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For a function continuous on a compact set of the complex plane and
satisfying some additional conditions, an algorithm for construction of the
maximal subharmonic minorant is found.

1. Introduction and main result

Let D C C be a bounded domain and m(z) be a continuous function in D.
Denote by SH(m, D) the set of functions subharmonic in D that satisfy the
condition

u(z) <m(z), z€D.

The function
Umax (2, m) = sup{u(z) : w € SH(m, D)}

is a subharmonic function and is called the mazimal subharmonic minorant of
m(z) in D .

If m has a subharmonic minorant it has the maximal subharmonic minorant.

Construction of a subharmonic minorant is very often a stage when the wishes
to find an entire functions with prescribed growth along the real axis or other
curves (see, for example, [1, Ch. 5; 2]). And m(z) often is harmonic outside the
curves.

This is a ground for the next supposition.

Let A be the Laplace operator. We suppose that

1) Am is a charge (signed measure),
i.e., it can be represented by the Jordan decomposition in the form

Am = ps — pe,

© V. Azarin, 2000



V. Azarin

where ps, pe are measures concentrated on non-intersecting sets E; and E,.

It is not a difficult requiering to m(z) because every function that is sufficiently
smooth has this property.

Suppose also that

2) E,, the support of ys, is a set of positive capacity which has no inner points.

It may be, for example, a curve in D.

Let px denote the balayage of the measure y having its support in D on a
compact K C D (see, for example, [2]).

For a subharmonic function v(z, ) in D, which has p as its mass distribution,
this means that we replace v(z, ) by a new subharmonic function vg, which has
the same values on K and 9D ( except perhaps for a set of capacity zero ) and is
harmonic in D \ K.

Now we consider the following sequence of the charges:

UOZ,US_Nea
pl = s — () g, = s — e »

....................................................... (1)

where EZ is the support of the measure p%. Note that the first equalities in (1)
are not the Jordan decompositions: only the second ones. There corresponds to
this sequence of measures a sequence of functions my(z), which is obtained in
the following way. The function m,(z) is obtained from my,_1(z) as the function

which coincides with m,_1(z) on the set E" = (E, )U@&D and is the solution
of the Dirichlet problem in the domain D \ E™ with boundary values m,_1(z).

We will explain this algorithm for the one-dimensional case, i.e., for construc-
tion of the maximal convex minorant of a function m(z) on the interval (a,b),
which is a broken line. An analogy of a solution of the Dirichlet problem is a
line that connects two points. All the masses of m(z) are concentrated in the
abscisses of tops of the broken line angles. And a mass is negative if the corre-
sponding angle points up and positive if it points down. The process is shown on
the figure.
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Figure.

The next function mq(z) also is a broken line. The process is completed in
two steps. The function mg(z) is the maximal convex minorant of m(z).

Theorem. Let m(z) be a function continuous on the D which satisfies the
conditions 1) and 2), and let m,(z) be the sequence of the functions constructed
above. Then li_)m My (2) = Umax(z, m).

n—,oo

2. Proof

We will represent the function m(z) in the form

m(z) = H(z,m, D) /G )i (dC) /G O)pie(dC),

where H(z,m, D) is the solution of the Dirichlet problem on D with the boundary
conditions H |5,=m, and G(z,() is the Green function of D.

The function H(z,m, D) is not changed in the process of applying the algo-
rithm. So the function my,(z) can be represented in the form

ma(z) = H(z,m, D) - [ 6e,0nde) + [ Gla,Quz o).

Denote the last two terms on the RHS by —II(z,u?) and II(z, u7), respec-
tively.
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After each sweeping the function
wn(z) = _H(Za M?) + H(Zaﬂg) (2)

preserves its values on E7 and decreases off E7.
So the sequence my,(z) decreases monotonically.
We have also

mn(z) > min{m(z) : z € E, UdD} > min{m(z) : z € D},

because of the minimum principle.

This means the sequence is bounded from below.

Let moo(2) = nli)ngo mn(2). It is clear that me(2) < mo(z) = m(z). We will
show that mu(z) is subharmonic. The sequence {m,(z)} converges monotoni-
cally. So it converges as a sequence of distributions. This means that the sequence
of charges Am,, = p? — u? converges distributionally to a charge v = u$® — u°,
because p? + p? < pd + p for all n.

From (2) we have wy(2) = —II(z, u°) + (2, uS°).

Suppose that p2° # 0. Then we can perform the next sweeping and decrease
w>(z), which is impossible.

So, uS° = 0 and mq(#) is subharmonic. Now we show that it is the maximal
subharmonic minorant.

Let u(z) be any subharmonic minorant of m(z). Then

u(z) <m(z), ze€E, UdD.
By the maximum principle, u(z) < moso(2), 2z € D, because mqo(2) is harmonic
in D\ E; .
This means that My (2) = Umax(z, m). The theorem is proved. ]
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HaxoxkageHne MakCuMaJibHOII CyOGrapMOHUYECKON
MHUHOPAHTHI JJisd (PYHKIMU CIIENAJbHOI0 BHIA

B. Azapun

s QyHKIWY, HEMPEPHIBHOM HA, KOMIIAKTHOM MHOXKECTBE KOMITLJIEKCHOMN
MIJIOCKOCTU U YIOBJIETBOPSAIOIIEl HEKOTOPBIM JOMNOJHUTEIBHBIM YCJIOBHUSAM,
HAMIEH AJICOPUTM [JIsi TIOCTPOEHUS MAKCUMAJIBHOM CyOTapMOHUYECKON MU-
HOPAHTHI.

3HaxO0/I>KEeHHsI MaKCUMAaJIbHOI CyOrapMoHiYHOT MiHOpaHTH
I (pYyHKIHT CIeniaJTbHOTO0 BUTJIALY

B. Azapin

s dyskuil, ska HemepepBHA HA KOMIIAKTHIN MHOXWHI KOMILJIEKCHOL
IUIOLIVHY 1 Taka, IO 33/0BOJIbHSE IEBHUM JIOJATKOBUM YMOBaM, 3HAiIeHO
aJIropuT™ Jijist o0y yBaHHST MAKCHMMAJIbHOI CyOrapMOHIYHOT MiHOpAHTH.
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