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We prove that if a separable Banach space Y contains C[0, 1], then Y can
be renormed so that the pair (C]0,1],Y) has the Daugavet property with
respect to narrow operators. A similar result is proved for L]0, 1].

1. Introduction

This paper deals with a property of Banach spaces. Namely, we say that
a pair (X,Y), where X C Y, has the Daugavet property with respect to some
class of operators M C L(X,Y) and write (X,Y) € DPr if any T € M satisfies
Daugavet equation

1T+ 71 =1+ 171,

where J : X — Y is the natural embedding. Sometimes we use this concept
when X is isometrically embedded into Y. In this case, a role of J plays given
embedding.

A question considered here concerns a problem of renorming Y so that
(X,Y) € DPr with respect to some class of operators. The result stated in
abstract has some interesting consequences concerning isomorphic properties of
C[0,1] and L4[0,1] (C and L for short).

In Sections 4 and 5 some propositions we need are formulated without proofs.*
They are given in [1] and [3].

Our notation is standard.

*The work of the first author was partially supported by Grant INTAS 93-1376 and by ISSEP
Grant APU061040 ”Soros Docent”.
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2. Preliminary constructions

First, we deal with two properties of second category sets in metric spaces.
They will be useful in the sequel.
Let K be a metric space with a metric p. We shall use the following notation:

B(k,r) ={k'"€ K : p(k', k) < r},
S(k,r)y={k"€ K :p(k',k)=r}.
Denote by A the closure of A and A = K \ A.
Let us recall that A C K is said to be a first category (f.c.) set if A = U2, A;,

where A; are nowhere-dense sets. In the converse case, A is called a second
category (s.c.) set.

Lemma 1. Let B C K be a s.c. sel; then there exists a point kg € K and
a neighborhood U (ko) of ko such that for each k € U(kg) and each neighborhood
U(k) of k the set U(k) N B is of s.c.

The proof is not difficult (see [2]).

Corollary 2. Suppose K does not contain an isolated point; then each s.c. set
B C K can be partitioned into countably many pairwise disjoint s.c. sets.

P roof. Actually, it is sufficient to show that B contains two disjoint
s.c. sets. By Lemma 1 we may fix kg and U(kg). Since K does not contain an
isolated point, we have at least two points ky, kg in U(kg). Thus, the sets

1 1
B(kl, gp(kl, kg)) n B and B(kg, gp(kl, kg)) n B

are desired ones. The proof is complete. [

Now for any separable Banach space X we construct a Banach space mg
satisfying the following conditions:

1) X is isometrically embedded into mg by an operator ;

2) given a separable Banach space Y containing X, there is an isomorphic
embedding U : Y +— myg such that Ulx = Q.

The operator U gives a possibility to introduce an equivalent norm on Y :
p(z) = ||Uz||. We shall show that for L; and C this norm has the property we
need (Sections 4 and 5).

Denote by K the closed unit ball of X*. Since X is separable, the weak* to-
pology of K is metrizable. In the sequel, only weak* topology on K is considered,
and p(-,-) is a metric which generates the topology.

Let us introduce the following Banach spaces:

leo(K) ={f: K = R, sup{|f(s)];s € K} = [[f]loo < o0},
m(K)=A{f € l(K) :supp(f) — f.c.set}.
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Lemma 3. m(K) is a closed linear subspace of |, (K).

P roof. This can be deduced from the following simple statements:

if f=0, then f € m(K);

supp(Af) = supp(f), A #0;

supp(f1 + f2) C supp(f1) Usupp(fa);

if || fn. — f|l = 0, as n — oo, then supp(f) C U2, supp(f,). [ |

So we can construct the Banach space mg(K) = o (K)/m(K) with the norm
I[f1]] = inf{sup{|f(s)|,s € K\F}, Fis a f.c. set }.

Lemma 4. X is isometrically embedded into mo(K).

Proof. Since X is a subspace C'(K), it is sufficient to show that C'(K) is
isometrically embedded into mq(K) by the quotient map. For this purpose we
prove that || f||coc = [|[f]l|, f € C(K). In fact, ||[f]|] < || f||s is obvious. To prove
the converse inequality, we fix an € > 0 and a point sg € K such that || f]|. =
| f(s0)]. Then thereis & > 0 such that |f(s)| > || f||cc —¢ forall s € B(sg,d). Since
B(so,6) is a s.c. set, we obtain || f||cc — & < inf{sup{|f(s)|,s € B(so,d)\ F'}, I
is a f.c. set} <||[f]]|. So the quotient map restricted to X organizes the required
embedding. ]

We will consider below the inclusions X C C(K) C mo(K) in the sense
described.

Thus, Lemma 4 proves condition 1). The following theorem shows that the
condition 2) is also valid for mg(K).

3. The embedding theorem

Theorem 5. Let X, Y be separable Banach spaces, X C Y, K = B(X*)
and Q : X — mo(K) be the quotient map restricted to X. Then there exists an
isomorphic embedding U 1Y — mo(K) such that Ulx = Q.

The statement of this theorem follows immediately from

Lemma 6. Suppose I = {y,};2, be a dense set in S(Y); then there exist s.c.
sets {B,}22, in K such that for each s € B, there is an extension §5s € Y™ of s
satisfying:

(@ 50 <5,

Moreover, for all s € B; N B; the corresponding extensions of 65 coincide.
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Let us prove Theorem 5 assuming the truth of Lemma 6.
Given an s € K \ U;2,B,, we extend the §; to és € Y* by Hahn—Banach
theorem. The required embedding can be defined in the following way:

Uy = [f], where f(s) = gs(y)

The linearity of U is obvious. The continuity follows from the condition (a) of
Lemma 6. Since &,(z) = 8,(z) = z(s) for all z € X , we obtain U]y = Q. To
prove that U is bounded from below we show that ||Uy,| > %, n € N. Indeed,
by the condition (b)

|Uyall > inf{sup{|d(ya)l,s € Ba \ F}, F — f.cset} >

N | —

This concludes the proof of Theorem 5.

Proof of Lemma 6. Let us divide [ into two sets

1
Il = {yrlz el: El*rn € /Y7 ||.13n - yrlz” < 1}7

1
Iy = {y? € I : dist(y2, X) > g
Denote by ds an extension of &, to Y by Hahn-Banach theorem. We fix a ball
B = F(s', rl) C K with the following property: if s € B, then —s ¢ B.
First, we construct {B1}22, corresponded to I7. For this, we consider a func-

tional s, € S(X*)\B such that |s, (z,,)| = |zn(s,)| = ||zn]| > 2. Since z,, € C(K)
and s, € K\ B, we can find r,, > 0 such that

B(sp,rn)NB =10

and 5
10s(2n)| = |zn(s)] > 7 for all s € B(s,,r,) = BL.

We put 8, = &, for s € BL. Thus ||3,]| = 1 and (a) follows. Moreover, the
estimate

D] —

|5~s(y711)| > |8s(zn)| — |5~8($n - yrlL)l 2

implies (b).
Now, we construct { B2}°% | corresponded to I. By Corollary 2, we can divide
the s.c. set B into s.c. sets {B2}° ;. Let us extend d,,s € B2 to Y as follows:

g.s = gs + ¢7 where ¢ ey”: ¢|X = 07 ||¢|| < 47
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and

807) = { b (), 5.(02) £0,

1, 5s(y2) = 0.

The existence of ¢ follows from Hahn—Banach theorem. It is easily seen that 8,
is the required extension.

Finally, if s € B} ﬂB]l, then the corresponding extensions coincide. The other
intersections are empty. [

4. The renorming theorem for C0,1]

We start with some definitions and notation. Let [a,b] C [0, 1]; denote by
Cola, b] C C a subspace of functions vanishing outside of [a, b].

Definition 1. We say that T' € L(C,Y) is narrow if, for each [a,b] C [0,1]
and each £ > 0, there is an f € S(Cola,b]) such that ||T f|| < .

Let us mention some properties of narrow operators:
(N4.1) The function f in definition 1 can be assumed nonnegative;
(N4.2) If T € L(C,Y) does not fix a copy of C, then T is narrow;
(N4.3) Narrow operators form a closed linear subspace of L(C,Y);

(N4.4) The space of narrow operators is a left-hand ideal in the following sense:

if 7'e £L(C,Y) is narrow and U € L(Y, Z), then UT € L(C, Z) is narrow.
These and other properties of narrow operators are considered in [1] in detail.

Definition 2. A point t € [0,1] is called a vanishing point of T € L(C,Y)
(t € vanT') if there are intervals [ov,, B,] C [0, 1] and nonnegative functions f, €
S(Colewn, Bnl), n=1,2,... satisfying the following conditions:

° li_1>n fu(T) = 8¢z, where &7 is the Kronecker delta;

o a,, 3, =t (n— o00);
o |ITf.]] = 0(n— o0).

Using property (N4.1), the reader will easily prove that 7" is narrow iff van7T =
[0, 1].
We apply below the construction of the embedding () of Lemma 4 for X = C.

So, K = B (C[0, 1]*) is the set of Borel measures. The following theorem contains
almost complete proof of the main result.
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Theorem 7. (C,mo(K)) € DPr with respect to narrow operators, where K =
B(C™).

Proof. LetT € £(C, mo(K)) be a narrow operator. Given an € > 0, there
is an f € S(C) such that ||Tf|| > ||T|| — €. Let us consider a set

B={ueK:(Tf)u)>||Tf]-e}.

Without loss of generality, it can be assumed that B is a s.c. set. Now, pick
a po € K and a weak*-neighborhood U(pg) using Lemma 1.

The only extreme points of B(C*) are 4-6-measures §; € C* : (&, f) def f(t).
Then, by Krein—-Milman theorem, there are

AhAQ,...,AnER\{O} and thtg,...,tnE[O,l]

such that

STIAkl=1 and g/ =" Mdy, € U(po)-
k=1 k=1

Since vanT is dense in [0, 1], we can assume that t; € vanT, k = 1,n. Then, by
definition 2, there are disjoint intervals Iy = [ag, Sr] and nonnegative functions

fr€ (1= J(tg) - signAe) S (Co(lr)), (1)
satisfying
fk(tk) >1- f(tk) -signAy — € (2)
and -
T =
15l < £ Q
for each #;. Furthermore, we may assume that
|f(t) = fte)| <&, t € IL. (4)

Now, we modify f putting

F=F+" i -sign).

k=1
Describe some properties of the f First,
I/l <1+e. (5)

Indeed, by choice of fr we have

FOI =10 <1 for t € [0, 1]\ Uf_, Ik
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and if ¢ € I, for some k, then by (1) and (4) we obtain

[FOI<1F () + Fr(t) -signg| + [ £(8) = F(t0)] < [f(th) -signXe+ fiu(8)| +6 < 14e.

Secondly, it follows immediately from (3) that
ITf=TF <e. (6)

Thirdly, regarding f as an element of C(K), we obtain by (2) the following
estimate:

Fu'y > 1 -2 (7
Actually,

F(u) E Aede, (F Zn:

Mz

> D Ml f(te) + fr(te) -signAy) — €

k

(f(tx) - signAx + fi(tx))e

i I
>
=

> E |/\k|(f(tk) -signAgp 4+ 1 — f(tk) -signAy — 8) —e=1-2e.
k=1

An intersection of B with any weak*-neighborhood of i’ is a s.c. set by the choice
of U(uo). Thus, the set

A={peB:|uf)-p(Dl<eand |QF+Tf| > |F(x ()l

is nonempty. Let us fix 4 € A; then taking into account (5),(6) and (7), we have

A+ )Q+ TN > NQF + T > |QF +Tf| —e > |F(u) + (TF)(n)] — ¢

> [F(u) + (Tf) ()| = 26 > 14+ | Tf|| = 3e > 14 || T - 4¢

for arbitrary € > 0. This completes the proof. [
Now we prove our main result.

Theorem 8. Let Y be a separable Banach space containing C' as a subspace
and let J : C — Y be the natural embedding. Then'Y can be renormed so that the
new norm coincides with the original one on C' and (C,Y) € DPr with respect
to narrow operators in the new norm.
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P roof. By Theorem 5, there exists an isomorphic embedding U : Y —
mo(K), K = B(X*) such that Uf = Qf for f € C. Put |||y||| = |[Uy|], y € Y.
Then, given a narrow operator T € L(C,Y), we get by (N4.4) and Theorem 7
that

I/ +Tlll = sup [[U(F+Th= sup [|Qf +UTF||=1+][[[T]]-
FNUfl=1 Flfll=1

For the sequel, we need the following

Lemma 9. Let X,Y be Banach spaces with X C Y and J : X — Y be
the natural embedding. Let V. C L(X,Y) be a subspace of operators satisfying
the Daugavet equation. Then J cannot be represented as a sum of a pointwise
unconditionally convergent series of operators from V.

The proof of this fact is given in [1].

Corollary 10. Let an unconditional sum Z of Banach spaces X,,, n=1,2,...
contains C'; then there exists an X,, which contains a copy of C.

Proof. Let P, :Z — X, bethenatural projections. ThenY = @22, P,(C)
is a separable Banach space containing C'; denote by J : C' — Y the natural
embedding. By Theorem 7, there is an equivalent norm on Y such that (C,Y) €
DPr. On the other hand, the series >"72, P,|c = J is point-wise unconditionally
convergent. Hence, by (N4.3) and Lemma 9, there exists a FP,, which is not
narrow so that it fixes a copy of C by (N4.2). ]

5. The renorming theorem for [0, 1]

Denote by A the Lebesgue measure on the Borel o-algebra B on [0, 1] and by
sign(A) the set of functions f € Ly satisfying

fl=xa, [ sir=o.
A
Definition 3. Let Y be a Banach space. We say that an operator T €
L(L1,Y) is narrow if, for each A € B with A\(A) > 0 and for each € > 0 there is
an f € sign(A) such that ||Tf|| < €.

We shall use the following simple fact ([3]).
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Lemma 11. LetY be a Banach space andl’ € L(L1,Y) be a narrow operator.
Then, for eache > 0, each A € B, A(A) > 0 and m = 1,2, ..., there is a partition
A, A" of A with \(A') = 5= A(A) such that the function

9=2" = 1xa — xar
satisfies ||Tg|| < €.

The proof consists in m-fold use of Definition 3.

Theorem 12. (L;,mo(K)) € DPr with respect to narrow operators, where
K = B(Ls).

Proof. LetT € L(Li,mo(K)) be a narrow operator. We fix an ¢ > 0
and f € S(Lq) such that ||T'f|| > ||T']| — e. Without loss of generality, it can be
assumed that

B=A{se K:(Tf)(s) > [[Tf]| - e}

is an s.c. set. We consider fo =3"7_; arxa, € S(L1) which approximates f:

1f = foll <e. (8)
Since T is narrow, using Lemma 11 we get sequences {Aﬁﬁm o1 {A%m o1
such that A}, A} form a partition of Ay with A(A} ) = 5= A(Ax) and we

get functions
grom = (2" = Dxay = xar

satisfying || Tgkm| < eA(Ag), k = 1,n. Put g, = > j—; axgk,m. By straightfor-
ward checking, we obtain

1o+ gmll =1, (9)

[T gmll <e. (10)

For the s.c. set B, we can find an s € K and a weak*-neighborhood U (s¢)
satisfying the assertion of Lemma 1. Further, note that
, 1

) = =—A(Ar) — 0, as m — oc;

A
( -

k,m
therefore the functions

smt) = { signag, t€ A, k=1n

so(t), ¢ ¢ Upm Al

weakly tend to sg. Hence s,,, € U(sg) for some mq. It can easily be checked
that
Smo (Jo 4 Gmo) = 1. (11)
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By the choice of Uf(sg), the set
A={s€B: [smo(f + gmo) = 5(f + gmo)| <&,

1QUf + gmo) + TSN 2 |(f 4 gmo) (5) + (T ) (s)[}
is non-empty. Fix an s € A; then, by (8) and (11),

11— s(f + gmo)| < 3e.
So, by (10),
1QU + gmo) + T (f + gmo)l| > [(f + gmo) (8) + (TF)(s)] =& > 1+ |7 - 6e.
Finally, by (8) and (9),
If + gmoll < [1f = Soll + [l fo+ gmoll < 1+,

and we obtain

A+)Q+T] > 1+ T - 6¢
for arbitrary € > 0. This completes the proof. [

Theorem 13. LetY be a separable Banach space containing L1 and J : L1 —
Y be the natural embedding. Then Y can be renormed so that a new norm co-
incides with the original one on Ly and (L1,Y) € DPr with respect to narrow
operators.

The proof is the same as the argument of Theorem 8.

6. Remarks

e In [4] M. Talagrand proved that the statement of Corollary 10 is not valid
for Ly.

e The renorming theorems and their corollaries carry over the case of reach
subspaces of C' and L; (see [1] for definitions). It is not hardly to modify
all the proofs.
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CBoiicTBo /layraBera 1A nap 6aHaxoBbIX MPOCTPaAHCTB

B.M. Ranen, P.B. IlIBbiaKoii

JlokasbiBaeTcA, YTO ecau cenapabeibHoe GaHAXOBO MPOCTPAHCTBO Y cO-
mepmut C[0,1], To Y MomeT ObITh NepeHOPMHPOBAHO TaK, YTOOHI
napa (C[0,1],Y) oGaamana cBoiicrBom JlayraBeTa 1o OTHOIIEHUIO K Y3KUM
onepatopaM. AHanorudHuil pesdyabraT gokasan aas Lq[0, 1].

BaactuBicte [layraBera gaa nap 6aHaXOBHX IIPOCTOpPiB
B.M. Ranens, P.B. llIBuakuii

lloBoauTheA, MO AKIO cenapabeabHuii GaHaxiB npocTip Y MICTUTH
C[0,1], To Y mome GyTu nepeHopMoBaHo Tak, mob napa (C[0,1],Y) maaa
BaacTuBicTh JlayraBera no BIAHOLIEHHIO /10 BYy3bKMX OlepaTopiB. AHajoriy-
Huii pegyabTaT goBefeno aas Lq[0,1].
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