zé(A) onto
Z (G x G, A). We have proved in Proposition 3.2 that <Do($¢1:(X x T, A)) = .
=BZ(G>< G, A). Hence @ defines the quotient map & correctly. It follows from

Lemma 3.1 that @ is a surjective map. ¢

Let ¢ be a cocycle from Zl(X xT', G) and Ef the group extension of G by Afor a

2-cocycle f as above.
The next simple theorem will play the important role later on.

Theorem 3.5. Let fe Zz(GxG,G) and CEZl(XxF,G). For every
anl (Xx[“ A) we set :

ax, 1) = (ex, 1), ax, 1)) 1 XxT' > E;.
Then a, € Zl(X xI', E f) Conversely, any cocycle a,, € Zl(X xT, Ef) defines a cocy-
clec e 7! (X xT, G)and a H-cocycle o. € Zf (X x T, A). If cis fixed, then the map

V.:a— Q. is one-to-one.

Proof. Letuscheck that o (x,y) is a cocycle taking values in the group Ef. In
fact, :

o (s ¥p ) o O 1y ) = (e (X, ¥y )y o (ks v, (e (6, ¥y ), @ (x, vy ) =

Matematicheskaya fizika, analiz, geometriya, 1996, v. 3, No1/2 ) 9



Sergey I. Bezuglyi

= (c ¥y 1y ) S erx, ¥ ) c D+ (e (7)) Ha (ryx, 7,)) + alx, 7, )) =
=, (X, ¥, 7; )
Conversely, if a; € Zl(X x I, E,), then there are two coordinates ¢ and o of oy

taking values in G and A respectively. It is obvious that ¢ € Zl(X xI', G)and o is a
H-cocycle from Zfl LXxT4). &

Letf2 =f1 +j; R wheref1 R f2 € ZZ(G x G, A) and p is a normalized map. Then
the map ip : (h, @) > (h, a + p(h)) defines the homeomorphism of groups E 1 and Ef2 .
Let i; be the isomorphism of ZI(X xT, Ef1 ) and Zl(X x T, Efz) induced by ip .
For every fixed ce ZI(X xI', G) there is one-to-one map ¥: o — a,:
Zfl, JAXXT,4)> Zl(X x T, Ef). Equality (6) defines another bne-to-one map jp :
Z}r A >Z 12’ o (A). Tt follows from the above statements that the following diagram

is commutative (here Sp = ple(x, 1))):

i 1
'a—>(c,a)=ac Zfl,c(A)"*Z(er’Efl)
J, ¥ Vi : j,¥ ¢i;

— 1 1
a+8p—>(c,a+5p)—(a+5p)c ZfZ’C(A)")Z(XxF,Efz).

Theorem 3.6. Ifthe cocycles ¢ and ¢, from Zx T, G ) are cohomologous, then
the groups H i_(X x T, A)and # cl (X xT, A) are isomorphic.
1

Proof. According to the hypothesis of the theorem there is a measurable
function h: X-—> G such that ¢ (x, v) =h(yx)cx, v) h(x) - 1, vyeI. Put
Q) = (h(x), 0) : X > E ., where f is an arbitrary 2-cocycle from Z 2(G x G, A). For
a e Z}, R (X xTI, A), we define a, = (c,a) e Z](X x ', E,) as above and consider the

cocycle Q(yx) o (x, v) ox) ™ ! from ZI(X x I', E.). It is easy to obtain that

Q) @ (x, v) Q) ™1 = [h(yx) c(x, ¥) h(x) ™, F () c(x, ) B) T +
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+ h()( £ (h(x) c(x, 1)) + h(x) (alx, ¥)) = £ (B(), AGx) ~ 1)} =
=(c; O, ), o4(x, 7).

Taking into account formula (1) we obtain
o, (x, v) = f (), c(x, 1) h(x) ™ 1) + £ (ctx, ) h(x) ™ 1) -
~f(h(x), Bx) ™) + hE)((x, 1)) (10)
Therefore a; € Zfl’ cl(X x ', A) (Theorem 3.5) and formula (10) defines the map 6 :
o — a, from Z}’ . (4) into Zfl, "1(A ) for any fixed f € z? (Gx G, A). It is evident
that 0 is injective. Moreover, for any o LEZ } cl(A ), one can use (10) to find a H-cocycle

(o 3 Zjl. c(A) such that 8(a)=a,, ie O is the isomorphism. Let now
ae $i(X xI', A). It means that there exist a normalized map p: G—> 4 and a

measurable function a : X — A such that

a(x, ) = ple(x, 1)) + c(x, v) ~ a(x) - a(x).
Prove that «(x,7) =0 (a(x, 7)) € B (XxT, 4). Since BI‘J LAz (4)
: .

then one can rewrite (10) in the form

o, (x, 1) =, (Aw), cCx, 1) h) ™) +£, (cx, 1), h) ™Y = f, (h@), A 1) +

+ h(x)(p(c(x, V))) + h(x)c(x, v) ™ H(a(m) - h(x)(a(x)) =
== hx)c(x, ) ™ (pth()) +p (h(yx) c(x, v) hx) ™) = ple(x, ) 1) -
= hE)(p(c(x, 1)) + ple(x, V() 1) = p(a(x) ~ 1) + A (phK))) - ple) +
+p(h(x) ™ 1) + h)P(ex, V) + ¢, (x, 1) ™ TA)(a(vx)) - h()(a(x)) =

_ = plc,(x, 1) + ¢, (x, 1) ~ a,(m)) - a, (),
where a,() = h(x)(a(x) = p(ACX). Thus, it is proved that o, = 6(c0) € B} (4) and
8 is the one-to-one map from B, (4 ) onto B, ¢, (4)- Therefore 8 is the isomorphism
of groups 2} (XxT, 4) and zj,l(x xT', A) transforming . (XxT, A) onto

Bi(Xxl",A), i e.}[i(XxI",A)and}{i(XxI",A)arei'somorphic.0
1 1
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4. Recurrence and superrecurrence of H-cocycles

Definition 4.1. 1) A H-cocycle (orcocycie)[i € Zfl’ C(X xT, A)is recurrent
if for any set D C X of positive measure and any neighborhood U, of the identity in A
wl U@NY DN {xeX: B,y e Uy h|>o0.
yeTl
Otherwise the H-cocycle (or cocycle) B is transient.
2) H-cocycle BeZ } X xT,4) is superrecurrent if for any set DcX,
w(D) > 0 and for any neighborhoods of the identity V, and U, in G and A respectively

p[U(Dmy“‘Dm{xeX:c(x,v)e ViN{xeX: B ye UO})]>0-
yeTl

Otherwise B is supertransient.

We remark that for H-cocycles p € Z (1), p(X x { T" }, R) Definition 4.1 is equivalent
to the definition of H-recurrence and H-superrecurrence considered in papers [1-3, 8].

For a cocycle c € Z 1(X x I', G) one can define a group of nonsingular automor-
phisms I'(c) < Aut (X x G, p x mG) (m is the Haar measure on G) acting by the
formula:

veXx, k) = (yx, cx, V)R), yeTI, (x,h) e XxG.

It is known that I'(c) is conservative if and only if ¢ is recurrent [7].

If I'(¢) is an ergodic automorphism group, then ¢ is called a cocycle with dense range
in G.

Lemma4.2. Letf € Z*(Gx G, 4),ce Z' (XxT, G)ando e Z; (XxT, 4).
Then ‘

B (x, b, 1(0) = b~ Hax, 1) + £ (c(x, 1), B)

is a cocycle from Z 1(X x GxT(c),A).
Proof. Wehave
by (6, b, 15(0) ¥, () =k ™ Halx, 1,7, ) + £ (e, 1,7, ) B) =

=h T Lf (el X 1), 0 ) + e, vy ) T My, X, v,)) + alx, v, ) +

12 Matematicheskaya fizika, analiz, geometriya, 1996, v. 3, No 1/2
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+f(C(Y1 x, 72 )C(xv Y1 )’ h) - (1 1)
On the other hand,

b, (v,(0)x, B), 15(0)) + by(x, h, v,(c)) =
= (clx, V) ™ Halyyx, 1, ) +Fe,x, ¥ ), cx, v, Do) +

+h ™ alx, v,) +f (e, 1)), b). (12)

From the relation
R (F (el X, ¥y ), o, 1, ) + £ (clyy X, 1, dex, v, ), B) =
=f(cx, vy ), B) + f(cly x, ¥, ), x, ¥, ) B)

we obtain that (11) and (12) are the same expressions, i.e. b, € ZI(X xGxT{(c),A). &

Lemma 4.3. The following relation is valid:

bo(x, hg ™, Y(©) = gby (x, h, Y(O)) +f(ctx, Ph, g~ = flh, g~ 1. 13

Proof. It follows from Lemma 4.2 that
hy (b, (x, b, YD) = By Hadx, 1)) + by T F(cx, ), B) (14)
and
7 Nalx, 1) = by &, by, 1) = f(e(x, 1), B (15)
Now (15) allows one to transform (13) as follows:
hy th(by (x, b, ¥(0))) = by, (x, hy L ¥(©)) + h (£ (cCx, 1), ) = £ (c(x, 1), By ).
Since
hCF (e, 1), W) +f(eCe, Vi Ry ) = ™ hy) = e, 1), By),
then
h h(bg O, by ¥(©) = by Ot by, Q) = f(hy bRy ) = fcCe, D, BTV hy).
With g = b 'n we obtain (13). &

Theorem 4.4. Let ¢ be a recurrent cocycle and fe Z* (G x G, A). Then the
Jollowing properties are equivalent.
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(i) @ H-cocycle o € Z } . (X xT, A) is superrecurrent,
(ii) a cocycle o = (c, a)e Z 1(X x T, Ef') is recurrent;

(iii) b € ZI(X x GxT(c), A) is recurrent.

Proof. Equivalence of (i) and (ii) is direct consequence of the definitions. To prove

equivalence of (ii) and (iii) we note that the groups of automorphisms I'(a., ) and
I(c)(b, ) are isomorphic. In fact, let P : (x, h,a) > (x,(h,a)) : XxGxA->Xx Ef
(we use here the natural correspondence between E % and G x A). Then

(o, XP(x, h, a)) = (yx, (¢, a)(h, @)) =

= (yx, c(x, D, Fclx, 1), B + 2™ alx, 1) + a) = PUC)(by )&, b, ).

Equivalence of (ii) and (iii) follows from the result of K. Schmidt mentioned above (7].

Theorem 4.5. Let ¢ be a recurrent cocycle from Z 1(X x T, G). Then a H-cocycle
o€ Z} o X xT', 4) is recurrent if and only if it is superrecurrent.

Proof. Inthe case when c is the Radon-Nikodym cocycle and o is an usual cocycle

taking values in R ” this theorem was proved by K. Schmidt in [6]. We will prove the
following statement which is equivalent to the theorem in view of Theorem 4.4;

A H-cocycle a. is transient if and only if the cocycle b is transient.
Let o be a transient cocycle from Zjl. . (X xT, A). It means that there is a set
b c X, p (D) > 0 and a neighborhood U, of the identity in 4 such that a (x, ) ¢ U,

for every x € D and y € I' with yx € D. We will use

Lemma 4.6. Let the group G acts continuously on A. Then for any neighborhood
W of the identity in A and any compact set K < G there exists a neighborhood W, of the

identity in A such that h™ (W) < W for all h & K.
Proof. Foranyhe Gthemap (h,a) > h~ l(a) is continous and &~ 1(O) =0.

There exist the neighborhoods V, of h € G and W, (h) of 0 € A such that 1(a) eWw

for all (h, a) € V, x W, (h). Let { h;} be a finite set of elements of G such that
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Ui V, DK. Put Wozﬂi W,y (k). Tt is easy to see that h“l(Wo) c W for all

hekK &
Let us continue the proof of Theorem 4.5. Prove that there exists a neighborhood

U,yof 0 € Asuchthath™ Yalx,y) ¢ U o for a.e. (x, h) € D x V, and y(c) such that

v(c)X(x, h) € D x V,, where V, is a compact symmetric neighborhood of the identity in
G. (Here we use the recurrence of ¢). In fact, it sufficies to apply Lemma 4.6 and find

a neighborhood U ;) of 0 € A such that /(U 6) c U, for all b € v,. (We will choose
V, later). Then, for (x, ) e Dx V,,

h™ Yo, y) eh™ N4-Uy)ca-Uy.

Lemma 4.7. Let f: Gx G— A be a continuous map and f(g, e) =0 for every
g € G. Then for any compact set K < G and any neighborhood W of 0 € A there exists
a neighborhood V of the identity in G such that (g, ,8,) € W for all g, € K and

g eV

The proof of this lemma is similar to that of Lemma 4.6.

Thus, we have proved that if (x, ) and (yx, c(x, y)h) are in D x V,, then
h Yo, 7)) ¢ U, . This implies that c(x, y) € AN - Vz , where Vﬁ is the
compact neighborhood of the identity in G. Let Uo be a neighborhood of 0 € A4.
Choose, according to Lemma 4.7, a neighborhood V'e c Ve such that
flc(x,Y), h) € Uy, for all he V' Consider the set Dx V' and y(c) such that
y(0)(x, l;) e D x V’e where (x, h) € D x V’e . Let Uo be choosen so that
A-U b )+ (70) MU= 0, where Uis a neighbbrhood of 0 € A. It means that

b, (x, b, ¥(c)) & Uif (x, k) and y(c)(x, ) in D x V', .
Conversely, let b, be the transient cocycle. We will prove that a is also a transient

H-cocycle. According to the assumption there are a set B < X x G of positive measure
and a neighborhood Wof 0 € 4 such that b, (x, &, y(c)) € Wif (x, h) and y(c)(x, h) are

in B. We can state that B may be choosen so that the projection of B into G is a compact
set. Let Ve be a compact symmetric neighborhood of the identity in G and we set
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B’ =1 R(g)B, where R(g)(x, h) = (x, hg ~ b, (x,h) € XxG, g € G. Itis easy to see
g€ Ve

[WﬁyR(g) ¥(c) = y(c)R(g) for every g € G and y(c) € I'(c). In view of the commuta-
of R(G) and T'(¢c), for any (x, h) € B the point y(c)(x, #) is in B if and only if
Y)x, hg" ) e B forge V, . We apply Lemmas 4.6 and 4.7 to deduce from (13) that

V, can be choosen small enough so that there is a neighborhood W' of 0 € 4 such that
b, (x, h, v(c)) & W', (16)
when (x, &) and y(c)(x, k) are in B’. Notice that (16) is valid if we take any subset of

B’ instead of B itself. In view of the inequality ( p x meg )(B' ) > 0 there is an element

h0 € G such that B, = {xeX:(x, ho) € B} has a positive measure. It is evident
0

that B =B, . Let B'= R@)B, x{hy}) =B, xV, ,where V), =h,V,isthe

geVe

0

neighborhood of kg . If (x, A) and y(c)(x, k) are in B " then c(x, y) isin V,, V,~ L' For
0 0
arbitrary neighborhood U of 0 € A4 one can take V, so small that f(c(x, v), h) € U

when (x, A) and y(c)(x, h) are in B " (by Lemma 4.7). From this and (16) we have that
there is a neighborhood W' of 0 e A such that h~ *(a(x, y)) ¢ W" for every
(x, h) € B" and y(c)(x, h) € B". Using Lemma 4.6 we find a neighborhood W'’ of
0 € Asuchthata(x, y) ¢ W' for (x, h) and y(c)(x, h) fromB ". WithD = B”o we obtain

that a(x, v) ¢ W' when x and yx are in D. ¢

Just before publication of this article, I have been informed by A.Danilenko that there is a
simple example showing that recurrence of H-cocycles does not imply their superrecurrence. It
means that Theorem 4.5 holds in its trivial part only. I am grateful to A.Danilenko for his remark.

References

1. K. Dajani, Genericity of nontrivial H-superrecurrent H-cocycles. = Trans. Amer. Math. Soc. (1991), v.
323, pp. 111-132.

2. K. Dajani, On superrecurrence. — Canad. Math. Bull. (1991), v. 33, pp. 35-57.

3. K Dajani, Generic results for cocycles with values in a semidirect product. - Can. J. Math. (1993), v.
45, pp. 497-516. g

4. D.V. Fuks, Continuous cohomologies of topological groups and characteristic classes (Russian), Appendix
to K. Brown, Cohomology of Groups. Nauka, Moscow (1987).

5. C.C. Moore, Group extensions and cohomology for locally compact groups,III. — Trans. Amer. Math.
Soc. (1976), v. 221, pp. 1-33.

6. K. Schmidt, On recurrence. — Z. Wahrscheinlichkeitstheorie verw. Geb. (1983), v. 68, pp. 75-95.

16 Matematicheskaya fizika, analiz, geometriya, 1996, v. 3, No1/2



On recurrence and superrecurrence of H-cocycles

7. K. Schmidt, Algebraic ideas in ergodic theory. ~ Regional conference series in mathematics (1990), v.

76, 93 p.

8. D. Ullman, A generalization of a theorem of Atkinson to non-invariant measures. - Pacific J. Math.

(1987),v. 130, pp. 187-193.

O peKyppeHTHOCTH H CyTleppeKyppeHTHOCTH H-KouHKIoB

C.W. Besynmni
H3yieH MeTox NocTpoeHUst H-KOLIMKIIOB, MPUHUMAIOUIMX 3HaYeHUS B aGeleBbIX
JLK.C. Tpynnax. HajtieHs! HeoGXomMMbIE M IOCTATOMHBIE YCIOBHS CYIIEPPEKYPPEHT-

HocTH H-xolnxnos, o6o6watonme pesynsrar K. [lIMuara o cyneppeKyppeHTHOCTH
KOLMKIIOB.

IIpo peKypeHTHiCTb Ta cyneppeKypeHTHICTb H-KOUMKNIB

C.1. Besyrmaui
Bup4eHo meton no6ynoBu H-KOUMKIIE, AKi NPUIAMAlOTh 3HaYeHHA B abeieBNX

JLK.C. Tpynax. 3HaitaeHo HeoOXifHi Ta JOCTaTHI yMOBM cymeppeKypeHTHOCTI H-Ko-
HHMKIIB, 4Ki y3araibHIoTb pesyasraT K. IlIMinTa o cyneppexypeHTHOCTI KOLMKITIB.
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