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Basing on our recent results on the 1/n-expansion in unitary invariant
random matrix ensembles, known as matrix models, we prove that the local
eigenvalue statistic, arising in a certain neighborhood of the edges of the
support, of the density of states, is independent of the form of the poten-
tial, determining the matrix model. Our proof is applicable to the case of
real analytic potentials and of supports, consisting of one or two disjoint
intervals.

1. Introduction

Universality is an important concept of the random matrix theory and of its
numerous applications (see e.g. reviews [14, 19] and references therein). In a
more concrete context one refers to universality while dealing with local eigen-
value statistics of ensembles of n x n real symmetric, Hermitian or real quater-
nion matrices in the limit n — oco. One distinguishes the bulk case, arising in
a 1/n-neighborhood of a point A¢ of the support of the density of states p of an
ensemble, such that 0 < p(Ag) < o0, and the edge case, arising in a certain o(1)-
neighborhood of endpoints of the support, more generally, in a neighborhood of
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those points of the support, at which p(Ag) = 0,00 (perhaps as an one-side limit,
i.e., for A\g + 0 or Ag — 0).
In this paper we will study the edge universality of ensembles of Hermitian

matrices M = { My, }?kzl, M i, = M}, known as the matrix models and defined
by the probability distribution

Po(M)dM = Z, ' exp{—nTrV (M)}dM, (1.1)
where
n
dM =[] dMy; [ dSMjpdRMjy, (1.2)
j=1 1<j<k<n

Zyp is the normalizing constant, and the function V : R — R is called the po-
tential. We assume that V satisfies the conditions:
(1) there exist L; and € > 0, such that

VNI 2 (2+ €)log[A], [A] = L, (1.3)

(ii) for any 0 < Ly < oo and some 7y > 0

V(A1) = V(A2)| < C(L2)|A1 — A2|”, |A12] < Lo. (1.4)

Denote by )\gn), e ,)\%n) the eigenvalues of a matrix M,, and define its eigenvalue
counting measure as

Na(A) =XV en, 1=1,...,n} -0, (1.5)

where A is an interval of the spectral axis. According to [7, 15] the N, tends
weakly in probability as n — oo to the non-random measure N known as the
integrated density of states (IDS) of the ensemble. The measure N is a unique
minimizer of the functional

Elm] = / V(\)m(d) — / / log |\ — plm(d\)m(dy), (1.6)

defined on non-negative unit measures on R. Here and below integrals without
limits denote the integration over the whole real axis.

The IDS N is normalized to unity and is absolutely continuous if V' satisfies
the Lipshitz condition [22]:

N(R) =1, N(A) = / p(A)dA. (1.7)
A
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The non-negative function p in (1.7) is called the density of states (DOS) of
the ensemble. The DOS of matrix models was studied in [7, 15, 9]. It follows
from these papers that in the case of a real analytic potential the support of
the DOS consists of a finite number of finite disjoint intervals and that if a,
is an endpoint of the support, then the DOS behaves asymptotically as p(A) =
const - |\ — a,|'/?, A\ — a, generically in V.

The most studied ensemble of the random matrix theory is the Gaussian
unitary ensemble, determined by (1.1)—(1.2) with

V(X) =222 /d>. (1.8)

Here the DOS is the semi-circle low of Wigner
1/2
pO) = —5 (> =\, (1.9)

where 2 = max(z,0).
The most known quantity probing the universality is the large-n form of the
hole probability

En(An) =P (MM ¢ A, 1=1,... 0}, (1.10)

where Pp{...} is the probability defined by the distribution (1.1)—(1.2), and A, is
an interval of the spectral axis, whose order of magnitude is fixed by the condition
nN(Ap)|An| = 1.

In the bulk case we choose [17]

Ap = (Ao, Xo + s/np(Xo)), s >0, 0< p(Ag) < 0. (1.11)

In this case the limiting hole probability is the Fredholm determinant of the inte-
gral operator, defined by the kernel sinn(t; —t2)/7(t1 — t2) on the interval (0, s).
This fact for the Gaussian unitary ensemble (1.8) was established by M. Gaudin
in the early 60s [17]. The same fact was proved recently in [20, 10] for certain
classes of matrix models. This is an example of bulk universality, showing that
the local (in the sense (1.10)—(1.11)) statistical properties of eigenvalues do not
depend on the ensemble, i.e., on the function V in (1.1), modulo a proper rescaling
of the spectral axis.

The edge case of local eigenvalue statistics was studied much later even for
the GUE [12, 23]. It was found that if we choose

A, = (a,a(l + s/2n2/3)) , sER, (1.12)
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for the right-hand edge of the support [—a,a] of (1.9), then the limit as n — oo
of the hole probability (1.10) of the GUE is the Fredholm determinant of the
integral operator, defined on the interval (0, s) by the kernel

Ai(t) Ail (tz) — Ai (1) Ai(ty)
t1 —to ’

K(ty,ts) = (1.13)
where Ai is the standard Airy function [1]. Similar result is valid for the left-
hand edge of the support of (1.9). Hence, the edge universality means that if
a, is an endpoint of the DOS support, and p behaves asymptotically as p(A) =
const - |A — a4|'/2, X = a,, then the limiting hole probability should be the same
Fredholm determinant.

This fact for real analytic potentials in (1.1) can be deduced, under certain
conditions, from the recent results [9] on the asymptotics of orthogonal polynomi-
als on the whole line with the weight e ™M) In this paper we give another proof
of the edge universality of the eigenvalue statistics for the same class of poten-
tials, assuming additionally that these potentials lead to the DOS, whose support
is either an interval [a, b] or, in the case of even potentials, that the DOS support
is [—b,a] N [a,b], where 0 < a < b < 0o. The proof is based on our recent results
on the 1/n-expansions for the matrix models [3], establishing, in particular, the
"slow varying” character of the coefficients of the three-term recurrent relation
(the finite-difference equation) for respective orthogonal polynomials. As a result,
this relation becomes the Airy differential equation, leading to the kernel (1.13)
in the interval ( 1.12). We believe that our proof makes explicit an important
mathematical mechanism of the edge universality and is related to simplest cases
of the double scaling limit in the matrix models of the quantum field theory (see
e.g. [8], for the random matrix content of these results).

2. Main result

We will assume that the potential V', determining the probability law (1.1),
satisfies the following conditions, in addition to conditions (1.3) and (1.4) above.

Condition C1. The support o of the IDS of the ensemble consists of either
(i) a single interval:

o=la,b], —oco<a<b< oo,
or
(ii) two symmetric intervals:
o=[-b—-a]lU[a,b], 0<a<b< oo, (2.1)
and V is even: V(X) = V(=X), A € R.
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Remark. Itis easy to see that changing the variables according to M’ =
v +b

respect to the origin. Therefore without loss of generality we can assume that in
this case

I in case (i) we can always take the support o to be symmetric with

o= [—a,a). (2.2)

Condition C2. The DOS p()) is strictly positive in the interior of the support
o and behaves asymptotically as const - |\ — a*|1/2, A = ax, in a neighborhood of
each edge a, of the support. Besides, the function

u(d) =2 / log | — Mo(u)di — V (V) (2.3)

attains its maximum if and only if A belongs to the interior of the closed set o.
We will call this behavior generic (see e.g. [16] for results, justifying the term)

Condition C3. V(}) is real analytic on o, i.e., there exists an open domain
D C C and an analytic in D function V(z),z € D such that

o CD,V(A+i0)=V(A), A€o

We mention that we always have the single interval case if V' is convex |7, 15]
or if it has a unique absolute minimum and sufficiently large amplitude [16], and
we always have the two interval case if V' has two equal absolute minima and
sufficiently large amplitude. Conditions C2 and C3 were used in paper [10] to
obtain asymptotic formulas for orthogonal polynomials with the weight e V.
The Condition C3 is the case in many applications of the random matrix theory
to the quantum field theory [13] and to the condensed matter theory [14, 5], where
V is often a polynomial.

The following statement known, in fact, in several contexts, provides a suffi-
ciently explicit form of the DOS in our case (see e.g [3] for a proof).

Proposition 2.1. Consider an ensemble of form (1.1)-(1.2), satisfying con-
ditions (1.3), and C1-C3 above. Then its density of states (DOS) p has the form

1
PA) = 5 xo (NP X+ (A), (2.4)
where x,(A) is the indicator of the support o of the DOS,

va? — A2, |A| < a, in case (2.2),
Xi(A) =

sign A+ /(A2 —a?) (b2 — A2), a < |\ < b, incase (2.1),

Matematicheskaya fizika, analiz, geometriya , 2003, v. 10, No. 3 339



L. Pastur and M. Shcherbina

and

1 VIR V() dx
P(z)_;/a e S (2.6)

Besides, the Stieltjes transform

_ [ewdp
o2) = [ZE%, saz0, (27)
of the DOS for z € D satisfies the quadratic equation
9°(2) = V'(2)g(2) + Q) =0, z€D, (2.8)
where
o) - [T (2.9)

Denote by pp(A1,...,An) the joint eigenvalue probability density which we
assume to be symmetric without loss of generality. It is known that [17]

PaAa, s x) =@ I (A —Me)?exp {—nZV(/\l)} , (2.10)
1<j<k<n =1

where @, is the respective normalization factor. Let

pl,n(Ala--- ,Al) = /pn(Ala aAlaAl—l—la--- a)‘n)d)‘l—I—l d)\n (211)

be the /th marginal distribution density of (2.10). Define the correlation functions
as

n!
Rl,n(Al,--- yA) = mpl(n)()\h... S AL)- (2.12)

The link with orthogonal polynomials is provided by the formulas [17, 6]

Rin(A1s---, N) = det{Kp(Aj, M) Y (2.13)

/ det{Kn (g M) Y pydds - dN. (214)
AL

n—1 1\l
Ba) =Y 7
=0
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Here

n—1

Kn(A i) = D9 N9 () (2.15)

=0

is known as the reproducing kernel of the orthonormalized system,

™M () = exp{—nV(N)/2}p™ (), 1=0,..., (2.16)
in which p{™, I = 0,... are orthogonal polynomials on R associated with the
weight

wp(A) = e ™V, (2.17)
ie.,
[ O OV (3dx = 8. (2.18)

The polynomial p(n) has the degree [ and a positive coefficient 7(") in front of L.
l !

The orthonormalized functions {¢l(”)},20 of (2.16) verify the recurrent relations
TBE O+ p ) + I ) = 2 (), Jan) =0, 1=0,...
(2.19)
According to condition (1.3) the polynomials pl(n) and the coefficients Jl(n) are
defined for all / such that

[ <ni, ni=n(l+e/d). (2.20)
In other words, we have here the n; X n; real symmetric Jacobi matrix

J0 = (gym
(n) {(nlim b (n) (n) (2.21)
Jl,m =q 01,m + ‘]l O141,m + Jlflél_l,m.

Note that if V' is even, then ql(n) =0,l=0,....
We will need an important particular case of the above formulas [17], corre-
sponding to / =1 in (2.13):

B, {N,(A)} = / NN, pu(N) = 1 K (0 ), (2.22)
A

where the symbol E,{...} denotes the expectation with respect to the measure,
defined by (2.10), i.e., by (1.1)—(1.2).
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Theorem 2.2. Consider an ensemble of the form (1.1)-(1.2), satisfying Con-
ditions (1.4), (1.3), and C1-C8 above. Then for any endpoint a, of the support
o and for any positive integer | the rescaled correlation function

(’yn2/3)_l7?,l,n(a* + 11 /3, a. £t /yn?/3) (2.23)
converges weakly as n — oo to
det{K(t;, tk) }: k1, (2.24)

where the sign + (2.23) corresponds to a right hand and left hand endpoint,
K(tj,tx) is the Airy kernel (1.13),

v = (2Pa)”/3 (2.25)
and
a=a, c= % (Pza) + P(l—a)> (2.26)
in the case (2.2) and
2
a= (b —a?) { Z_ll c={ ¥ -a)Pla) (2.27)

®2 —a2)P(b)’

in the case (2.1) for the endpoint a and b respectively. The function P()), enter-
ing (2.26) and (2.27) is defined in ( 2.6).

Besides, if A C R is a finite union of disjoint intervals bounded from the left
in the case of the right hand endpoint and from the right in the case of the left
hand endpoint, and E,(A) is the hole probability (1.10) for A, = as + A/yn?/3,
then

(=1
I

/dtl e dtl det{IC(tj, tk)}é,kzl , (2.28)
A

n—oo

o
lim E,(A,) =1+ Z
=1

i.e., the limit is the Fredholm determinant of the integral operator Ka, defined
by the kernel (1.18) on the set A and the sign £+ in A,, corresponds to the right
and left hand endpoints of the support.

We mention now two particular cases of the theorem. The first corresponds
to the case [ = 1.
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Corollary 2.3. Denote
Un(s) = pulay £ s/yn23)nt/3 /. (2.29)
Then we have weakly in R.:

lim v, = v,
n—oo

where
(e o]
u(s) = / A (z)da, (2.30)
S
and + in (2.29) corresponds to the right and left hand endpoints respectively.

Remarks 1). Denote N,(A) the number of eigenvalues in the set
A, = a, + A/yn?/3, A C R. According to (2.22) and (2.29)

B M@} =n [ pOVir= [als)ds

as+2cn—2/3A A

Hence, we can interpret the corollary as a statement, according to which the
expectation of the rescaled counting measure N,, converges weakly to the absolute
continuous measure N whose density is (2.30). The density can be viewed as an
analogue of the density of states for n~2/3- neighborhoods of the edge a, of the
support of the density of states, given by Proposition 2.1.

2). By using the equation

Ai (z) = zAi(z), (2.31)

and the following from the equation identity [1]

Ai(z) Ad'(y) — Ad (z) Ai(y
T—y

) = /Az(x + u)Ai(y + u)du (2.32)
0

for z = y, we can rewrite the r.h.s. of (2.30) in the form
v(s) = Ai?(s) — sAi*(s). (2.33)

The formula was obtained in [12] in the case (1.8) of the GUE, by using (2.22)
and the Plancherel-Rotah asymptotic formula for the Hermite polynomials, that
play the role of polynomials pl(n) for the GUE [17].

The next corollary deals with the case of A = (s,00) of formula ( 2.28).
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Corollary 2.4. Under condition of Theorem 2.2 the n = oo limit of the prob-
ability distribution of the mazimum eigenvalue of the random matriz (1.1)-(1.2)
18

Jim P (A < a. o+ s/yn*l*} = det(1 - K(s)),

where a is the extreme right-hand endpoint of the support and K(s) is the integral
operator, defined by the kernel (1.13) on the interval (s, 00).

The corollary asserts that the n = oo limit of the probability distribution of
the maximum eigenvalue of the random matrix is independent of the ensemble
(of function V' in 1.1), i.e., the universality of this distribution for the class of
ensembles, treated in the paper. Analogous statement is valid for the minimum
eigenvalue.

3. Proof of the main result

We will prove Theorem 2.2 in details for the case (i), where the support of
the density of states is an interval of the spectral axis. At the end of the proof
we shall explain the difference between this case and the two-interval case (ii).
Besides, we can restrict ourselves to the right hand endpoint a of the interval
[—a,a] without loss of generality.

The proof is based on the following asymptotic formula for the coefficient Jl(n)
of the Jacobi matrix (2.21) [3]|, Theorem 1:

a k
Js_l}_)k = 2 + EC + ’f‘l(cn), dn+k = an), (31)

(n) —(n)

where ¢ is given by (2.26), and the remainders 7, ’, 7’ admit the estimate

n) |_(n k2 +1
LY < C S, R <O, (3:2)
Here and below the symbol C denotes positive quantities that do not depend on
n and k but can be different in different formulas.

It follows from (2.19) and the orthonormality of {pl(")}lzo that

Jm = / A ()P () dA. (3.3)

This and (3.1) imply that the order of the orthogonal polynomials pl(")7 entering

formulas (2.13)-(2.15), and (3.1) does not exceed n 4+ Cn?/3, and makes possible

to replace pl(n) of (2.18), orthogonal on the whole axis, by the polynomials pl(L’n),
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orthogonal on a sufficiently big but finite interval [—L, L] with respect to the same
weight (2.17). This will simplify our analysis and is justified by the following

Lemma 3.1. Let {pl(L’n)}fi0 1s the system of polynomials orthogonal on the
interval [—L, L] with respect to the weight ( 2.17):

L
/p (Ln (/\)e—nV()\) — (5l,m-
L

Denote by zp(L" , K,(LL), and Jl(L’")(n) the quantities defined in (2.16), (2.15),
and (2.19) for the system {pl(L’")()\)}‘l’io. Assume, that V(X\) satisfies conditions
(1.8) and (1.4). Then there exist some absolute constants L and Ly such that for
any 0 <1< (1+¢€/4)n

o () - «pl‘L)(A)‘ <Oe™, (Ae[-LI). (3.4
7 — g < e (3.5)

max |K,(\p) — KP (A p)| < Ce ™ 3.6
a1 () = KD )| < (3.

The lemma allows us to substitute Rl("), E,.(A,) and Jl(n) in (2.23), (2.28) and

(3.1) by the respective quantities, constructed from the polynomials {pl(L’")}fio.
We will assume from now on that this replacement is made and we will omit the
super index (L) to simplify notations.

Now we will prove the first assertion of the theorem, Relations (2.23)—(2.27).
Since any permutation of [ objects can be represented as the product of the cyclic
permutations, each term of the determinant in (2.13) is the product of the ex-
pressions Ky (A1, A2) ... Kp (Am—2, Am—1) Kn(Am—1, A1), in which the arguments
are in the cyclic order and do not appear in any other cyclic expression of the
product. Hence, it suffices to prove the weak limit

lim (ynm/?’)ilKn (a + t1/7n2/3, a+ t2/7n2/3)

n—o0

(3.7)
K, (a + by /0?3, 0 + tl/'yn2/3) K(t1,t2) - .. K(tm,t1)

for any m > 1. We will confine ourselves to the case m = 2, containing all
important ingredients of the general case.
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We set 21 = a4+ n~2/3(1, 20 = a + n~2/3¢y and introduce the function

1

1
— n4/3 x Cx 2
Fn(Cl, CQ) n // J>\1 ., J()\Q — z2)Kn()\1, )\Q)d)nd)\g (3.8)

for |S¢i2| > €0 > 0, i.e., the two-dimensional Poisson integral of the function

K2(M1,A2). According to (2.16)—(2.19) the functions {wl(n)}fio are the generalized
eigenfunctions of the selfadjoint operator, defined in the space [?(Z.) by the
matrix J™ of (2.21). Denoting the operator again J™, we introduce its resolvent

R™(z) = (J™ — 21)71, (3.9)

and the matrix {Ryz)(z) k=0 of the resolvent in the canonical basis of 12(Zy).
Then the spectral theorem yields the representation

(M) ()™
R (2) :/Ww\, Sz # 0. (3.10)

By using (2.15) and this representation we obtain that the function F, of (3.8)
can be written as follows:

Fa(C1,G) =n % ST SR, (a+n 2P0)SRY. (a+n2BG). (3.11)
j,k}:l

Set
M = [n?/7], (3.12)

Lemma 3.2. Let R™(2) be the resolvent (3.9) of J™. Then for any z =
a+n"23¢, |3¢| > e~ CVn R¢ > —C we have

~ n 00 nd/3 B
n ST S IRY, LI < € o = On T, (3.13)
j=M+1k=0

The proof of the lemma will be given in the next section.
Consider the operator

A=—-——5 —2cx (3.14)

defined on the whole real line. Denote by R(() the resolvent (A — ¢I)~! of A for
¢ # 0, and by R¢(z,y) the kernel of R({). We will need the following
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Proposition 3.3. The kernel R¢(z,y) possesses the properties:

(i)
a 02
3 gg2 e(@,y) — 2c8Re(2,y) = (Re(,y) +0(z —y), (3.15)
(i)
— 2_7[' 1/)—(%01?4—(313 C) z < Y,
Fely) = m{ bz, O (5,) >y, (3.16)
where
¢+(ﬂ7a ) = Ai(X)a @b—(CEaC) = Ci(X)a (317)
Ci(X) = 1Ai(X) — Bi(X). (3.18)

X = kz+7¢, & = (dea V)3, and Ai(z) and Bi(z) are the standard Airy
functions (see [1]).

(iii) The functions 1y are entire in x and ¢ and have the following asymptotic
behavior in x for (=€ >0

2
exp{—=|RX|*/?}, z — +o0,

1
[+, Q)] = = (1 O]~/ {
/2| X[/ exp{ye|RX|/?}, =z — —oo,

(3.19)
-0 = 1+ (e o) { SPGRXPR, oo e
TP—QU;C = ————7(1+0(|x| ’ ’
2mt/2| X |/ exp{—e|RX |2}, z = —oc.

(3.20)

(i) 1 1(z,9) = SRe(z,y), then
0
\I(z,y)|* < I(z,z)I(y,y), and / I(z,z)dz < . (3.21)
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The proposition will be proved in the next section.
Introduce the double infinite matrix

Rll lz( ) = n1/3RC (n;ll n;b) , #=a+ n_2/3C7 (3'22)

and the semi infinite matrix
D = {dy, 1,}{°,—0» D = (J™ —2I)R*(z) — I. (3.23)
Then we have
R™(z) = R*(z) — R™D(2). (3.24)

We introduce also the (4M + 1) x (4M + 1) matrix D) | assuming that n is big
enough and setting

l1,l2 (325)

} D d’n—j,n—k7 ‘.7|7 |k| < 2Ma
" J ok~ 0, otherwise.
We will use the following lemmas, that will also be proved in the next section.

Lemma 3.4. Under conditions of Theorem 2.2 for any z = a + n~2/3¢ with
R < C and |S¢| >e=0(n"*), 0<ayg <1/11, ay > 0 we have

DD ML

j=1 |]c|<M

< 2n—4/32 SRy i k(@ +CMMZ+ 0w, (3.26)
=1 |k|<2M

M
n3N "N (RM D)y (2)? < Ce7 Y| DM 2, (3.27)

J=1|k|<M

Lemma 3.5. If |S¢| > € > 0, then the norm of the matric D) admits the
bound

1D < € ((M/n)'/2 + & M2 ). (3.28)
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On the basis of (3.13) and (3.24), we get for (3.11)

M
F(G,¢) =n 3 SR, (2)SRY, 0 4(z2) + O(n~2)
k=1 (3.29)

M
= n_4/ Z n jmn—k 21) Rn—j,n—k(zQ) + 671(41742) + O(n_2/15)7
J.k=

where
| (ClaCQ |_ _4/3 Z |:% R(n)D n 4,m— k(zl) Rn—j,n—k(zZ)
7,k=1
+%(R(n)D)n —j,n— k(zQ)‘SRn —jm— k( )
+S(R™ D)y jn-r(21)S(R™D),_;, n—k(zz)] ‘
M 1/2 1/2
[ 473 Z | n)D n Jyn— k(zl)‘2:| |: 473 Z |Rn —j,n— k ‘ :|
7,k=1 jk 1
M 1/2
|: _4/3 Z | R(n n—j,n—k(z2)|2:| [ _4/3 Z |Rn —j,n— k: | :|
k=1 k=1
M 1/2 M 1/2
T D SR(C I MESIENTE R R D F T MIEN T
j,k:l ],k):l

Since we have to prove the convergence of F,, for {; o such that |(; 2| < C and
|SC1,2| > €0 > 0, we can take an n-independent € = €y in Lemmas 3.4, and 3.5.
Then, by using the Euler-MacLaurin summation formula [1], it can be shown
that the sum in the Lh.s. of (3.26) is O(1) as n — oo. This leads to the bound

|60 (C1, C2)| < Cn~2/15,

The bound, Proposition 3.3, (3.29), and (3.22) imply that for any (i such that
[C12] < C < oo and |1 2| > €9 > 0, we have

o0

hm F C]_,CZ // RCI T1,T2 \S‘RC2(.’L'1,.’L'2)d.’II1d:E2 (330)
0 0

According to (3.16) the function (2/ka)'/?Ai(kz + v€) is the generalized eigen-
function of the self-adjoint operator (3.14), corresponding to the generalized eigen-
value £ € R. This fact and the spectral theorem for the operator yield the integral
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representation

SRe(x,y) /Az Kz + y€) Ai(ky + 7§)J£—Cd§ (3.31)

The formula and Proposition 3.3 allow us to rewrite the r.h.s. of (3.30) as

1
51 £—C

dé1dés

dzidroAi(z 4+ v€1)Ai(zy + y&) Ai(mg + vE€1)Al(zo + E2).

To finish the proof we need the following lemma, proved in the next section.

Lemma 3.6. Under conditions of Theorem 2.2 for any fixed Lo > —o0

n / pn(N)dX < C /dt/daUAi 2(kz +7t) +0(1), n— o0, (3.32)
R\a(n_2/3L0)

where o(g) for € > 0 is the e-neighborhood of o and for ¢ < 0 o(e) denotes
the part of o, whose distance from the boundary of o exceeds |e|.

Since the Lh.s. of (3.30) is bounded from above for |3(| > 0, we conclude that
the sequence of measures in R?, defined by the densities n~*/ 3be(a+n_2/ 3¢, a+
n=2/3&y) (cf (2.29)), is weakly compact. Besides, Proposition 3.6 and the inequal-
ity

Kr(\ 1) < Kn(A N Kn(p, 1) = 02 pn(A) pn(p) (3.33)

imply that the contributions of neighborhoods of +oo with respect to the both
variables in (3.8) is negligible uniformly in n. Since the Poisson integral deter-
mines uniquely the corresponding measure, we deduce from the above and formu-
las (2.32), (3.11), and (3.30) the tight convergence of n=%3K2(a +n=2/3¢,a +
n2/3¢5)dé1dés to Y2 K2 (€1, v€2)dérdEs. Changing variables &5 to 12/, we
obtain (2.23)—(2.24) for I = 2.

This finishes the proof of the first assertion of the theorem, i.e., the relations
(2.23)—(2.26), for the single interval support (2.2) of the density of states of the
ensemble. Let us prove now the second assertion of the theorem, formula (2.28).
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We note first that if A, = a + A/yn?/3, then we have according to (2.14)

n _1)
E,.(A,) = 1+Z(l|) /dtl...dtl('yn2/3)_l
= O JA
!
x det {Kn(a+tj/7n2/3,a+tk/7n2/3)} . (3.34)
Jrk=1

Recall now the Hadamard inequality, according to which we have for any [ x [
matrix A = {Ajk}é',k:f

l n 1/2
|det A| S H (Z |A]k|2> .
7j=1 \k=1

If the matrix is positive definite, the inequality can be modified as follows
l
det A < [T 4y5- (3.35)
o

The last inequality and Proposition 3.6 allow us to make the limit n — oo in the
r.h.s. of (2.28), hence to prove (2.28) for any set A C R, finite or bounded from
the left.

This finishes the proof of Theorem 2.2 for the case (2.2) of a single interval
support of the density of states of the ensemble and the right hand endpoint a of
the support. The case of the left hand endpoint —a can be treated analogously
by setting z = —a — n~2/3¢ and by using

fmn—=1] n—1
— A - 7 (Bt 2
as the matrix R*.

To prove the theorem for the case (2.1) of a two-interval support we note that
now we have the following asymptotic relation [2] (cf (3.1)):

_1\k
T = 50 (k) + n(b2k— a?) (P%b) - (P(la)) ) i (3:39)

instead of (2.21), where r,(c") again satisfies (3.2). As a result, in the case the
endpoint b we should consider instead (3.14) the operator

b —a? d&? 2

A®) — B
2b  dz? (b2 —a?)P(b)

x
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with the resolvent R®)(¢) = (A®) — ¢I)~! whose kernel is Réb) (z,y). Then we
consider the matrix R*)(¢) of the form

(x:b) _appe( d (Ve k| (-1)%
Rn—j,n—k(o =n RC <n1/3 + oan1/3p nl/3 + wnl/3p ) (3.37)

The respective operator for the endpoint a is

b2 —a? d? 2

(a) — & 4 s
A 2a  dz? + (b?> — a?)P(a)

with the resolvent R(®(¢) and

R Q) =P ) R

n—j,n—k

i, 1) ko (=1)kb
(n1/3 + 2nl/3q’ nl/3 + o2ni/3a )’
(3.38)

where Réa) (z,7) be the kernel of R(®(().
Theorem 2.2 is proved.

4. Auxiliary results

Proof of Lemma 3.1. We prove first (3.4). For z = (p1,...,pk)
we set:

k

k

M) = [ —w)?[[e ™™, MLm= VIO - m)
=1
dplly(

1<i<j<k i=1
), /
L

In particular, Qsln) is @, of (2.10). Then, according to [21] (see formulas (2.2.10)—
(2.2.11)), we have

o= [

P =25 [ momn

k
(L,n) (4'1)
(Lyn) Y
B () ém)/ T\, )L (),
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where yl(cn) and fy,(CL’n) are the coefficients in front of A¥ in pgcn)()\) and p,(CL’n)()\).

They have the form [21]

e _ Q" (k+1) Loy _ Qi (k4 1)
(e = B RAD e G D) (4.2
Qk—l—l Qk—|—1
We prove first that for some L, L; uniformly in k < (1 + €/4)n we have
(n) (n)
% i 1‘ < Ce ™M, 7(2 5 1‘ < Ce ™1, (4.3)
Q" Ve

The first relation here follows from the result of [7], Lemma 1, which states that
for any function V, satisfying conditions (1.3) with some € > 0 and (1.4) there
exist absolute constants L > 1, Ly such that for any &k <n

~(n) 5
~Qk — 1‘ < Ce ™
(L,m) ’
Qk (n) ~ (4.4)
(1= xz(p)py (1) < C exp{—nLilog|u1l},
(1= xz(1)py” (w1, p2) < C exp{—nLilog|ul},
where xr, is the characteristic function of the interval [—L, L] and
o (1) = Q) /Hk(ﬁ)duz, oo dpg,
(4.5)

pl(cn)(ul’u2) = (Q](gn))il /Hk(ﬁ)d:u?n s ,d,Ltk,

are the first and the second marginals of the probability density IIx(z)/ Q;") of k
variables 7 = (1, . . ., i), corresponding to the potential V = nk='V (cf (2.10),
(2.11)).

Thus, if we chose constants L, Ly for V() = (1 4+¢€/4)V()), € = €/4(1 + €/4),
we obtain the first bound of (4.3). The second bound follows from the first in
view of the relations (4.2).

Now if we denote by Ag(\) the r.h.s. of (3.4), then, using (4.2), (4.3), and
the second line of (4.4), we get

N (n)
8o < oot fa- [ am)mommm) we
Q-1 [~L,L]"
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Denoting A} ()) the second term in the r.h.s. of (4.6), we obtain
7
Q"

n/ETT [( )1 [ (1 - mel))nk(mdn]

ALY < / (1 = 1. ()T O\ )T () da

1/2

AN

1/2
(@) [ = )P (D

1/2
nLl/Q\/m‘ /(1 —xr (1)) () dpn

1/2

IA

‘/(1 - XL(N1))P§:L+)1(/\,M1)dm

Here we have used (4.2) and (4.5). According to (4.4) the integrals in the r.h.s.
of (4.7) are O(n~te ™L1/108 L) Thus, taking L, = Ly log L/2, we get (3.4) if n is
large enough.

It follows from (2.19) that

5 =50

This and (4.3) imply (3.5). Another way to prove (3.5) is to apply (3.4) and the
second line of (4.4) to formula (3.3).
The proof of (3.6) follows from (2.15) and (3.4)

Proof of Proposition 3.3. By general principles (see e.g.[4]) the
kernel R¢(z,y) of the resolvent of differential operator (3.14) has the form

1 ¢—($)¢+(y) z < Y,
Ri(z,y) = —

) W{ bo(hbi(@) o>y,
where fi(z,() are solutions of the differential equations

a

20" () - ez + () =0,

that are square integrable at +oo, and W is fixed be the condition

0 0 2
%Rz(w +0,z) — %Rz(x —0,z) = e

According to formulas (4.8), we can choose 94 (z) = Ai(kz + v() and _(z) =
Ci(kz + v¢) = iAi(kz + v¢) + Bi(kz + v¢). This and the identity (see [1]),

(Ai)'(2)Ci(z) — Ai(2)(Ci) (2) = 7.
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lead to (3.16)—(3.18).
Relations (3.19), (3.20) follow from the asymptotic representations (see [1])

Ai(z) = r1/2,1/4g— 527 (1 + O(z_3/2)) , largz| < m,
Ai(—z) = 7 Y2z 1/4gin (gz?’/2 + g) (1 + 0(2_3/2)>, largz| < gﬂ',
Ci(z) = mU21/4e52%% (1 4 0(z7%/%) ), largz| < g,
Ci(—2z) = m Y2z Yexp {z (§z3/2 + %) } (1 + O(z_3/2)>, largz| < §7r.
(4.8)

The leading terms of the asymptotic formulas for the derivatives of Ai and Ci can
be obtained as the leading terms of the formal derivatives at the above formulas.
This and (3.16) lead to assertion (i7i) of the proposition.

Assertion (iv) follows from (ii)—(iii) and (4.8).

Proof of Lemma 3.2. Itis easy to see, that the Lh.s. of (3.13) is
bounded above by the expression

n— o0 n—M (n)
> S IEDEP = Y (B @RY @), = 0~ ) [ Pro WA o)
k=0 m=0 k=1 |z — 2|

where pgln_) a(A) is the first marginal density of the probability density (cf (2.10))

KO dan) = (@) T (v WP exp{—(n— M)

1<j<k<n—M
n—M 1
j=1

This suggest the introduction of the functional

£5m] = 1#_5 / V(\)m(d) — / / log |\ — plm(d\)m(dy) (4.11)

with 6 € (0,1) (the functional (1.6)) corresponds to the case § = 0 of the above
functional. According to the results of [7] (see also [15]), if V satisfies (1.3), and
V' is a locally Holder function, then the unique minimizer of the functional (4.11)
is equal to the limit p{®) of the first marginal density pgg a of the distribution
(4.10) as n — o0, M — oo, M/n — §, the limit is in a certain ”energy” norm,
determined by the second term of (4.11). It is easy to find (see also |22, 16]),
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that the support os of the density p(® lies strictly inside of the support o of the
DOS (i.e., the density of the limit of the first marginal density of the distribution
(2.10), corresponding to § = 0 in (4.11)). Moreover, the endpoint as of o5 and
the endpoint a of ¢ are related as follows

lim(a — ag)d~! = K >0, (4.12)
0—0

where K can be written via derivatives of the function u(z), defined in ( 2.3) (this
relation can also be deduced from (4.18) in [2]).

Now we need the following proposition, proven in [2] (see the last inequality
in the proof of Proposition 2 and the text before the inequality).

Proposition 4.1. Consider a unitary invariant ensemble of the form (1.1)-
(1.2) and assume that V() possesses two bounded derivatives in some neigh-
borhood of the support o of the Density of States p, that satisfies condition C2.
Denote by o(e) the e-neighborhood of the spectrum o. Then there exist Cq, Co

pa(N)d\ < ¢ C2n'/?logn (4.13)

R\o(Cin~/2logn)
According to Proposition 4.1, we have uniformly in 0 < M/n < §y < 1

pg )M()\)d)\ < exp{—02n1/2 logn}, (4.14)

as+Cin—1/2logn

where C7 and Cy may depend on dg.
Set e(n) = KM/2n. Then e(n) >> Cin~/?logn, and so a — e(n) > a5 +
Cin~/2logn for sufficiently big n and M >> n'/2logn. Thus, we can write

(n) (n)
Pl VA Pt ar (V)X
la+n-2/3C - X2 [ / " / ](cﬂr712/?’4“—/\)2

A>a—e(n) A<a—e(n)

4/3 ) (\)dA
1/2 Pn-Mm
|0<|2 exp{—Cyn/“logn} + / N —a = n-2BRCE + n-13GC2
A<a—e(n)
) (A)dA
< —C. f pn M(
<Ol +C/M (M)

<0 @ ‘/_) + C’|\sg§\/[)_n(a +iM/n)|n/M,
(4.15)
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where g7(Ln_) v (2) is the Stieltjes transform of the measure pgln_) w(A)dX (see (2.7)).

According to the results of [20], Egs.(2.5)—(2.6), if z € D, then gfln_)M(z) verifies
the relation

(6w — 17V D () + QM) = Ol m — oo
(4.16)
where (cf (2.9))
o) = iy [PESTED 0 e @)

On the other hand, if we consider g(¥ (z), the Stieltjes transform of the measure
p® (\)dX, minimizing ( 4.11), then for z € D ¢(¥)(z) is a solution of the quadratic
equation (see (2.8)-(2.9)
1
(99(2))* - 1—_5V'(z)9(‘5) (2) + Q9(z) =0 (4.18)

in the class of analytic functions, such that Sz- 3¢ > 0, and Q) (2) is defined by
the formula (4.17) with p(® instead of p(@M and ¢ instead of M/n. Now (4.16)—

n

(4.18) and the fact that the analytic function (V'(2)(1 —6)1)2 — 40 (2) is zero
at z = ag imply

199514 (2)] < C(82] + |2 — ag| /2 + | Q™ (2) — QUM (2)[2 4+ 71|32 72).

Besides, since (V'(z) — V'()\))/(z — A\) has bounded derivative with respect to A
(recall that V is analytic in a certain neighborhood of the support ) we can use
results of paper [7], according to which

|QM/M) () — QM/M) ()| < C - n~ 2 1og!/? n.
The last two inequalities and (4.12) yield
1S¢™ (@ +iM/n)| < C - (M/n)? + n~ Y4 log 4 n + n/M?). (4.19)
Now, using (4.15) and (4.19), we obtain from (4.15)

A (M)A

laj +n=2/3¢ — A2 < C- ((n/M)? +n?/MP 4+ n3/*1og! /" n/M).

Combining this bound with (4.9), we obtain (3.13). Lemma 3.2 is proved.
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Proof of Lemma 34. Take v € N to provide the bound (see
Lemma 3.5)

|IDMD||¥ < Cn~2. (4.20)
By (3.24) we have
v—1
R™ = R*+ > (-1)'R*D' + (-1)R™ D", (4.21)
=1

We write for both R = R™ and R=R* and [ =1,... ,p:

2M

l
(RDl)n—j,n—lc = Z Rn—j,n—m1 Dn—ml,n—ml cee Dn—ml,n—k + dgb)_j7n_k
ml,...,mZ:—ZM
(4.22)
with
l
|d£1)—j,n—k:| = ‘E, Rn—j,n—man—ml,n—ml s anml,nfk|
l
S Z Z (|R||D|l_p)n*jan*m(|DDﬁ—m,n—k’
p=1|m|>2M

where Y is the sum of the terms which contain at least one |m;| > 2M and
|Rliy = [Rywl, D)1y = |Dypl-
We observe that for m # m’ we have
Dl < max I By 1]+ B e (2)])

+20’|}2;kz—m,n—m’ (Z) |)’ (4'233)

where we also took into account that since the matrix J™ corresponds now to the

polynomials p(&-") | orthogonal on a finite interval [—L, L] (see Lemma 3.1), the

coefficients J;j(n) are bounded uniformly in 4 and n. Hence, according to (3.19)

and (3.20), for any p=1,...,v, |k| < m, |m| > 2M we obtain for some positive
«a and 8

(1DP)r—mn—t < Cn® exp{—C’es(Mn_l/?’)l/2 — Ce((|m]| — 2M)n_1/3)1/2}

< Ce O™ exp{—Ce((jm| — 2M)n=1/3)1/2),
(4.24)

and

|(|D|p(|D|T)p)nfm,nfm| < Cnamﬂ, |m| > 2M. (4.25)

358 Matematicheskaya fizika, analiz, geometriya , 2003, v. 10, No. 3



On the edge universality of the local eigenvalue statistics of matrix models

We will also use the trivial bounds: ||R™|| < n?/3¢71,

[(IR™[|DP)n—jn—m| < IR [(IDPADI) e,

(R DP)n—jmm| < (RIRDY . [(IDPUDNP) ]2

n—3n—j

The above bounds yield
1 —Ce(Mn—1/3)1/2
|d£z)fj,nfk| <Ce CetM )

bl

and we have from (4.21) and (4.22)

) = * Lp*( (M) .
Bt = Bt D R D)) o
+(_1)V(R(n)(D(M))V)n—j,n—k _I_O(e,CE(Mn—l/s)uz).

Thus, we get for sufficiently large n

*4/32 SR, i —n—4/32 3 IR nk(2) + 8u(2),

J=1|k|<M J=1|k|<2M
(4.27)
where
M
6,(2)] < Cn 3 (RY(DUD)DMIN R,
=1
u J
+0 ST (RO DM (DD RO, 4 ofn )
j=1
< 2C||DM)|1?n ‘4/32 S IRy il
j=1|k|<2M
M
+C||D(M)||2u Z(R(n)R(n)T)nfj,nfj +o(n™1)
j=1
< 2C||D( |2 _4/32 Z |Rn —j,n— k|2

J=1 |k|<2M
Ce_2||D(M)H2"Mn4/3 +o(n7h).

Then, in view of (4.20), we obtain (3.26). Inequality (3.27) can be proved simi-
larly.
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Proof of Lemma 3.5. By the direct calculation we find from (3.1)
for j # k:
((J(") —zI)R*( Dn—jn—k = —aRy_ —jn— k(%) + Rn j+ln— k(%)

+ Rn —j—1l,n— k( )_n Z/SCRH —J,n— k()
-1

J
_CﬁRnfj—}-ln p(2) —c nfjfl,nfk(z)

(n)Rn —-j+1l,n— k( ) ()an —j—1ln— lc( )+'r](n) ;kz —j,n— k:( )

By using the Taylor formula of the forth order for the second and the third terms
and the same formula of the second order for the fifth and the sixth terms, we
rewrite the r.h.s of the last formula as

2

¢ 0 R((m y) — QCng(w,y))

n_1/3(_CR(("L‘a ) 2 o912

. + dn_j’n_k(z)'
r= 41]/3 Y= 1’9/3
n n

(4.28)

The expression in the brackets of the last equality is equal to zero because of
equation (3.15) for z # y. The remainder d,,_j,_x(z) is a linear combination of

oz P Re(w,k/nl), a=0,2,4,

with z = (j + 0)/n?/3, where |f| < 1 can be different for different terms. The
derivatives can be excluded by using equation (3.15) with corresponding 0. This
leads to the bound for the remainder d,,_; k(%) in (4.28):

i Int/
(.7/’”’1 3)2+|C|2+ max|R<((]+9)/n1/3 k/n1/3)|

n 0)<1

i ()] < c{

+n7Yj/nt/3) max

0
max | 5 (U +0)/n'3, k/n'7?)

(4.29)
Similarly
((J(n) — 2R )yt = —aRZ—k n—k(?) + %R;—k+1,n—k(z) + %R:—k—l,n—k('z)
—n 3Ry L p(2) —cERy () —cEARy 4 (2)
‘H"l(c )RZ—kH,n—k(z) _Tl(c—)lR:z—k—l n—k(2) + _(H)R; kin—k (%)
- (—%%Rz(gj —0,y) + 22 R, (2 +0, y)) +dn gk (2)-

rz=y=kn—1/3
(4.30)
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The expression in the square brackets is 1 because of equation (3.15 ), and the
remainders dy, ;(z) admits the bound

n—sn-4(O)] < =3 (/] + 6]+ 1) sy [Re((h + 0)/5, k)] .

(4.31)
We will use the bound
1/2
1D < 1D(2)|h = mfxz dnjin—klmax Dy ldn_jmil | . (432)
k J
First, by using Proposition 3.3, it is easy to show that
s ldn—kn—k| <C -7 ﬁl@lwllw(w,C)IIW(w, Ol
where
p= Mn~1/3. (4.33)
By using asymptotics (3.19) and (3.20), we find that
max |dp_gn_i| = O(u?n~1/3) = O((M/n)'/?). (4.34)

|k|<2M

Now we have to estimate maX|j‘<MZ |czn_jn_,k|, and max | <on Z |Jn_]~,n_k|.
ki 7k

A standard, but tedious analysis, based on (4.29) and Proposition 3.3, shows that

the leading contribution to these quantities is due to the expression

n~! max (jn='?)? g (jn= 172, IZW (kn'/%,¢)]

dl<zM

which is asymptotically equivalent to

n=2/3 ln}i}xaﬂz/) z,() |/|'l/)+ y,C)|dy < Cn~ 213,271 = C e In Y3 M.

Lemma is proved.

Proof of Lemma 3.6. Let us chose

1/2

ﬂ] , (4.35)

M; = [n*?1logbn], e =n"Y2log™ln, L= [Cl 373
€
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where C is defined in Proposition 4.1. Then, by Proposition 4.1, we have

00 a+n—2/3¢L
n / pn(A)dX =n / Pn(A)dX + o(1).
a+n—2/3Lg a+n—2/3Lg

Besides, similarly to the proof of Lemma 3.2, if we consider
’I’L M1

P an () = (n — My)~ Z ¥i (A

(we omitted the superscript (n) in 1’s), then we obtain in view of the same
proposition

a+n~2/3¢L
(n— M) / P o (VA < e OV,
a+n—2/3Lg
So
00 a+n_2/3sLM1
no [ sar= S 2 (N)dA + o(1)
a+n—2/3L a+n—2/3L k=1
I—1 a+n_g/35(p+1) ’ 1 (436)
-y an (N +01) = 3 L +o(L).
p=[Lo/e] atn—2/3¢p p=[Lo/¢]

The term I, of the sum in the r.h.s. admits the bound:

a+n~2?/3¢(p+1)

M, 2
2, —4/3 n—k(A)dA
I, < 2°n / Z |)\—a—p€n_2/3|2 4 p—4/3g2
k=1 a+n—2/3¢p
M
< 2en723)° |%R7(zn;)k,nfk(a +n73G)]
k=1
M
< 2en” 2/3Z|\$Rn kn—k(@+ 1" 23¢,)|
g J}/Il 2M;
+2en~2/3 Z Z |R£L"_)k,n_j(a +n723¢) Dy jn—k(a +n723G))|
k=1j=—2M;
M,
+2en 2y ST RY, L (a0 G Dy wlat 0
k=1 |j|>2M;

= Z3[)1 + EpQ + 2p35
(4.37)
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where we denote ¢, = ¢(p +14) and D*1) is defined by (3.25) with M; instead of
M of (3.12).
By (3.22) and (3.16),

A g M k k
Sp = —en > :\%Al( —75 T 16)Cilk—7 +16)]
k=1
My
A s 5 k (4.38)
S Een / kg_l <|§RA1 (K' 1/3 +7Cp)‘

+ISAi(r 5 + () Bi(k 5 + vCp)\)

Furthermore, by the Schwartz inequality 3.4, we get

M, 2M1
Epg < C&T’I’L_2/3Z Z |R£Ln_)k,n_an—j,n—k|
k=1j=—2M;
2M; 2M; My 2My /2
<ol S w0 ][ Y ]
k=1 j=—2M; k=1j=—2M;

(4.39)

For the first factor we use Lemma 3.4 in which M of (3.12) is replaced by 2M;
of (4.35) and ¢ is also given by ( 4.35). Since in this case we have by (3.28)
|[DEM)|| = O(n~"/*1og!® n), the conditions of the lemma are satisfied and we
obtain in view of (3.22)

2Mq
—43
ADDED D
k=1 |j]<2M,
2My 2
2/3 -1
<3Py Y R (s )| ot
k=1 [j|<4M;

Besides, we have in view of (4.29):

My 2M; M My 2M; 2
2
Z Z | Dr—kn—jl = < Cn10/3 Z Z R, <n1/3’ n1/3>
k=1j=—2M; k=1j=—2M;
M2 M, k . 2 M 2M1 k . 2
+C RC _’L Z Z _’L
4/3 » \ 1737 p1/3 n8/3 R, nl/3’ nl/3
k=1 j=—2M;

Furthermore, by using representations (3.22) and (3.20), we obtain for any
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0 <k < M, |j| > 2M; and sufficiently large n

—1/3y1/2 1| — 1/2
|D(M1) (a+ n_2/3Cp)| < p!/3e=Ce(Min Y exP{ B C‘HJ' 2V }

n—jm—k nl/4logn

(4.40)

Here we took into account that |R¢,| < Le << M. Thus, ¥p3 = o(n™!).

The above bounds and a bit tedious but routine calculations, based on Propo-

sition 3.3 and the Euler-Mclaurin summation formula [1] yield the r.h.s. of (3.32)

The same arguments can be applied also to the other endpoints of the spec-

trum. Thus, Lemma 3.6 is proved.
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