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The asymptotic behaviour of au entire function is studied whose zero counting function n(r)
satisfies the condition n(f) = A Pt + 4 wdt+o0ndt), t-+ o, where 0<g<p<wm,
0<A< o, —oo<A1<ao,

1. Introduction and principal results

Letf be a transcendental entire function such that f(0) = 1, and let n(f) be the counting
function of its zeroes. G. Valiron [1 ] showed that if all zeroes of the function fare negative
and n(t) ~ At” (t » »), A € (0, + »),andp is notan integer, then for anyd > Q uniformly
onfe[~ax+d, -3}

A

ipt _p
sin;'tpe rfr= ),

In f(re’v) ~
where In f(z) is the analitic branch of Ln f(z) intheangle{z:|argz| =7 -d}.In [1]
is was also proved that if f has only negative zeros and non-entire order p, and
A
In | f(r) | sin7z p

rf (r-» ), A€ (0, + ),

then n(f) ~ At? (1 > «). A simple proof of this statement is given in [2]. The connection
between the growth of n(¢) and the behaviour of In fin terms of the two-term asymptotics
was studied by V. M. Logvinenko [3-4 ]. He considered the case, when

n() = AP + A 171 + o(t"1) (1 > )
and, accordingly,

zh A
T8 ey 1

By _
In fre )—sinnp sin 7 p

e ioy¥ ot o(rpl)(t-> ),
1

where [p]<pl <p,A€ [0, + »)and Al €R.
Here we shall consider the case p = 0, but

p;=limsup (InIn Mf(r)/ln Inr)< o,

r—» o

where M (r) = max {I f(z) | : | z | =r}. The quantity p, is called a logarithmic order of
the function £, and it is clear lhatp[ = | for any entire function. Our principal results are
formulated in the following thcorems.
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Theorem L: Let 2<¢y<p<g+ 1<», A€ |0, + =), A €R, and p| be an integrable
on each finite interval on R _ function such that for somem 2 1

2T

f |, (x) |"dx = o(T(ln M@ - z>), T+ oo, (1.1
. T '
Thus if p = 0, all zeros of the function f are negative and
n)y=AIP1+A In+p, (D(121), 1.2
then
Inf(z) = A e+ ‘r+-—A—'—|n"+ 'rei0AIn®r+ A In'r) +
p+1 g+ 1 1
2 Y
+3 (5 =)@~ re At )+ F (), 2= re®, (1.3)
where

F(=o(n'""r (1.4
when z —»  outside some exceptional set E(f). This exceptional set E(f) consists of no
more than a countable union cf rectangles { z: x;' <Rez< x;,', | im} < y"} such that
x, <0, z (x, = x)=0R) and sup {y,: Lx, |<R}=0(R) as R— . I,

15 1<

moreover, condition ( 1.1) is satisfied for some m > 1, then uniformly on 0

T ‘
f | 1771' (re®) |"dx = o(T(l'n "9 = ‘)), T+ o, (1.5)
T

Theorem 2. Let numbers p, g, A and Al be defined as in Theorem 1, let the function f
has only negative zeros and

A
20y | = A p+i 1 g+1
tn | f(re )l"p+ll“ r+q+l'" r+
3 (F -0 )@pIn" T r+ Aygin?T Lr) +yy(re®) :
Jor values @ = 0 and 6 = n, where y, satisfies the condition
f v, (0 |"dx = o(’l‘(ln )" - ')) T+ (.7
r<|x|<2r

Jor somem 2 1. Then

n(y =AWl 1+ A I+ 5, 0) (12 1), a8
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where v
7, (1) = o(In? §) 1.9

as t—> o outside some set of zero density, that is set EC [0, + ») such that
mes (E (M [0, t]) = o(f), t > + . If condition (1.7 ) is fulfilled for some m > 1, then

[ 17,0 1"t = o™ 1), 7> 4+ o (1.10)

We need some lemmas to prove these theorems. They will received in p. 2. In p. 3 we
shall prove theorems 1 and 2 and in p. 4 we shall give some remarks connected with the
cases, when p and ¢ are not linked with conditions in Theorems 1 and 2.

2. Asymptotics of some integrals

Suppose that f has order p = 0 and only negative zeros zk" = — a,<0. Then by the
-]

Hadamard theorem this function can be represented as f(z) = H (1 + z/a;). Therefore,

k=1
1nf(z)=f|n (1 +§)dn(1)=zf’(—;’§?z—)dt+0(1), z-> o, .1
0 a

where a = exp (3). Replace n(r) here with expression (1.2). Then we come to necessity

of finding asymptotics of corresponding integrals. For p >0 and n € N denote ?) =1

and (Z) = ;}Tp(p -~ D...(p —n+1),and for p> -1 put

_ In” x
Jp (2) = f XX+ 2) dx, z€ C.
a

Lemma 1. Let z = re™ and | 8 | <z Then

p+1 ) _
J (2) = (1J+1) —————1n r+O(’_), 1<p<0, Q2.2

Jp(z):z})—:——f)ilnp+lr+glnpr+O(%), 05[)<1, (2.3)

and

_(nr+i+oprt! d
=T ',Z,()gﬁlf -n @

) ___ @+ p- i) 1) _
( )([p]+1)([p|+2)z Pr+ol7)=
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+J_"__£+Z ()

(i(n + 6))" TR (27:1')"] @+
p-n

(p—n+ 1)z n+1

(p+ ez

+ {([p]+ 1) !i{]t-(*gnlpl +1 _ ([p]} (2ﬂi)lp] * ! }l"(p— [m)r+()(}_), p=1,
z

p+1 p+1 (Ip1+ D(Upt+2)

as r - o and, moreover, these estimates are uniformon8, |8 | <z — 4 (0 >0).

Proof. Intheset {w:|w]|>a, 0<argw<2r} we choose the principal branch
®(w) of a multivalent function ,—VLn’” ! w, p>—1, such that ®(a¢+i0) =0. Let
Cr={w: jw|]=R},R=Zaq, 7, and y, being accordingly the upper and lower shores of
thecut {w:argw=0,a<]|w| <R}, R>a We consider the curves Crr7,,C andy,

oriented so that the set D bouaded by them can be passed around counter-clockwise. Then

R ST

Ca i

for all z € D*, where D* is the region symmetrical with D the relative to the imaginary
axes. It is easy 1o show the first of the integrals in the LHS of (2.5) tends to O when

R - + o, the third onc equals O(—l—) when |z | =r=> + o, and
f‘l’!w} f n?* !y £y
w+z \(\+z) v
a
e 1
D(w) (nx+2e)l "7
fbw di > — f nx+ 2 I
w+ x(x + 2)

when R - + o, Thcrcfore, as r - + oo, we have from (2.5)

+ o

(Inx + 2’2‘();:;) n”* e d\'——-(lnr+ i(m +6)P + ! +o(1) 2.6)
a ' .
Letp = 0. Then (with x 2 @)
Ipl +1
(Inx+2z)? ¥ 1= 1P Tl 4+ 3 (” j { )(Zm')" nP 1=y g 75
n=1

where y;(x) =0, ifp=|pland
y;(x) = ( [II:L_+ 2) @riyPH 2 pP = 1P =1 L o@n? = PL = 25, x> + oo,

if p > [p . Therefore it follows from (2.6) that
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(»+ l)]p’(z) + y;*(z) = %(ln r+iE+6)y*tt+o (%) r—> o, 2D

if0 < p<l,and
p) +1 .
n NI | Dok -
EIACED ()@=, @+ e -

=Ltnr+im+oytt+ofL r- o,
z

r s

if p = 1, where y;*(z) =0,ifp = [pl.and if p> [p], then

w142 NIES!
¥ (Z)—( pt+1 (2i) To-1m -1+
r (o] - 2
p—pl -
+0 fﬂll_"f)____dx , r- o, (2.8)
xlx+z|
\ @ '
. . T+6 . .
Since | x+z|=(x+7r) | sin — | when | 8 | <&, then, dividing the interval of

integration (a, + o) intointervals (a, r) and (r, + ) and estimating in a suitable manner
the expression x(x + r), we obtain the estimate

+°°(|nx)p— p] -2 (In ,.)P“IPI -1
—dx = _‘-‘——:9—’,
x| x+z| o T
r| sin = I
where K is a positive constant. Therefore if p > p = 0, then

*ok o N [[)]+2 ~[p]l +1 _1_
yp(‘)"( p+1 )(2]”)” Jp_[p],.l(z)'*'o e r—= o,

and, moreover, the estimate is uniformon @ if |8 | =z — 3,8 >0. Thus from (2.7) and
(2.8) we have

. p+1
Ip(z) — (\n r +(1’)(‘7j- T)z)) + )’[)(Z), (2.9)

if0<p<1,and

(Inr+ i@ +6))P 1 [”]“(n—l) (i) =1

Jp(z) = TESIE » Iyt =@ T 7,2 (2.10)

n
n=2

wherey (z) = O 1 ,r>o ifp=[p]=0,and
[) »

_ pl+2) Quplrl+! X 1
yp(z)_—(l )i—ln—./n_!p.l_l(z)'FO;, r—> o, Q.10

p+1
P> Ipl = 0; morcover, these estimates are uniformon6, | 9| <a -3 (8>0).
Nowlet — 1<p<0.Thenp - 1< —1and

(Inx + 2i)? * V=10 * x4 2mi(p + 1) In”x + O(In” ™ 'x), x - + .
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Therefore, instead of (2.8) and, hence, instead of (2.9) (or (2.10)) from (2.6) we have
o+ l)Jp(z) -——i—(lnr+i(:r +6)P 1 =O(—l’j), r- o,

whence (2.2) follows. -
Ifp>[pl20,then—1<p—[p]—1<0andfrom (2.11) and (2.2) imply that

__ {ip} @uplet + 1! P 1 -
yp(z)'— - ( ) (II)]+ l)([p]+2)z pl‘+O rl r . (2.12)

This equality is true fo‘r p = [pl=0too. Therefore, if 0 < p<1, then [p] =0, and from
(2.9) and (2.12) we have

P+l p—1 .
In r +l(n:'9)lnpr+o(ln_7__£) _-]-;-l-lnpr+o(—}.—)’ r-> o,

J ( )= (p+ 1)z
and from here follows (2.3).

At last, if p = 1, then from (2.2) and (2.10) is easy to obtain the first of the equalities
(2.4), and then

Ip) +1
1 +1 n . n —n+1 - [p] -1
J (2 =———{In" " 'r+ E ( )(z(n+9)) in? r+ O(in’ rt -
P (p+l)z[ g p+1

1] N nl +1
_N () ZE) _{p1 (2mi) - L5 R
,nZ (p) n+1 n—n() ( )([])]+1)([1)]+2)z ”r+0(r),r ’

hence we easily obtain the second of the equalities (2.4). Lemma 1 is completely proved.
Forp>—1land{>a = exp (3n) we put

+ o

149
1(t) =v.p. f x('_\f'_" 7 dx.

a

Lemma 2. When t - o, the following relation takes place

_ 1 (2.13)
ln(t) ==J,0 +0(’), - 1<p<0,
and ’
[p]
‘ In”t .
- 1,(1) -m—n7—— ZO (;}’)(m)"!p_n(t) -

) n=

(1PN pptpt+1 Ja? TP 2.14)
(p)(m) ([pl+l)t+o ik p=0.

P ro o f. We choose the function ® as in the proof of Lemma 1, and let
C;={w:|w[=R,O.<_argw$n}, n=I1-R-al y,= {a, RI\N [t —¢,t+¢€],
a<t<R, where €>0 is a sufficiecntly small number. Moreover, let
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7:' ={w:|w—1]|=c¢},Imwz=0. Weassume that all these curves are oriented so, that

the region bounded by them can be passed around counter-clockwise. Then

ffff f—’(’—”ldv— | @.15)

r ‘/1

t

The estimates of the integrals on C; and C; are the same, like the estimates of the

integrals on C,and C in the proof of Lemma 1, and

d(w
f—i_—%dw-» TNGY

3

f__(_l‘bw »—-Jfriln’”lt

w-—{

whene » 0and R - + «, and

+ o .
N R
fw-—t \v*fgl—nﬂ—l’)——dx(R-*+OO).

x(x + 1)

Therefore it follows from (2.15) that

p
I (1)"——ln” f@—i—f—”—‘deo( ) [ = oo,

x(x+1)

If — 1 <p<0wehave from here

+ o0
(1 Inx + O(In” ~ ') _ 1
Ip(t)—()(t) f N+ D) dx —Jp(1)+0 ik {-> o,
a
and if p = 0, then we have, like in the proof of Lemma 1,
+ + ®
[p] *
i dx 7p(%)
= ar - f M pP =", _ f 0
Il)(’) . “2 (1)) ()" In® ™ " x(x+1) x(x+10) d,
a a

where y:(x) =0 ifp=[pl,andifp> [p], then
yi(x) = ([” 11+ 1)@ HIP a1 onP = 1PH =2 s 4 o,

Hence equality (2.14) follows in the same way as in the proof of Lemma 1. Lemma 2 is
proved.

We shall obtain estimates of remaining terms in cqualities (1.3) and (1.8) by using the
methods of Logvinenko [3-4 ] and the following lemmas.
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Lemma 3[4]. Let FE LP(— o, + ®), p> 1, and M(x} = M(x, F*) =
=sup{| F*(x+iy)|:yER}, where

fﬂﬂ—dr

t+z

ifRe z # 0, and F *(x) denotes the angle limit values of F*(z) when Re z = x € R.
Then there exists aconstant C | € (0, + «) such that || M ”,, =C, IF I p» Where I ”,, is
the norm in LP.

Lemma 4 [4]. Let FE LP( = o, + ), p = | and h € (0, + »). Then there exists a
constant C € (0, + ) such that mes { x : M(x, FH>h} < C,h~ P\F ]|z

Lemma . Letp, be an integrable function on each finite interval from {a, + ) and for

somem = 1 and s> — 1 satisfies the condition

f [ (/)1(1) |"dt =o(TIn"T), T-+ , (2.16)
T
and
P (0
nE= zf i+ " 2.17)
a
Then ‘
p@=o(n’t'r), z=r, (2.18)

when z = o outside some exceptional set E like in theorem 1. If, besides that, condition
(2.16) holds for some m > 1, then uniformiy on 0

f Ly (re®) | dr = o(T1I0"CFDT), T + . (2.19)
T

Proof. Wriie
i r/4  4r 00

(Z) ffft(wz)dr A(Z)+A(Z)+A(Z)

a r/4 4r

and for rz 16a = 16 exp (37) put k(r) = [log,(r/a)1 -1 and
b(r) = exp { (log,r — k(r)) In 2}. Then
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G A(r)— ]
FAGY el
14,3 =fz“|_<r'l+ T4 f qz1-n%

a —k 3
k+1 k+1
_3 r2 / —3 r2 |‘P((|
=o(l) - f—lt—ﬁ:(~){—|drso(-l-)+3i D f——-—]t—-)—d-
")ok="kn ¥, (r=1 g Tk=""ky ¥,
r2 r2
‘ k]
4 ‘3 f
3’,2 =—I\(r) 2/\ 1

that is, using Gelder’s incquahly,

- 1
4015 S 27K, . L+0(,) e @20

Fk="— k()
where ||+ ||, , is the norm in L"(r 2%, r2%* Y, and —]— + -1-— =1 and m' = » when
m=1. Since, from .16, ¢, |} ,= o(2kr ln"”(2kr)) when r- o and
(el :;I 0= 2%r, then it follows from (2.20) that
|A(z)|<a( z (Inr+kln2)) (l)=
="~ k()
-3
1 s ln r 1
=o0|7 (Inr+xlIn 2)°dx{ + 0 + 0=
= k(r)
s+ 1 s+ 1
= o(ln—r—) + O(l) o(ln - r), r— co, (2.2

. . 1 -
We estimate 4, . Since ”7 ||m P (2l‘r)'/’” !, then, as above, we have

T a0l 4 &7 o0l
‘A3(z)|5fmdls §k§2f P dt <
4r r2k
4w 1 1 = 1
=3 Z, * ley I« “, ||, k"’(? AZZ?M‘ (r2k)) =
_ (lnr z U_"”&) ( ; )’ - oo, (2.22)
k=2
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We estimate finally the integral 4, . If z is situated "far away" from the negative ray
of the real axis, then
4r
I 'P](t) | 4
< —_—_—— < = !
| 4@ 1< | ey drs ey b,
r/4

Hl_z_i:‘“—? oo (2.23)

where | - is the norm in the space L"(r/4,4r). Since, in view, (2.16)

" n,r

e, ”m,r = o(r Hm In*r), r > w0, and

4r 1/m
” 1 di < K
B ’ - , - 6 b
t+re' .’ .+ 6 Vmga 2t 0
[ (4 I m 4 ((f + r) sin _2_) n r sin 2
where K is a positive constant, it follows from (2.23) that
Inr
|A2(Z) l =0 B T+ 6 ’ r=> o,
rsin =

that is, we can choose the positive function 6 () such that8 (r) § 0 (r » + «) and when
| 6| =x — 6(r) we obtain the relation

=olLins
]Az(z)]-o(rlnr), r-» oo,

, 'near” the negative ray of the real axis, we put

(2.24)

In order to estimate A

G={z:—-2rsRez=x=s —-;—,0< |argz—m | =3n/4}, and let x, (1) be a charac-
teristic function of the interval {r/4, 4r}, ’e(r) being an arbitary function on the interval
fa, + ) such thate (r) | 0 (r = »). Denote
e(r) , ¢
E = {\ E=2r,—r/2] M(x, e ir—l In’r},

and g =y (¢, (/1. Then g €L"( =, +w), m=21, and from (2.16)

Mm =1 In’r), r > oo, and

+ =
80 5
Ay(2) = f =t 2.25)

1+ 2z

-

e N, = ol

By Lemma 4 (with F = g ) we have

e ), \
mes Er <C . - m = 0( r , r—> o,
m (G (I') lnsr//r)lll \g (r)m

so we can choose the function e(r) in order to cnsure mes E = o{r), r— «. Put
0
E = U E ,r= 2t 1 is_casy to show that the sct £, has density zero in this case.
k=1 k :

\
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If Rez & E,, then M (x, A,) <§»£L) Inr=0 (% lnsr), r— o, and therefore from

(2.21) and (2.22) we obtain the relation v (z2) = o(ln® * lr) asr->»,Rez€& E_. This
result with the following from ((2.21), (2.22) und (2.24)) same estimate ¥, for "remote”

z from the negative ray yields (2.18) when z » « outside the set E, which is union of
rectangles, like in Theorem 1.
[t remains 10 show that if m > 1 then (2.19) holds. Denote

1/m

271
ls(2) |l 7” = Sxép f | g(re’-") | dr
T

3
Then, by the Minkovski incquality, [[y(2) || I*” < Z [[zAj(z) |[7” .From (2.21) and (2.22)

j=1

* 1/ s+ 1 3 )

we have [[24,(2) ||}, = o(T "In* T Tyand || 245(2) |7 = o(T In T) when T = + e In
* 3t 3

order toestimate ||z4,(2) ||} denote ®, = [— —472 , —42:] and®, = [ =z, 7 \©, . Then
from (2.24).

o7 1/m

sup fr'” | /\2(ru'v) | dr =o(T""In’T), T + o,
geo, |

and from (2.25) and Lemma 3 it is easy to see that

27 1/m 27 t/m
sup fr’” [ Az(re"(’) |7 dr < 2T sup fM'” (rcos 0, A,) dr =
e A=NG)
2l 7 2
27T cos B \
= 2T sup S f M" (x, A,) dx <

pea. | [cosb|
2 l Tcosd

V2T | M(x, A ||, = 2V2C, T g |, = o™’ T), T-+ o,

since in view of the definition of g (1) and (2.16) |ig, ||, = oM Vit r), T—= + o,

Hence | z44(2) ||} = o(T"""™1n* T), T > + w, and so lv,@ 117, = o(T" s * 17y,

m
T -» + o, Lemma § is proved completely.

Lemma 6. Let a funclion ¥, be integrable on each final interval from R,
l "/’2(-‘) ‘

A
f~——X—~— dx <o and for somem = 1 and s> — 1
0
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f | ¥ (x) |"dx=o(TIn"T), T+ o, (2.26)
T<|x|<2T

For t>a = exp (3n) put

+ o
¥y 227
p,() =v.p. f ‘m—{—) dx.
Then
P =0 [1 g+ 1 ) (2.28)

when t = + « oulside some sel of zero density. If, moreover, (2.26) holds at some m > 1,
then

f | oy(0) | dt = o(In"C* D T), T + o, (2.29)
T

Proof. Whent - + o, we have

—a

Py(1) =v.p. f f f \(\_H)d\— g‘><r>+¢g2>(,)+o(§).

bl (]

Since

+
V’2( - X)
X(x =)

a
as was shown in proof of Lemma 5, there cxists seta E, C (— o, 0) of there zero density
such that

«pgl)(t) =v.p.

wg')(1)=o(l[1n‘+'t), 1>+, —(EE,, ‘ (2.30)
and if (2.26) holds at m > 1, then
2T
. f | #50() | = o(in™C* D7), T > + o, 23D
Let us estimate «,n( ) Let k(f), b(r) and || - ||, , be such as in the proof of Lemma S.
Then, from (2.26),
2k +1,
| ¥, |
D= f f T Iv =
1§ ) | k —ka FEY)
a ’
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-1 had
1
50(7) +:z 2" 5w, I, I (3 k+2 2A v, “mk”x”'” k=

— k(D)
1 S B I Qs
=()(7) +o(7 > (2 1)) +0(72 In® (2 z)):
’ k== k(1) K=0
= u(l’ In** '1), 1=+ oo, 2.32)

Relation (2.28) follows from (2.30) and (2.32), and relation (2.29) follows from (2.31)
and (2.32). Lemma 6 is proved.

3. Proofs of the theorems

We prove Theorem 1. From (2.1) and (1.2) forz = ré, | 6| <z, we have
Inf(z) = 8z2J (2) + A2 (2) + 9, (2) + O(1), 2> + =, a.Dh

where .Ip andy, arc thesame asin Lemmas 1 and 5. Since p > ¢ > 2, then, inview of (2.4),

" * 'y (i(n +6)
p+1 i zp

= P — 7 7\\
zJp(z) In”r Jll./p_ 1(“‘) +

pp+1), _@+6)? -y | 4n’ o =2, =
+z 3 ( (p—l)zln r+ 3 ‘[p-—z(“)) +O<In r) =

p+l 2
In C4i(n +6) In”r-—ﬂ]%—@—ln”_ e

= p+1

2][2/)(/) - 1)

- i/)Jerp () + 3

2@+ 0 T), rs 4 e,
Hence

tn’r . -2
2, ()= e +i+6)In” =i - 1).7Iz.lp _,(&+ 00" 7%, r>+ w,

that is

I P+ ' ) Y _
2 (2) = 7) " lr + i In’r + /—2)(%2 - 6%~y -

_pp+ Dt

Rt R O R (U 2y =

\
]np+ ] 2

2
= ! p._ (72 _ 07 o p-2
S + it Inr ( 5 7) "=+ 00"~ %r), re+ w, 3.2)

Henee, from (3.1), we obtiin (1.3), where (71(:) =y, (2) + O(In" ~ %)), r > + o.Since

the function ¢ satisfics (1.1 (that (2.16) with s = ¢ = 2>0), then for the function 2
relations (1.4) and (1.5)hold by Lemma 5. Simultancously
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f (In” = 2™ dr = O(T 1n"? =~ DT), T o,
T .
and sincep — 2<¢g — 1,1711 satisfies conditions (1.4) and (1.5). Theorem 1 is proved.
Let us prove Theorem 2. For x € R the relation

+ o
m—ig_LL:v.p.f——-"—(Q—dt

1(t+ x)

In | f(x) |

may be interpreted in the following manner: the function B — is a Hilbert’s

transformation which equals 0 when ¢ < Ty 0= Ih<—ap, and n(f)/t when (= t: It is

clear thatﬁ(%)— € L"(0, + ») when m > 1, and by the theorem about the inverse Hilbert’s

transformation

+ o
In | f(x) |
@ _ 1 f__w_
i T2 . p. D) dx, >,

-

Therefore, in view of (1.6),
w1, f flnlfml v ofl) -
t 2 o(x + 1) 1)

_1 (A s
T n? {P+ 1 (1P+l(t)+Jp+1(t))+;]—+—1(l(1+l(t)+‘,q+l(t))+

2
+ % (BpI, () +Aal,_ (1) =

J'E2
=T (AL, _ () = Byl _ () + p(0)

where .Ip , Ip and P, are such as in Lemmas 1,2 and 6. In view of (3.2) with 6 = 0, we
obtain from (2.14)

+o(}), [+ o, 3.3)

) Ip+l(t)- P+ 1y — Jy (D)= m(p+1)](1)+£ﬂp—+—lll NGRS

Lyp-1) - _ LINW RS 1 P+l
+O(11n f)- Jp+l({)+ In ! m(p+l)( +l)’ln t+
2
+”—%:r—llln”1+()(l,1n”“t) =
2
_ a°(p+1) 1 ~1 )
——-Jp+l(1)+2—tln”l+()(tln” tl, t>+ o, (3.9

From (3.2) and (3.4) it follows that
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1

- p+2 2 (r+1) P 1, p-
Ip+1(t)——mln’ f+——-3—-l I+ 0O 1 tl, t-=>+«, (3.5

and from (3.4) we have

J +1(1)+] l(1)——L———Qluf’rnt()(liIn”“t),-t—>+oo. 3.6

Combining (3.2), (3.3), (3.5) and (3.6) it is casy to obtain

A
.——-"([’) = 5?— In”r + —Ii Int + ¢, (1) + ()(%lnp‘ 11), 1=+ o,

that is, we have (1.8) with @,(1) = ¢, (1) + o(In? ™ 21), 1= + o. Since y, satisfies (1.7)
(that is condition (2.26) with s = ¢ — 1 >0, rclations (2.28) and (2.29) hold by Lemma
6 for the function ¢, Therefore, it is casy to sce that the function ¢, satisfies conditions
(1.9) and (1.10). Theorem 2 is proved.

4. Remarks

From the proof of Theorem [ it is obvious that we can obtain various analogues of this
theoremin the casce, when the condition2 < ¢ < p < ¢ + 1is not fulfilod. We shall state some
results in this dircction.

Suppose that — [ <s<g<p<+ o, AE (0, + »), A, €R, and the function P, is

integrable on cach finite interval from R and for someits m = 1

f Lo () ["dy = o(TIn"T), T, 4.1

Then, if an entire function / has zero order and only negative zeros, n(f) has (1.2), then

A
A 1 ~
= p+1l RPUAE ; . .
In f(z) p+lln r+q+1]n r+y(z), 0<p<s+ 1

I f(2) =

A —~
l n”* 1+ Zjﬁln"+ '+ ioa I + P (2), ¢<s+ 1 =p<s+ 2
A| ~
In /(z) = l m” 1+ TFT In?* 'y + 6 (A InPr + A, InYry + 7,(2),

s+l =g<p<s+2;

p+l

A
NN P o (P P q
In +q+lln r+ it (Aln"r + A Infr) +

A

lnf(z)—p+
Ap 2| .p—1 -

+—§— —7—-9 In r+y (), s+tlsy<s+2=sp<s+3;

A
In f(z) = ln” ey (/—I}Tln"Jr '+ 0 (A Infr + A In'r) +

2
+% (%—— (92) (Apin” =Y+ Agln?™ 'y + zfl(z), s+2=¢g<p<s+3.
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Here §,(2) = o(In® *!

Theorem 1, and if (4.1) holds for some m > 1, then
27
sup [ 19,0 1" dr= oT " TID), T 4o
T

ry when z > o outside some exceptional set E(f) described in

As is obvious from proof of Theorem 2, there exist its analogues, corresponding to above
considered cases (the conditions on p and ¢). We shall not give their formulation. However,
we notice, that if in imposed Theorem 2 we shall restrict only by two-term asymptotics of
In | f| on the positive ray, then we cannot obtain two-term asymptotics (1.8) for n(z).
Actually, the following analogue of one theorem be M.M. Tyan takes place.

Theorem 3. Let an entire function f has zero order and only negative zeros, and

_ A p+1 Al g+1 p—1 4.2)
]nlf(r)l-—p+11n r+——-q+lln r+00n’ " 'r), ro o,
where — 1 < q < p. Then the exact estimate for n(1) is
n(f) = Aln’t + O nr [>+ o | 4.3
' Ininz¢)’ ’ :

To prove this thcorem we shall use the following lemmas.

Lemma 7. Let g(x) be a differential function on [1, + ), and g'(x) be a decreasing
function. If = 1 <= ¢" — 1 <g<pand

gy =AInlx + BIn?* 'x + O(InTx), x> o,
then

, X-=> o,

Px dx (r+q)2
g'(x)=A(p+l)‘—n—'—‘+13(q+])ln "+O[l" : x]

x X P
Lemma 8 [6, Theorem 3.2.1]. Let h , h, be positive increasing on (0, ®) functions,

h1 (x) = Owhenx € [0, X, IR hz(x) = Q0 when x € [0, Xy ), and there exist constants ¢, d such
that ‘

v\ A ) d
2l <Ao< Y], x <u<v, 0<c<d. (4.4)
u h(u) \u 1
Let, moreover, Stielijes untegrals
+ o ‘
dh,(x)
HO= | ———,
0 X A (x+ 0"
~dh(x)
2
HO=| ——

0 P e+ 0’
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wherev>0,0 < ﬂ <¢<d<v+ B, the convergent when t > 0. Then be from the estimate
Hz(t) = Hl(f)(l + O(r(9)), - o,
exact estimate follows:

. |
hal®) = Ay ) (1 + O(TTIT(\)_))) £

provided that r(x) is a positive decreasing function satisfying the conditions r(«) =0
r(nx) < Kn~ “r(x), K>0,0<p<1,0sw<c, x> .

We will not prove Lemma 7, since it basically similar is to the proof of the Lemma [5].
Morcover, in [7 ] of the left inequality in (4.4) is shown to be unnecessary.

Proof of Theorem 3. From representation

)= Hl(l +z/aq), 0<a sa,..saq <.,
n=
we obtain
dn(t) :
(r) Zr+a ﬂfr+t’ “4.5)
0

which implics that £ '(r)/f(r) is a decreasing function. By Lemma 7 with g(r) = In | /(r) |,
we have from (4.2)

G —A’—;"+Al

) P q (2p—~1)/2
f(rn_ ,In"r H‘;_’_,_O(]" . r)

(4.6)
-Al“—l(1+o(1n r) (r= ), 6=min{315,1>—‘1}~

Further, it follows from (3.2)

+
fi/ﬂ_’f_’l. fi:')d"/”p—l(x)'ko(%):

' (x+1)

_InPx wPp(p = 1) In? " %
=7y + 6 X +70(x)’ X > ®,

In? ~3
where y(x) = O

p < 3. Therefore, from (4.5) and (4.6) we obtain

+ o +®
Pt
fdl’l!f! =Af£&]_n_’)._(l +O(]n—ax))’ X = o,

1+ X 1 +x

X

) when x = «, if p>3, and y,(x) = O(lv) when x -» o, if

where a = min {p — ¢, -;—p }. From Lemma 8 (withv=1,=0,d = -é—) and the last

relation, we obtain (4.3). Theorem 3 is proved.
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00 acHMnTOTHUKE UeabX PYHKUMIT KOHEUHOTO JOrapUdMHUECKOro
nopanka
M.H. Ulepemera, P.WU. Tapaciok, H.B. 3abonouknii

HN3yuaerca aCHMATOTHUECCKOE NOBEACHHE LEAOR (DY HKUMH, CuMTAIoWas Gynkuns
n(t) uyneét KOTOpoit ypomacveopsiet ycaommo n(f) = A Wt + Ay wie+ a(luq 0,
t>+oo, e 0<qg<p<ew, 0<A< o, ~ oo<Al < oo,

ITpo acumMnTOTHKY Uiaux QYHKUINH  CKiHYeHOro aorapudmiuHoro
nopsaaKky

M.M. UWepemera, P.1. Tapaciok, H.B. 3aGonoubknii

Bunuaernea acumnmornune nopokenis ninoi dynkuii, paxyioua gyukuin n(f)
Hyais akol 3ajosossnsc ymosi a(f) = A nw’r + Al m? s+ o(lnq 1), t=+ o, ne
0<g<p<o, 0<A<®, — oo(A] < 0o,
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