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We prove that continuous or meromorphic with a small number of poles
solutions of algebraic equations with the analytic almost periodic coefficients
are almost periodic, too.

It is well known that solutions w(z) of the equation
am (2)W™ 4 a1 ()™t .+ ay(2)w Fag(z) =0 (1)

often inherit properties of the coefficients a;(z), j = 0,...,m. As an exam-
ple, suppose that these coefficients are almost periodic functions on the axis,
am(z) = 1, and the discriminant D(z) of the polynomial in (1) satisfies the con-
dition

[D(z)| =2~ >0; (2)
then each solution of (1) is an almost periodic function, too [1, 2]. Nevertheless,
one cannot replace condition (2) by the weaker condition

D(z) #0 3)

even for the equation
w® — ag(z) =0 (4)
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[3]. However for analytic almost periodic coefficients a;(z), 7 =0,...,m, on a
strip S, the conditions a,,(z) = 1 and (3) imply that every continuous solution
of (1) is an analytic almost periodic function on this strip [4].

Note also that one can formulate classical Bohr’s theorem on division of an-
alytic almost periodic functions (see for example [5]) in the following way: an
analytic solution of (1) for m = 1 and analytic almost periodic functions a;(z),
ag(z) on a strip is an almost periodic function on this strip.

It is natural to consider analytic solutions of (1) with analytic almost periodic
coefficients without any restriction on the discriminant D(z). We know only one
result of this kind: namely, an analytic solution of (4) with an analytic almost
periodic function ag(z) on a strip is almost periodic as well. However, by our
opinion, the proof of this result in [6] is not perfect.

Recall that a function f(z) is said to be almost periodic on the real azis R if
f(2) belongs to the closure of the set of finite exponential sums

Zanei)‘"z, a, € C, A\ ER, (5)

with respect to the topology of uniform convergence on R. Further, let S be a
strip {z € C: a < Imz < b} (a can be —oo and b can be +00). We write S’ CC S
if " ={ze€C:d <Imz <V}, a<a <b <b. A function f(z) is said to be
analytic almost periodic on a strip S if f(z) belongs to the closure of the set of
sums (5) with respect to the topology of uniform convergence on every substrip
S' cC S. The equivalent definitions are the following: the family {f(z + h)},cr
is a relative compact set with respect to the topology of uniform convergence
on R (for almost periodic functions on the axis) or with respect to the topology
of uniform convergence on every substrip S’ CC S (for analytic almost periodic
functions).

By AP(S) we denote the space of all analytic almost periodic functions on S
equipped with the topology of uniform convergence on every substrip S’ CC S;
the zero set of a function f € AP(S) is denoted by Z(f).

Theorem 1. Let w(z) be a continuous solution of (1) in S and ax(z) €
AP(S), 0 <k <m. Then w(z) € AP(S).

Proof of this theorem makes use of the following simple lemmas on roots of
polynomials
Q(w) = w™ + by_1w™ 1 4 ... + byw + by. (6)

Lemma 1. For any N < 0o, € > 0, there exists a constant v > 0 depending
on N and € only such that the roots w;, j =1,...,m, and wj, j = 1,...,m,
of any polynomials Q, Q of the form (6) with max;|b;| < N, max;|bj| < N,
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max; |bj—b~j| < v, satisfy, under a suitable numeration, the conditions |w; —w;| <
e, j=1...m.

Proof Assume the contrary. Then for some N < oo, g9 > 0 there exist
two sequences of polynomials

Qn(w) =w™ + 5™ w4 45", Qn(w) = w™ + 5™ w4 B

m—1
such that max; |b;| < N, max; |b;| < N, max; |b; — b;| — 0 as n — oo, and

max fu"”) — @] > e (7)
J

(n) -(n)

under every numeration of roots w; T, W,

Q~n, respectively. Without loss of generality it can be assumed that

, 7 =1,...,m, of the polynomials @Q,,

bg-n) —>5j, Egn) —>5j, 7j=0,....m—1, asn — oo.
Hence the sequences of the polynomials @, Qn converge to the same polynomial
Q(w) = w™ + by 1w™ ' 4 ...+ B

with respect to the uniform convergence on every compact subset of C.

Let Cj, 5 =1,...,p, p < m, be disjoint disks of radius r < g9/2 with the
centers at the roots of the polynomial Q(w). By Hurwitz’s theorem, for n large
enough all roots of the polynomials Q,(w), Qn(w), lie in these disks and a number
of roots of the polynomial @Q,(w) in a disk C; coincides with a number of roots
of the polynomial Q,(w) in the same disk for each j = 1,...,p. Therefore there
exists a numeration of roots of the polynomials Q,,, Q, such that (7) is false. This
contradiction proves the lemma.

Lemma 2. The distance between any two roots of a polynomial Q of the form
(6) with the discriminant d(Q) # 0 is greater than a constant T > 0 depending
on |d(Q)| and max; |b;| only.

Proof. Assume the contrary. Then there exists a sequence of polynomials

Qn(w) = w™ + b ™! 4 4 b

such that max; [bj| < N < oo, |d(Qn)| > 6 > 0, and the distance between some

two roots of a polynomial @), tends to zero as n — oo. Without loss of generality
(n)

it can be assumed that bj — Ej, j =0,...,m—1, as n — oo; hence the

discriminants d(Qy) converge to the discriminant d(Q) of the polynomial

Q(w) = w™ + bp_1w™ L 4.+ b
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and d(Q) # 0. Using Lemma 1 for Q and Q,, with n large enough, we obtain
that the distance between some two roots of the polynomial () is arbitrary small,

i.e., this polynomial has a multiple root. This contradicts the assertion d(Q) # 0.
The lemma is proved.

Proof of Theorem 1. We may assume that a,,(z) Z 0. First let
us suppose that the discriminant D(z) # 0. The solution w(z) is bounded on a
neighborhood of any point 2z’ € S; moreover w(z) is analytic at any point 2’ € S
such that a,,(2") # 0, D(2') # 0. Since zeros of a,,(z) and D(z) are isolated,
w(z) is analytic on S.

Let us show that for an arbitrary sequence {h,} C R there exists a subsequence
{hp'} such that the functions w(z + h,) form a Cauchy sequence in the space
AP(S). It is sufficient to check that these functions converge uniformly on each
substrip Sy CC S; CC S. We may assume that the functions a;(z+h,) converge
to functions @j(z) in the space AP(S) for n — oo and each j = 1,...,m; then
the functions D(z + hy,) converge in this space to the discriminant D(z) of the
right hand side of the equation

A (2)w™ 4+ ...+ a1 (2)w + ap(z)w = 0. (8)

Let U, be the r-neighborhood of the set [Z(a,)|J Z(D)] () S1. We claim that for
sufficiently small r there exist closed rectangles II; such that So C |JII; C S; and
l

OII; disjoint with U, for all [ € N.

Since the functions D(z) and @,,(z) belong to AP(S), the numbers of their
zeros inside a rectangle {z € S : |Rez — t| < 1} are bounded by a number K
independent of ¢t € R (see [5]). Hence for r < 1/4K and for all £ € R there exists
¢t € R such that |¢; —¢| < 1 and the straight line Rez = ¢ does not intersect
the set U,. Then there exists a sequence of rectangles {z € 51 : ¢ < Rez < ¢}
overlapping the strip S; whose lateral sides are disjoint with U,. Furthermore,
suppose r < (8K)linf{|z — 2| : z € Sy, 2’ ¢ Si}, then there exist segments
{z : Imz = dj,¢; < Rez < ¢}} C 81\ Sy disjoint with U, as well. Thus the
rectangles I} = {z : ¢ < Rez < ¢, d; < Imz < d;} with suitable dj, d; are just
required.

It follows from properties of analytic almost periodic functions (see [5]) that
|D(2)| > n, [@m(z2)| > n for z € S;\ U,, where 7 is a strictly positive constant.
Hence for n > N and z € S \ U, we have |D(z+hy,)| > 7, |am(z+hy,)| > 7. Be-
sides, the functions a;(z),0 < j < m — 1, are uniformly bounded on S;. Applying
Lemma 2, we get that the distance between any two roots of the polynomial

am—1(2 + h'fl),wm—l - ag(z + hy)

Qn(’w) =w™ + —am(z T hn) 7am(z T hn)
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is greater than 7 > 0. Note that the constant 7 is the same for all z € S; \ Uy,
n > N. Further, the functions

aj(z + hn)
am(z + hy)

form a Cauchy sequence with respect to the uniform convergence on the set S;\U,
for every j = 0,...,m—1. This yields that the polynomials @, (w), Qx(w) satisfy
the conditions of Lemma 1 with ¢ = 7/3 and n,k > Ni(¢) for all z € S\ U,.
Hence for every fixed z € Sy \ U, there exists a solution w(z) of the equation
Qn(w) = 0 such that

[w(z + hy) —w(z)| <e.

Now we have two possibilities for each z € S1 \ U; : either w(z) = w(z + hy,)
and

[z + i) = wlz + hn)| < 3, 9)
or |w(z) —w(z + hy)| > 7 and
|lw(z + hyp) —w(z + hg)| > |w(z + hy) —0(2)| — |W(z) — w(z + hg)| > §T'

Fix an arbitrary point zg € 9Il;. The coefficients of the polynomials @, (w)
are bounded at this point, therefore the sequence w(zy + hy) is also bounded.
Without loss of generality it can be assumed that this sequence converges, hence

inequality (9) is true for z = zp. Since the set |J OIl; is connected, we see that
l
(9) holds on this set. Using the Maximum Principle, we obtain that (9) is true

for all z € J,II; D Sp. Hence we have w(z) = w(z + hy) for all z € Sy. Thus
the functions w(z + hy) form a Cauchy sequence with respect to the uniform
convergence on Sy and w(z) is an almost periodic function on S.

If the discriminant of the polynomial P(w) = ap,(2)w™+...4+a1(2)w+ao(z)w
is zero, then the equations P(w) = 0 and P'(w) = man,(2)w™ + ...+ a1(2) =0
have a common solution for each fixed z € S. Using the Euclid algorithm, we get

P(w) = Q(w)R(w), P'(w) = T(w)R(w),

where the coefficients of Q(w), T'(w), R(w) lie in the quotient field of AP(S).
Besides, if w(z) is a solution of (1) for fixed z € S, then w(z) is an ordinary
solution of the equation @Q(w) = 0 whenever all the coefficients of Q(w) are finite
at this point z. Multiplying @ (w) by a suitable function from AP(S), we obtain a
polynomial Q(w) with the coefficients from AP(S) such that w(z) is an ordinary
solution of the equation Q(w) = 0 for all z € S outside of some discrete set. Hence
the discriminant of Q(w) does not vanish and we can use the previous result. The
theorem is proved.
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Theorem 2. Suppose w(z) is a meromorphic solution of (1) with aj(z) €
AP(S), 7=0,...,m, and

card{z € S': |[Re z| < t, w(z) =cc} =0(t) as t— o
for each S' CC Sy. Then w(z) € AP(S).

Proof . LetSyCcC S, CcCS. It can be easily seen that for all t € R there
exists a rectangle {z € S} : |Rez — h| < t} without poles of w(z). Hence there
exists a sequence of rectangles {z € Sy : |[Rez — h,| < t,}, tn — oo, without
poles of w(z). We may assume a,,(z) # 0, D(z) # 0 and the sequences of the
functions a;(z + hy), j = 0,...,m, D(z+ h,) converge in the space AP(S) to
functions @;(z), D(z) respectively. Note that all poles of w(z) lie in the set Z(ay,).
Applying the arguments of Theorem 1, we obtain that the sequence w(z + hy,)

converges uniformly on the set | 0Tl;.

l
Let w(z) be the limit of the sequence. Since every rectangle II; lies inside the
set {z € 51 : |z| < tp} for n > n(l), we see that the functions w(z + h,) converge
on II; to an analytic function, therefore w(z) is analytic on Sy. Now Theorem 1
implies that w(z) is an almost periodic solution of (8).
Furthermore,

sup [@7(z — hn) — aj(2)| = sup laj(z + hn) ~G(2)] - 0 as n— oo
S’ S’

for each 8’ CC S and j = 0,...,m. Applying the above arguments, we see that
the sequence of the functions w(z — hy) converges in the space AP(Sp) to an
analytic solution w(z) of (1).

Since Sy is an arbitrary substrip of S, we only need to prove that w(z) =
w(z). Assume the contrary. Let S’ CC Sy be an arbitrary substrip, U, be the
r—neighborhood of the set [Z(a;,) U Z(D)]NS". Applying the above arguments
and Lemma, 2, we see that

[W(z) —w(z)| >7>0 forallze S\ U, (10)
with certain 7 > 0. On the other hand, we have

lw(z + hn) —W(2)| < 7/3 forn >n(r), z €| JOIL.
l

Therefore, using the uniform convergence of w(z — hy) to w(z) on S’, we obtain

2

[@(2) — w(z)| < [0(2) —W(z = ha)| + [0(z — hn) —w(z)| < 37 (11)
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for z € |JOII; — hy, and sufficiently large n. Arguing as in the proof of Theorem
l

1, we can see that if r is small enough, then every vertical segment {z € S’ :
Rez = t} has common points with S’ \ U,. Thus inequalities (10) and (11) are
simultaneously fulfilled on the nonempty set. This contradiction completes the
proof.

The authors are grateful to the late Prof. L.I. Ronkin who had called their
attention to the problem considered in this paper.
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Peurenue anrebpanydecKnx ypaBHEHU ¢ aHAJIUTUYIECKUMU
MOYTHU HEPUOAUUECKUMU Koddduiimenramu

B.B. Bputuk, C.}FO. ®asopos

Jloka3aHO, YTO HEMPEPBIBHBIE WK MEPOMOPMHbBIE C MAJIBIM YUCIOM I0-
JIFOCOB PeIleHns ajire0pandecKux yPaBHEHUN C aHAJIUTUIECKAMA [TOYTHU IIe-
pruonudeckuMu KO3 DUIUEHTAMY TAKKE [TOYTU IEPUOLUIHBI.

Pimenna anrebpaiyHux piBHAHb 3 aHAJITUYHUMU Maii>ke
nepiogudHuMu KoedilieHTaMu

B.B. Bpurik, C.FO. ®aBopos

JoBeneHo, mo HemepepBHi a00 MepOMOPOdHI 3 MAJIOK KiJbKICTIO MO0~
ciB pimenHs anredbpalyHuX PIBHSHDb 3 AHAJITUYHUMU MAMKe TEPiOIUuIHIMU
koedimienTamMn TeX MaiKe mepiogudHi.
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