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In the paper one-fold eigenfunction completeness and two-fold eigenfunction incopleteness
with infinite defect are proved for a non-normal third-order ordinary differential bundle of
operators with non-separated two-boundary conditions.

Many questions of modern mathematics, mechanics and physics lead to the problem
of the expansion a given function in biorthogonal Fourier series in terms of the
eigenfunctions (e.f.) of nonselfadjoint ordinary differential bundles of operators. In
particular, one of the important problem here is the problem of the e.f. completeness. Up
to the present this problem has been far from its complete solving. In this paper we
study the problem of e.f. completeness for one bundle of differential operators not
considered before.

Let us consider the ordinary differential bundie of third-order operators generated
over finite interval [0,1 ] by the differential expression

r(y,A) = y® -2 y@ +,12y(1) _,13y H
and two-point non-separated boundary conditions
U/(i=y0)+y(1)=0,
Uy(3) =y D) + iy 1y =0,
Uy(3) :=yP©0) - yB1) = 0. @
The roots of the characteristic equation here are w | = ho,= 1, wy =1 Let us denote

Y (x,A):=exp (A wjx), i=1,2,3.

These functions are linearly independent solutions of the equation £(y, 1) = 0.
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Let us denote
lo; R
= ("kj+ e |/ wk]) = Uk(yj), k,j=1,2,3,
where ukj=w}‘"', wki=ﬂkw;‘", B, =1, By=i, fy;=—1. Also we introduce the
column vectors

T - T
Vim0 v v3) s W= (W wypawy )0

(1 1 1
vel-ilv.=|t|lv.=]| il
o 2 -

1 1 ]
wo=|1|lw=|-ilw=]|-1]
Ry 2l

The characteristic determinant has the following form:

AA) := det (”kj )k.j -123°

ie.,

_ 13 ‘lw iw ’).w _
=A7det(V,+e W, V,+e 2W, V,+e 3W,)=
_ 13 Ao yr Aw
=1 (A0+Ale +A, T+ A 34

,l(wz+m3 )

Moyror) 4 4 + A0 +A

Mo, +w,)
1773
1 28 1 38

?J.(ml +twyto, ) ) -

+4 123¢

3 —l.. ‘_ }.' ).l__' ll .
=2 ((AO+A13)+Alc T (A Ay et + Age '+Alze( ')+A23e( +t)),

where
Agi=det (V,V,, V)= =4i, A, :=det (W, W,, W;)=0,
Aji=det (W), V,, V) =0, A, :=det(W,,V, W,;)=0,
Ayi=det(V, W,, V) =0, Ay i=det(V,, W, W,) =4,
Agi=det(V,Vy,, W) =4, A :=det (W, W, W,)=-4.
Hence

A() = 43(~ i — e* + M 4 ie* )y = 4234 ().

Because ofAl =A,= 0, the bundle (1), (2) is not normal (see the definition in [1]).
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Let us denote the roots of the equation A(1) =0 as )'k and let A = {Ak} \ {0}. It is

known that A € A are eigenvalues of the bundles (1), (2).
We consider the functions f/ (x,4),j= 1,12, 3, obtained from A(A) by replacing the

J-th row with (y,(x, 1), y,(x, ), y3(x, A)). It is known that f/ (x, 4) are e.f. of our bundle
if 1 € A. Hence the functions f! (x,4), A € C, are linearly independent analytic conti-

nuations of the e.f. Traditional method of proving eigenfunction multiple completeness
in L2[0,l ] (this method uses only the functions f! (x, ) as analytic continuations of the

e.f.) does not give here any results. We use another approach. Let us attempt to find an
analytic continuation for the e.f. in the following form:

3
= i1
g(x4) —jgla 7; @)/ (6 2),
where y; (A) are entire functions, which will be defined later. If we denote

r= (‘yl ’ )’2’ )/3 )T, we obtain
A _23 D det (T. V )).11)2 W V. + ,lwsw
8 (x,2) =47y (x, ) det (I, V; + ¢ pV3te 3)+

A , A
+yy(eAydet (V, + e VW TV, + e 3w, )+

+ y3(x,l) det (Vl 4 eAwl W, V2 + (’sz W2’ r )) .

We need to select such a I' (if it is possible) that in the expression for g (x, 4) the "bad
members” will be absent, i.e.,
det (I, V,, V3 ) = det (I, W,, V) = det (W, T, V)=
= det (W,, VZ,I‘) =det (W, W, ry=0.
Evidently, this property will be valid if ' = Wi and T = Vs . Hence we find the two-
pararnetric representation for the sought function I’
r= ¢ WI + ('2V3 .
where € » ¢, are arbitrary constants which are not cqual zero simultaneously. Thus we

obtain for the function g (x, 1) the two-parametric representation

AT+i)
¢

Ad
g(x, )= 423 ((—— ¢ + 0y ! )y, (x,4) +

. Mo , oA
+ ((cI + ic, )e - (ic, + ¢, )) (v Ay + (icje” — ic, )y;(x, A)) , &)

forall ¢, c,€C.
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Theorem 1. The eigenfunction system of the bundle (1), (2) is one-fold complete in
L [0,11].
2

Proof. Let h €L,[0,1] and h Lg(-,4) for all A€ A. Then we denote
1 .
HR) = f & (x, A)h (x)dx and consider the function F(1) := H()/A(A). Evidently, this
0 .
function is an entire function bounded in the whole complex plane. Taking into consi-
deration the theorem of Liouville, we obtain F(1) = const. But because F(1) » 0 when 4

tends to infinity along some set of points belonging to imagine axis, we obtain finally
FQ)=0,ie.,

(— clel(‘+i) + cze)‘i) Y, })+ ((cl + ic, )e“ = (ic; + ¢, )) Y,A) +

+ (ic,e* —icy )Y,W) =0, forallc,,c,€C, @
where
: 1
Yj @A) = f Y; (%, Db (x)dx, j=1,2.
0
Taking in (4) firstly ¢, = 0, ¢, = 1 and then ¢; = ~ 1, ¢, = 0, we obtain the system
!y, () + (e - 1)Y,() - iY,() =0, ¢ )
Ay @y + (= M+ i)y,@) ~ iety,() =0, ©®

Multiplying (5) by e*and subtracting (6), we find
AR)Y,@) =0,
from here

Y,A) =0, forall A€ C\A. (D
In view of (5) we find also
ie!Y, () + Y,()) = 0, forall A€C\A. @)

It can be concluded evidently from (7) that 4,(x) = 0. Thus the system of the e.f. of the
bundie (1), (2) is one-fold complete in L,[0,1 | (we did not use here the property (8)).0
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Theorem 2. The eingenfunction system of the bundle (1), (2) is not two-fold complete
in L% {0,1]:= L2[0.l 1® L2 {0,1] and has an infinite defect there.

Proof. Leth = (), h, )7 € L2[0,1]and be orthogonal to two-derived chains of e.f.
for our bundle (1), (2) (see the definition of the derived chains of e.f. in {1]). Denoting
l .
HR}) = f 8 (x,A)h(x, A)dx, where h(x,A) = h,(x) + Ah,(x), we consider the function
0 ‘
F (&) = H(A)/ A(A). Evidently, this function is an entire functionand | FA) | s C | 1|,
for all A € C. From the theorem of Liouville we obtain

F)sA+Bl=(c® +c,0,h) +1(cd,+c,d,h),

where @, = ’(\4:] © P )T, k=1, 4. The functions ¢ jk can be easily found. If we suppose

in addition h L @, , k=1, 4, we obtain F (1) = 0. Hence we can derive the formulae
1

(7N, (8), where Yj @A) = f Y (x, A)Aa(x, A)dx, as we did it before,

0

1
From (7), when A = 0, we find f hl(x)dx = (. Taking it into consideration, we can

0
obtain
1 X H
Y,@Q) = f e**a f hy(r)dr| +2 f M hy(x) dx =
0 0 0
1 X
=-1fe"‘ fhl(r)dr-hz(x) dx=0, forall A€ C\A.
0 0
Thus

X
hy(x) = fhl('l') dr, fora.e. x€[0,1] 9
0

Using (9) in (8), we find
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1 oy

0= f el “((h,(x) +ih (1 = x)) + 4 (hy(x) + ihy(1 = x)))dx =
0
1

= f e (R (x) + iy (1 = X)) + iR (x) = ih, (1 = x)))dx =
0

1
= +i)fe“"(h,(x)+h,(1 - x))dx, forall A€ C\A.
0

From this we obtain

hy(x) = — k(1 ~x), forae. x€[0,1]. (10)

Hence the conditions (9), (10) give the linear manifold of all functions which ortho-
gonal to the two-derived chains of e.f. and some fixed finite set of vector functions.
Evidently, this linear manifold has infinite dimension. O
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TTonaHoTa COOCTBEHHBIX PYHKLMIA IMyuka AndPepeHunaNbHbIX
onepaTopoB 3-ro nOpanKa

B.C. Puxnos

B cTathe PacCMATPHBAETCH HEHOPMAJLHbLIHA 06bIKHOBEHHBIN AHdMDEPEHIIMAILHBLA NYyuOoK
ONEpaToOPOB TPETLErO NOPSAKA B NPOCTPAHCTBE CYMMMPYEMbIX C KBAAPaTOM Ha orpeske [0, 1)
GyHKUMIT C HEPACTIANAAIOWMMHCA ABYXTOUECUHBIMH KPACBLIMM YCAOBHAMM. JIOKA3bIBAETCH, UTO
cncteMa coOCTBEHHbIX DYHKUMIA 3TOrO Nyuka ORHOKPATHO NOAHE M MMeeT GeckoHeuwbiit ae-
bekT OTHOCHTEJILHO ABYKPATHOMH NOIHOTHI.

ITosHoTa BaacHuxX GyHKL B’a3Ka AidepeHUiasbHUX onepaTopis
3-ro nopaaky

B.C. Puxnos

VY cratTi pO3MSAACTLCS HEHOPMaNbHA 3BMuANHA audepeHuianbHa B'3Ka OnepaTopis
TPETHONO NOPSAKY Y NMPOCTOPI CYMOBHUX 3 KBaApaTom Ha Binpisky [0, 1] dyuxuiit 3 vepos-
NaaHKUMKU BOTOUKOBHMM KPANOBHMU yMOBaMH. JIOBOAUTLCH, IR0 CHCTEMA BAACHMX (DyHKLiN
ui€l B’93KM ORHOKPATHO NOBHA | MAE HECKIHUEHHMI RedeKT BIRHOCHO ABOKPATHOI NOBHOTH,
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