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We obtain a parametric description of generating functions of one sided
totally positive sequences in terms of critical values of these generating func-
tions.
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Parametrization of various classes of entire and meromorphic functions by
critical values is interesting from the point of view of geometric theory of mero-
morphic functions [5, 10, 16] and is also useful in several questions of analysis
[5, 6, 7, 11, 13, 15]. In this paper we find such a parametrization for a class of
meromorphic functions which occurs in the theory of totally positive sequences.

We denote by ASW E the class of meromorphic functions of the form

oz Hk(l + Z/(I,k)
[1(1 = 2/be)’

where o > 0, (ax) and (bg) are two increasing sequences of positive numbers,
finite or infinite (possibly empty), and

1 1
> (— + —) < 0. (2)
ap b
k
This class coincides with the set of generating functions of one-sided totally pos-

itive sequences, a.k.a. Pélya frequency sequences, [1, 4], see also |9, Ch. §]. A
function of the form (1) has exponential type o.

flz) =e (1)
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A. Eremenko

Let us denote by () the sequence of real critical points of f, where
ke (ZN(-p,q)\{0}, where —o0c0<—p<0<gq<+o0, (3)

so that f has p — 1 negative and g — 1 positive critical points. We assume that
this sequence (zy) is increasing, each critical point is repeated according to its
multiplicity, and that x_1 < 0 < 1. We do not exclude the case p = ¢ = 1 when
the sequence (x) is empty. Let ¢y = f(xx) be the corresponding sequence of
critical values.

A function f € ASWE will be called normalized if f'(0) = 1. We denote by
R =R U {oo} the one-point compactification of the real line. Our main result is
the following.

Theorem 1. All critical points of a function f € ASWUE are real. For a
sequence (c), cx € R, —p < k < q, k # 0, to be the sequence of critical values
of a function f € ASWE, it is necessary and sufficient that the following two
conditions be satisfied:

(_1)kck > 0, fOT -p<k<gqg, k 7£ 0, 7é 00, (4')
if cg=0 then k<0 and 0€ {cp_1,Cht1}s (5)
if cg=o00 then k>0 and o0 € {ck_1,Cht1}s (6)
and
lc—k| <|ckl, for 0<k <r=min{p,q}. (7)

The correspondence between sequences (cx) satisfying (4) and (7) and normalized
transcendental functions f € ASWE is bijective.

A similar bijective correspondence holds between finite critical sequences and
rational functions in ASWE. It will be established in the process of proof of
Theorem 1.

Proof of Theorem 1. The following proposition permits to use
approximation by rational functions in the proof of Theorem 1.

Proposition 1. Let F be a subset of ASW E, such that the set {f'(0) : f € F}
is bounded. Then F' is a normal family in the whole complex plane C.

Proof. ) )
I — —_— —_—
f(o)_OJFXk:(akerk)’

where all summands are non-negative. So from every sequence f, € F we can
select a subsequence, such that the zeros, poles and ¢’s for this subsequence will
converge, and the limit sequences will satisfy (2). ]
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Every function f € ASWE can be approximated by rational functions f, €
ASW E, uniformly with respect to the spherical metric, on every compact subset
of C. (For the exponential factor we can use exp(oz) = lim(1 + oz/n)".)

Proposition 2. All critical points of a function f € ASWE are real, and we
have
o<z 9<a <z 1 <1 <0< <1 <y <. (8)

Proof. Suppose first that f is rational of degree d, and f(o0) ¢ {0, 00}.
Then f has d zeros on the negative ray and d poles on the positive ray. By Rolle’s
theorem f has at least d — 1 positive and d — 1 negative critical points, counting
multiplicity. Thus all critical points are real, and (8) holds. The general case
follows by approximation. [

As a corollary from (8) we obtain that critical values of every function f in
ASWE satisfy (4), (5) and (6).

We recall that a point a € C is called an asymptotic value of a transcendental
meromorphic function f if there exists a path 7 : [0,1) — C, which is called an
asymptotic path to a, such that y(t) — oo and f(v(t)) > a ast — 1.

Let a be an asymptotic value, and B(a,€) the disc (with respect to the spher-
ical metric) of radius e centered at a. For every e > 0 we can choose a component
D, of the set f~1(B(a,¢)) such that D., C D, for €; < €a, and NesoD, = §. Any
such choice € — D, defines a transcendental singularity of f~' over a. The sets
D, are called e-neighborhoods of this singularity. A transcendental singularity is
called direct if for some € > 0 we have f(z) # a for z € D.. Otherwise it is called
indirect.

We will use

Theorem A. For a meromorpic function f of order p, the inverse f~1 has
at most max{1,2p} direct singularities.

This is due to Ahlfors, see [2] or [12].

Proposition 3. For a transcendental function f € ASW E, the only possible
asymptotic values are 0 and co.

Proof. Suppose that a ¢ {0,00} is an asymptotic value. We claim
that there exists an asymptotic path to a or @ in the (open) upper half-plane.
If a ¢ R = R U {oo} this is evident, because f(R) C R. If a is real, let v be
any asymptotic path to a. Then f(z) — a as z — o0, z € yU?7. The last
set is connected and symmetric with respect to the real axis, so we can find an
asymptotic path in the upper half-plane. This proves the claim.

Let us choose now a simple asymptotic path v to a ¢ {0,00} in the upper
half-plane. Consider a simple curve I' = vy U % U 9, where - is a bounded curve.
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Let G4 and G_ be the components of C\I', and assume that 7y, is chosen in such
a way that G4 contains all poles and G'_ contains all zeros of f.

Notice that f cannot tend to a as z — oo along the negative ray. Indeed f
either has infinitely many zeros on the negative ray, or tends to 0 as z — oo along
the negative ray, which follows from (1). Applying Lindel6f’s theorem [12] to G_
we conclude that f is unbounded in G_. It easily follows that there exists an
asymptotic path in G_ on which f(z) — oo.

By a similar argument, there exists an asymptotic path to 0 in G4. The
singularities of f~! corresponding to these two paths are direct because f(z) # oo
in G_ and f(z) #0 in G4.

Let v, be a curve in the intersection of G4 with the upper half-plane, such
that f(z) = 0, z € 1. Let 2 be a bounded curve such that T's =y U~y U~y is
a simple curve in the upper half-plane. Let G be the component of C\I'y which
is contained in the upper half-plane. By appropriate choice of 9 we can also
achieve that G C G. Applying Lindeléf’s theorem to G we conclude that f is
unbounded in G, so there exists an asymptotic path in G on which f(z) — oc.
The singularity of f~! corresponding to this path is also direct because f has no
poles in G.

Thus we found three direct singularities, which contradicts Theorem A because
f is of order 1. This proves Proposition 3. |

Following Vinberg [16] we introduce the net T = f !(R). By Propositions
2 and 3, all critical and asymptotic values of f belong to R, so the restriction
f : C\I' - C\R is a covering map. Thus each component D of C\T is a
simply connected region in C, which is mapped homeomorphically onto one of
the half-planes C\R. If we denote by 0D the space of prime ends of D, then
the induced map f : 8D — R is a homeomorphism for each D, because every
conformal homeomorphism between open discs extends to a homeomorphism of
their closures. We will call these components D the faces of the net. The set
I'\{critical points} is a disjoint union of simple analytic curves. It is clear that
these curves have well-defined ends which can be critical points or oco. These
curves will be called the edges of the net.

It is clear that R C I' and that I' is symmetric with respect to R. We are going
to describe all possible nets up to the following equivalence relation: I'y ~ I’y if
'y = ¢(T'2), where ¢ is a homeomorphism ¢ : C — C such that ¢(0) = 0,
#(Z) = ¢(z), and ¢ is increasing on the real line.

Let x be a critical point of multiplicity m. This means that z is repeated m
times among the z as in (8), and that f is locally (m+ 1)-to-1 in a neighborhood
of z. So exactly m edges 7y in the upper half-plane meet at z. (The total number
of edges meeting at x is 2m + 2.)

We divide all edges of the net in the upper half-plane into three types. An

424 Matematicheskaya fizika, analiz, geometriya , 2004, v. 11, No. 4



Critical values of generating functions of totally positive sequences

edge which connects two finite critical points is of the first type. An edge which
connects a finite critical point to infinity is of the second type, and an edge whose
both ends are at infinity is of the third type.

The following proposition describes all possible nets of a function f in ASWE.

Proposition 4. Let T be a net of a function f € ASWE, having p—1 negative
and q — 1 positive critical points counting multiplicity. Put r = min{p, q}.
a) If p = ¢ = oo the net has only edges of the first type in the upper half-plane.
These edges connect x_y, with xy, for each positive integer k.
b) If r < oo but max{p,q} = oo, the intersection of the net with the upper half-
plane consists of r — 1 edges of the first type, each of them connecting x_j, ray
with i, and infinitely many edges of the second type.
c) If p < 00 and q < oo, the intersection of the net with the upper half-plane
consists of:

r—1 edges of the first type, each of them connecting x_y with i, for 1 <k <
r—1;

max{p,q} —r edges of the second type,

and in addition it may contain countably many edges of the third type. These
edges of the third type are absent if and only if f is rational.

Corollary. An infinite sequence (cx) determines the net completely. A finite
sequence (cr) determines two nets: one for a rational function and one for a
transcendental one.

Proof of Proposition 4. Lety be an edge in the upper half-plane.
Suppose that none of the endpoints of v C I' is 0o, so the endpoints are critical
points in R.

We claim that one of these endpoints belongs to the positive ray and another
to the negative ray. Suppose that this is not so, for example, let the endpoints
zr < Zy, be both positive. Consider the region G bounded by the Jordan curve
v U [zk, Tm]. The closure of this region contains no zeros of f because all zeros
are on the negative ray. But there is at least one face D such that D C G, and
we conclude that f(z) # 0 for z € 9D, contradicting the fact that f maps 9D
onto R homeomorphically. This proves our claim.

Now we show that edges of the second kind originating on the positive and
negative ray cannot be simultaneously present. Assume the contrary. Let k be
the smallest positive integer such that an edge of the second kind -~y originates at
Tk, and m the smallest positive integer such that an edge of the second kind y_,,
originates at x_,,. Then it is easy to see that kK = m and each critical point z_,,
for n < k is connected with the critical point x,, by an edge of the first kind. So
both y; and y_; belong to the boundary of some face D. We have a pole by and
a zero —ay in 0D N R, and in addition, f(z) tends to 0 or co as z — 00, z € k.
This contradicts the fact that f : 8D — R is a homeomorphism.
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Now we can complete the proof in the case a), the case of doubly infinite
sequence . It is clear that there cannot be edges of the second kind in this case.
Thus all negative critical points are connected to positive critical points by sedges
of the first kind, so all faces are compact and there are no edges of the third kind.

Now consider the case b). We have finitely many (namely r — 1) edges of the
first kind and infinitely many edges of the second kind. To complete the picture,
it remains to show that there are no edges of the third kind in this case. Suppose
the contrary. Let G be a component of

C\ U {edges of the first and second kind}

in the upper half-plane, such that G has an edge - of the third kind on its
boundary. It is clear that 0G N R contains either a zero or a pole. Then 7
is mapped onto its image in R homeomorphically, so there are two asymptotic
values, say a and b to which f(z) tends as z € 7, z — oo. If a = b then f(y) =
R\{a}, but this is impossible because f maps G onto R homeomorphically. If
a # b then {a,b} = {0, 00} by Proposition 3, and we obtain a contradiction again,
because G already contains a zero or a pole on the real line. This completes
consideration of the case b).

Case ¢) can be studied similarly and this is left to the reader. ]

Proposition 5. For every f € ASWE, the inequalities (7) hold.

Proof. Supposefirst that k isodd, 1 < k <r—1. If z_j is a multiple zero
then c_; = 0; if 4 is a multiple pole then ¢, = 0o. In both cases there is nothing
to prove. Now assume that ¢_j # 0 and ¢ # oco. Our assumption that k is odd,
together with (4), implies that

¢, <0 and c_i<O.
So z_ € (ag+1,0k), and xg € (b, bx11). Consider the arc

I' = [agt1,2-5] Uy U2k, brya],

where 7y is the edge of the net connecting z_j with x in the upper half-plane.
This arc I' is a part of the boundary of some face, so it is mapped homeo-
morphically onto some arc of R, namely on the negative ray, because f(ag;1) =
0, f(bgt1) = oo, and f(zx) < 0. It follows immediately that f(zx) < f(z_x) <0
that is |ex| > |c_g]|, as advertised.
The case of even k is completely similar. This proves (7). ]

To complete the proof of Theorem 1, it remains to prove existence and unique-

ness of a function f € ASW E with prescribed sequence of critical values satisfying
(4) and (7).
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Suppose first that p and ¢ in (3) are finite. First we are going to construct
a rational function f € ASWE with the sequence of critical values (c), where
—p < k < g, k # 0. Similar constructions were used in [16], [6] and elsewhere.

It is easy to see that this sequence (cx) defines the class of the sequence (zy)
modulo increasing homeomorphisms of the real line, fixing zero. Indeed, the
maximal segments of equal z;’s correspond to the maximal segments of zeros
or infinities in the sequence (ci). Fix some sequence (yi) in the class of (zg).
Consider the net I' with vertices at y; and no edges of the third kind. We assume
that all edges are of finite length with respect to the spherical metric. The net is
uniquely defined by the class of the sequence (zy).

Using the net I' and the sequence (ci), we construct a open and discreet
(“topologically holomorphic”) map g from C to itself ramified at y; and possibly
at infinity.

First we define ¢ at the vertices of the net by putting g(yx) = cx. We also put
g(00) = oo if there is an edge from the negative ray to oo and g(oo) = 0 if there
is an edge from the positive ray to oco.

The following observation is crucial. Suppose that D is a face with four
vertices on dD. Then the map g we just defined, which sends vertices to some
points on the circle R respects the cyclic order, that is either preserves or reverses
it, depending on the choice of orientations of D and R.

Indeed, suppose that the four vertices on 0D are z_;_1,z_g, T, Tk+1, Where
the order corresponds to the natural orientation of dD. Then our map sends
these points to ¢_j 1,¢ g, C,Cxr1 Which are in a cyclic order on R because of
the inequalities (4) and (7). Furthermore, 0 € [c_k—1,c_k] and 0o € [ck, Ck41]-

Then we extend g to the edges so that it maps the closure of an edge home-
omorphically onto an arc of the circle R. There are two ways to choose this arc,
and we use the following rules:

1. On the real line, g(z) # oo for z < 0, and g(z) # 0 for z > 0.
2. On all edges that are disjoint from the real line, g(z) ¢ {0, o0}.

These rules define g on I'. It is continuous. It is easy to verify that for every face
D, the map ¢ : 0D — R is a homeomorphism. This follows from our previous
remark that restrictions of g on the boundary vertices of D respects cyclic order.

Suppose that 0D is equipped with the standard orientation (so that D stays
on the left), and R with the increasing orientation. Then all faces are divided
into two categories:

(1) those for which g : 9D — R preserves the orientation and

(2) those for which it reverses the orientation.
If two faces have a common edge they belong to different categories.

We extend g homeomorphically into the interiors of faces, so that the faces of
the type (1) are mapped into the upper half-plane, and faces of the second type
into the lower half-plane.
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The resulting map is topologically homeomorphic, and it is clear that it can
be chosen with the following symmetry property: ¢g(z) = m

Now there exists a homeomorphism ¢, which is also symmetric and f = go ¢
is a rational function, f(0) = 1.

Thus the existence statement in Theorem 1 is proved for the case of finite crit-
ical sequences and rational functions. To obtain the general case we approximate
a given sequence by finite ones and refer to Proposition 1.

Now we prove the uniqueness statement. Suppose that two transcendental
functions fi; and fo of the class ASWE have the same sequence (cg). Then
their nets are equivalent, and this implies that the “Riemann surfaces spread over
the sphere” (see, for example [5, 3, 6, 16]) of f; ' and f, ' are isometric. (A
Riemann surface spread over the sphere is the plane equipped with the pullback
of the spherical metric via f). It follows that a branch of the map f; Lo fo maps
conformally the plane with the critical points of fo deleted into the plane with the
critical points of f; deleted. By the removable singularity theorem this maps has
to be of the form az + b. Normalization conditions show that a = 1 and b = 0.
This completes the proof of Theorem 1. ]

Thus our class ASW E has three different parametrizations: an analytic one
as in (1), a geometric one by the sequence (c), and the third one, in terms of its
Taylor coefficients, which are exactly the one-sided Pélya frequency sequences.

A necessary and sufficient condition for ¢ = 0 can be given in terms of the
Taylor coefficients of f, see [9, Ch. 8, Thm. 10.1].

It is interesting to find a criterion for ¢ = 0 in (1) in terms of (¢g). In the
symmetric case that ¢, = 1/c_j an equivalent problem was posed by Teichmiiller
[14] and solved by A.A. Goldberg [8]. It is easy to extend Goldberg’s result to
the general case.

From now on we assume for simplicity that o function f € ASWE has in-
finitely many critical points.

This is equivalent to the property that the union of the sets of zeros and poles
is infinite.

Definition. We say that a sequence (cy)p>, satisfies condition K if

o

Z L < 00.

= ming>, log™ |ex| + 1

Theorem 2. Let f € ASWE be a transcendental meromorphic function given
by equation (1). Then o > 0 if an only if each of the two sequences (cx)3>, and
(1/c—k)32, is either finite or satisfies condition K.

Proof. Let f be defined by (1). Put

f(2)

_ [T (X + 2/rk)

leozl(l —z/ry)’

= exp(202)
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where (ry) is the “union” of the sequences (ax) and (bg), 7, > 0. This means
that () is an increasing sequence, and the number of times some term occurs in
(r%) equals the sum of the numbers of times this term occurs in (ax) and in (by).
Evidently,

ag Z Tk and bk Z Tk, (10)

whenever ay, or by is defined.
Thus ¢ = 0 if and only if g is a Blaschke product. Let

A = inf lo = inf log —,
FT e B @] mzk el

By, = inf 1 = inf ]
k= jof log|f(z)| = inf loglem|,

and
Ry, = inf log|g(z)|.
T>T)

We set A, = +00 or By, = 400 if a or by is not defined.
Notice that Ry, > 0. Goldberg’s theorem [8, Thm. 10] says that g is a Blaschke
product if and only if

— = 00. (11)

n=1

Suppose that o = 0, so g is a Blaschke product. We want to prove that at
least one of the two series

1 21
E E or E B—l:_ diverges. (12)
k=1 k=1

If Ay or By does not tend to 400, this is evident. So assume that
Ap — 400 and By — +o0. (13)

In view of (13) and (10) we have for k large enough:

T>T

> max < inf log|f(x)|, 1nf log }
{ g el 7@
Now, (rg) is the union of the sequences (ay) and (bk) If r;, = ays for some k' then

the previous estimate gives Ry > Ay. If rp, = by then Ry > By. Taking into
account that Ry > 0 (because |g(z)| > 1 for x > 0 which follows from (9)), we

obtain
<1 <1 <1
m sl tlm

k=1
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So if (11) implies (12).
Now suppose that ¢ > 0. Using the fact that the canonical products in (1)
are of minimal type, we obtain for £ > 0

log |cg| = log | f(zk)| = (0 + o(1))zk > (0 + 0(1))bg-

Now (2) implies that (cx)3>, satisfies condition K. The proof is similar
for (1/c_x)32,- ]

Entire ASW F functions constitute an important class which is called LP1, the
first Laguerre—Pdlya class, the closure of the set of real polynomials with negative
zeros. Our results generalize the known results about LP1. Parametrization of
LP1 by critical values (a special case of Theorem 1) is due to MacLane [10].
Another, more transparent proof was given by Vinberg [16] who introduced the
nets. Theorem 2 is new even for the class LP1.

Another extension of the class LP1 is the class of entire functions LP2, the
second Laguerre-Pdlya class. It can be defined as the closure of the set of real
polynomials with real zeros. According to a theorem of Pélya, functions f € LP2
have a parametric representation

f(z) = 2™ exp(~02® +72) [ | (1 - i) exp —, (14)

Qg ag

where a; and 7 are real, a; # 0,
00
2 )
a

and o > 0.
The theory of LP2 can be based on the following proposition analogous to
Proposition 1.

Proposition 6. Let F C LP2 be a subset with the property f(0) = 1 and
[F7(0) — (f)2(0)| < M < ¢ for f € F. Then F is a normal family.

To prove this one observes that for f € LP2, the function g defined g(2?%) =
f(2)f(—z) belongs to LP1 C ASW E so one can use Proposition 1. ]

Parametrization of LP2 by critical values was also obtained by MacLane in
[10], and substantially simplified by Vinberg* in [16]. We recall this result.

Let us call two functions of the class LP2 equivalent if fi(z) = fa(az + b),
where a,b € R, a # 0.

* The statement of the result in [16] contains a minor mistake.
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All critical points of a function f € LP2 are real. They form an increasing
sequence (ry) which can be infinite in both directions, or in one direction, or
finite. Let ¢x = f(zy) be the sequence of critical values. It is easy to see that the
signs of (cx) alternate.

It is easy to prove that the only possible asymptotic values of a function
f € LP2 are 0 and oo. If the sequence of critical points is finite in one direction
(this happens exactly when the sequence of zeros is finite in the same direction),
the function tends to a limit, 0 or co along the real line in this direction.

If this happens we extend the sequence (cx) in this direction by an infinite
sequence of 0’s if the asymptotic value is 0 or £o0’s if the asymptotic value is oco.
The signs of 00 are chosen in such a way that the resulting extended sequence
alternates.

Let C be the set of all sequences of real numbers or symbols +oo, with alter-
nating sign and the following property: whenever a +o00 occurs at some place it
also occurs everywhere on the right or everywhere on the left of this place. Two
sequences (cx) and (c}) of the class C' are called equivalent if ¢ = ¢}, for some
integer m.

MacLane-Vinberg theorem says that the correspondence

function — extended sequence of critical values

between equivalence classes of non-constant L P2 functions and equivalence classes
of sequences in C is bijective.

One can make this correspondence “explicit”. For this purpose we associate
to a sequence ¢ = (¢x) € C the domain D, C C which is obtained from the left
half-plane by deleting the horizontal rays

{t + mik : —oo < t < log|ckl|}-

If ¢, = £o0, this “ray” becomes a line, and our cuts break the plane into infinitely
many regions. In this case we take for D, that region which is not a horizontal
strip of width =, if such region exists. If it does not exist, we take any of the
strips.

Let 6. : H — D, be a conformal map of the upper half-plane onto D, with
sends co € OH to the prime end of D, at infinity, corresponding a the ray
[zo,00) C R, where 9 € D.. This map is defined up to a composition with
an automorphism z +— az + b of H, where a € R* and b € R.

By the Symmetry Principle,

fe(z) = expb.(2)

has an analytic continuation to the whole plane. Thus f is an entire function,
and the MacLane—Vinberg correspondence is given by ¢ +— f..
The following analog of our Theorem 2 holds for LP2.
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Theorem 3. Let f be a function with infinitely many zeros defined by (14).
Let ¢ = (ck)kez be the extended sequence of its critical values. Then o > 0 in (14)
if and only if both sequences (cx)32, and (c_p)32, satisfy condition K.

We only sketch the proof. First we define a function g by the equation g(2?) =

f(2)f(=2). It is easy to see that g € LP1. By an argument similar to that in the
proof of Theorem 2, the critical points of g satisfy condition K if and only if both
sequences (1/cx)52, and (1/c_x)52, of critical points of f satisfy condition K.
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