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The aim of this paper is to indicate stochastic processes which are con-

nected with Stirling numbers of the �rst and the second kind and Euler

numbers in a natural way. A probabilistic approach allows us to give very

simple proofs of some identities for these coe�cients.
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4. Stirling numbers of the second kind

We recall that Stirling numbers of the second kind
n
n

k

o
may be de�ned for

n 2 N0 and integer k as numbers which equal 1 if n = k = 0, and 0, if k < 0 or

k > n, and satisfy the following recurrence identity (see [1, Sect. 6.1])

n
n

k

o
=

�
n� 1

k � 1

�
+ k

�
n� 1

k

�
: (4.1)

Let 
n := f! = ("1; "2; : : : ; "n) : "j = 0 or 1; j = 1; 2; : : : ; ng be a set of all

sequences of the length n with elements 0 and 1, � = f�jg
1

j=0 be a sequence of

positive numbers. We de�ne a weight wn;� on 
n inductively. For n = 1, we set

w1;�((1)) = �0 ; w1;�((0)) = 1 : (4.2)
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Let m > 1. We de�ne the weight of a chain of the length m to be

wm;�(("1; "2; : : : ; "m�1; 1)) = wm�1;�(("1; "2; : : : ; "m�1)) � �j ; (4.3)

where j = #fl : 1 � l � m� 1; "l = 0g, and

wm;�(("1; "2; : : : ; "m�1; 0)) = wm�1;�(("1; "2; : : : ; "m�1)) : (4.4)

In other words, the weight of a chain ("1; "2; : : : ; "m�1; "m) of the length m

equals the product of the weight of the chain ("1; "2; : : : ; "m�1) and that of the

element "m; which is equal to 1 if "m = 0 and to �j if "m = 1 and #fk : 1 � k �

m� 1; "k = 0g = j.

For every set A � 
n, we de�ne the weight Wn;�(A) of A to be

Wn;�(A) :=
X
!2A

wn;�(!) : (4.5)

It is evident from (4.5) that the additive property of the weight is valid:

Wn;�(A [B) =Wn;�(A) +Wn;�(B) ; if A \B = ; : (4.6)

For the sake of brevity we write often wn and Wn instead of wn;� and Wn;�. For

n � 1 and 0 � k � n we denote

�nk := �nk(�) :=Wn(0(
n

k
)) ; (4.7)

where 0(n
k
) = f("1; "2; : : : ; "n) 2 
n : #fl : 1 � l � n; "l = 0g = kg. We denote

also �00(�) = 1, �nk(�) = 0 if k < 0 or k > n. We see that �nk is a polynomial in

the variables �i, 0 � i � k, considering �j as independent variables.

De�nition 4.1. Polynomials �nk are said to be Stirling polynomials of the

second kind generated by the sequence �.

The following theorem gives a recurrence relation for polynomials �nk.

Theorem 4.1. If n 2 N and 0 � k � n, then

�nk = �n�1;k�1 + �n�1;k�k : (4.8)

P r o o f. For j = 0; 1, we denote Aj := 0(n
k
) \ f("1; : : : ; "n) 2 
n : "n = jg.

Evidently, 0(n
k
) = A

0 [A
1 and A

0 \A
1 = ;. Therefore

�nk =Wn(0(
n

k
)) =Wn(A

0) +Wn(A
1) : (4.9)
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We evaluate Wn(A
0). Obviously, ! = ("1; : : : ; "n�1; 0) 2 A

0 if and only if !0 =

("1; : : : ; "n�1) 2 0(
n�1
k�1). In this case wn;�(!) = wn�1;�(!

0) � 1 by (4.4). It follows

from this that

Wn(A
0) =

X
!2A0

wn(!) =
X

!020(n�1
k�1

)

wn�1(!
0) =Wn�1(0(

n�1
k�1)) = �n�1;k�1 : (4.10)

Analogously, ! = ("1; : : : ; "n�1; 1) 2 A
1 if and only if !0 = ("1; : : : ; "n�1) 2

0(n�1
k

). In this case wn;�(!) = wn�1;�(!
0) � �k by (4.3). Therefore

Wn(A
1) =

X
!2A1

wn(!) =
X

!020(n�1
k

)

wn�1(!
0)�k =Wn�1(0(

n�1
k

))�k = �n�1;k�k :

(4.11)

Inserting (4.10) and (4.11) into (4.9), we obtain (4.8).

For every positive integer l and a sequence � := f�jg
1

j=0, we denote �(l) :=

f�l+jg
1

j=0. The W
(l)
n will denote the weight on 
n generated by the sequence �(l).

De�nition 4.2. Polynomials

�
(l)

nk
:= �nk(�

(l)) ; (n = 1; 2; : : : ; 0 � k � n) ; �
(l)
00 := 1 ;

in the variables �l; �l+1; : : : are said to be associated of the rank l with polynomials

�nk(�).

The following theorem gives a relation that includes �nk and �
(1)

nk
.

Theorem 4.2. For all n � 1 and 0 � k � n the following recurrence relation

holds:

�nk = �
(1)

n�1;k�1 + �0�n�1;k : (4.12)

P r o o f. For j = 0; 1 we denote Bj := 0(n
k
) \ f("1; : : : ; "n) 2 
n : "1 = jg.

Evidently, 0(n
k
) = B

0 [B
1 and B

0 \B
1 = ;. Therefore

�nk =Wn(0(
n

k
)) =Wn(B

0) +Wn(B
1) : (4.13)

We evaluate Wn(B
0). Obviously, ! = (0; "2; : : : ; "n) 2 B

0 if and only if !0 =

("2; : : : ; "n) 2 0(
n�1
k�1). In this case

wn;�(!) = w
n�1;�(1)(!

0)
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by (4.2)�(4.4). (For example, if ! = (0; 1; 0; 0; 1; 0; 1) (n = 7, !0 = (1; 0; 0; 1; 0; 1)),

then w7;�(!) = 1 � �1 � 1 � 1 � �3 � 1 � �4, w6;�(1)(!
0) = �1+0 � 1 � 1 � �1+2 � 1 � �1+3.)

Therefore,

Wn(B
0) = Wn;�(B

0) =
X
!2B0

wn;�(!) =
X

!020(n�1
k�1

)

w
n�1;�(1)(!

0)

= W
n�1;�(1)(0(

n�1
k�1)) =W

(1)
n�1(0(

n�1
k�1)) = �

(1)

n�1;k�1 : (4.14)

Analogously, we evaluate Wn(B
1). We have: ! = (1; "2; : : : ; "n) 2 B

1 if and only

if !0 = ("2; : : : ; "n) 2 0(
n�1
k

). In this case

wn;�(!) = �0 � wn�1;�(!
0)

by (4.2)�(4.4). (For example, if ! = (1; 1; 0; 0; 1; 0; 1) (n = 7, !0 = (1; 0; 0; 1; 0; 1)),

then w7;�(!) = �0 � �0 � 1 � 1 � �2 � 1 � �3, w6;�(!
0) = �0 � 1 � 1 � �2 � 1 � �3.) Therefore

Wn(B
1) = Wn;�(B

1) =
X
!2B1

wn(!) = �0

X
!020(n�1

k
)

wn�1;�(!
0)

= �0Wn�1�(0(
n�1
k

)) = �0�n�1;k : (4.15)

Inserting (4.14) and (4.15) into (4.13), we obtain (4.12).

Let us consider a particular case. We put

�j := j for all j � 0 : (4.16)

(Therefore, wn(!) = 0 for every chain ! = ( "1; "2; : : : ; "n ) such that "1 = 1.)

Then we get numbers ~�nk := �nk(fjg
1

j=0) satisfying the following recurrence rela-

tion (see (4.8))
~�nk = ~�n�1;k�1 + ~�n�1;k � k (4.17)

and conditions ~�00 = 1, ~�nk = 0 if k < 0 or k > n. The theorem below follows

directly from the de�nition of Stirling numbers of the second kind
n
n

k

o
(see (4.1)).

Theorem 4.3. Let n 2 N, 0 � k � n. Then

n
n

k

o
=Wn(0(

n

k
)) ; (4.18)

where Wn denotes the weight on 
n generated by the sequence � = fjg1
j=0 with

the help of (4:2)�(4:5).
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In the following theorem we give the proof of the known fact (see, for example,

[1, formula (6.20)]), based on Theorem 4.3.

Theorem 4.4. If n 2 N and 0 � m � n, then

n
n

m

o
=

nX
l=m

�
l � 1

m� 1

�
m

n�l
: (4.19)

P r o o f. Let Fl := 0(n
m
) \ f("1; : : : ; "n) : "l = 0; "l+1 = "l+2 = : : : = "n = 1g

for every l = m;m + 1; : : : ; n. Here, l gives the place of the last 0 in the chains

! 2 Fl. It is evident that these sets form a partition of 0(nm). We calculate

Wn(Fl). Obviously, ! 2 Fl if and only if ! has the form ! = (!0; 0; 1(n�l)), where

!
0 2 0(l�1

m�1). (We recall that j(k) denotes the sequence j; j; : : : ; j| {z }
k

.) In this case

wn;�(!) = wl�1;�(!
0) � 1 � �n�l

m

by (4.3), (4.4). Therefore, by (4.18) and (4.16),

Wn(Fl) =Wl�1(0(
l�1
m�1))�

n�l

m =

�
l � 1

m� 1

�
m

n�l
: (4.20)

Inserting (4.18) and (4.20) into Wn(0(
n

m
)) =

P
n

l=mWn(Fl), we obtain (4.19).

The following theorem gives relations between Stirling numbers of the second

kind and associated ones with them.

Theorem 4.5. 1) If n;m 2 N and 1 � m � n, then

n
n

m

o
=

mX
j=1

j

�
n� j � 1

m� j

�(j)

: (4.21)

2) If n; � 2 N, 1 � � � n� 1, 0 � m � n, then

n
n

m

o
=

�X
k=0

n
�

k

o�
n� �

m� k

�(k)

: (4.22)

P r o o f. 1) For j = 0; 1; 2; : : : ;m, we consider the sets

Gj := 0(n
m
) \ f("1; : : : ; "n) 2 
n : "1 = : : : = "j = 0; "j+1 = 1g:
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(Here, j + 1 gives the place of the �rst 1 in the chains ! 2 Gj.) Evidently, Gj

form a partition of 0(n
m
). We evaluate Wn(Gj). Obviously, ! 2 Gj if and only if

! has the form ! = (0(j); 1; !
0), where !0 2 0(

n�j�1
m�j

). In this case (compare the

proof of Theorem 4.2)

wn;�(!) = 1 � : : : � 1| {z }
j

��j � wn�j�1;�(j)(!
0) :

(For example, if ! = (0; 0; 1; 0; 1; 0; 1) (n = 7, j = 2, !0 = (0; 1; 0; 1)), then

w7;�(!) = 1 � 1 � �2 � 1 � �3 � 1 � �4, w4;�(2)(!
0) = 1 � �2+1 � 1 � �2+2.) Hence, by the

de�nition of the weight Wn, we have

Wn(Gj) =
X
!2Gj

wn;�(!) = �j

X
!020(

n�j�1
m�j

)

w
n�j�1;�(j)(!

0)

= �jW
(j)
n�j�1(0(

n�j�1
m�j

)) = j

�
n� j � 1

m� j

�(j)

: (4.23)

We recall thatW (j) is a weight generated by the sequence fj+ig1
i=0 and

n
a

b

o(j)
:=

W
(j)
n

(0(a
b
)) are numbers associated with Stirling ones of the rank j. Inserting

(4.18) and (4.23) into Wn(0(
n

m)) =
P

m

j=0Wn(Gj), we get (4.21).

2) For k = 0; 1; 2; : : : ; �, we consider the sets

Rk := f! = ("1; : : : ; "� ; "�+1; : : : ; "n) 2 
n : !0 = ("1; : : : ; "�) 2 0(
�

k
) ;

!
00 = ("�+1; : : : ; "n) 2 0(

n��

m�k
)g :

Evidently, the sets Rk form a partition of 0(nm). We evaluate Wn(Rk). For every

! = (!0; !00) 2 Rk (!0 2 0(�
k
), !00 2 0(n��

m�k
)g) we have

wn;�(!) = w�;�(!
0)w

n��;�(k)
(!00) :

(For example, if n = 7, � = 3, m = 3, k = 1, !0 = (1; 0; 1), !00 = (0; 1; 1; 0),

! = (!0; !00), then w3;�(!
0) = �0 � 1 � �1, w4;�(1)(!

00) = 1 � �1+1 � �1+1 � 1, w7;�(!) =

�0 � 1 � �1 � 1 � �2 � �2 � 1.) By the de�nition of the weight Wn, we have

Wn(Rk) =
X

!020(�
k
)

X
!0020(n��

m�k
)

w�;�(!
0)w

n��;�(k)
(!00)

=

0
@ X

!020(�
k
)

w�;�(!
0)

1
A �

0
B@ X

!0020(n��
m�k

)

w
n��;�(k)

(!00)

1
CA

= W�(0(
�

k
))W

(k)
n��

(0(n��
m�k

)) =
n
�

k

o�
n� �

m� k

�(k)

: (4.24)

Inserting (4.18) and (4.24) into Wn(0(
n

m)) =
P

�

k=0Wn(Rk), we obtain (4.22).
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R e m a r k 4.1. It is easy to generalize Theorems 4.4 and 4.5 to the case of

an arbitrary sequence f�jg.

5. Stirling numbers of the �rst kind

We recall that Stirling numbers of the �rst kind
h
n

k

i
may be de�ned for n 2 N0

and integer k as numbers which equal 1 if n = k = 0, and 0, if k < 0 or k > n,

and satisfy the following recurrence identity (see [1, Sect. 6.1])

h
n

k

i
=

�
n� 1

k � 1

�
+ (n� 1)

�
n� 1

k

�
: (5.1)

As in Section 4, let 
n = f("1; "2; : : : ; "n) : "j = 0; 1; 1 � j � ng,  = fjg
1

j=1

be a sequence of positive numbers. We introduce a weight wn; on the set 
n

inductively. We put for n = 1,

w1;((1)) = 1 ; w1;((0)) = 1 ; (5.2)

and for m > 1,

wm;(("1; "2; : : : ; "m�1; 1)) = wm�1;(("1; "2; : : : ; "m�1)) � m ;

wm;(("1; "2; : : : ; "m�1; 0)) = wm�1;(("1; "2; : : : ; "m�1)) :
(5.3)

We de�ne Wn;(A) for all A � 
n as in (4.5). For the sake of brevity we write

wn and Wn instead of wn; and Wn;, respectively.

For every sequence  = fjg
1

j=1, for all n 2 N and integer k, 0 � k � n, we

de�ne polynomials �nk in variables j as follows:

�nk := �nk() :=Wn(0(
n

k
)) : (5.4)

For every sequence  we de�ne also �00() = 1, �nk() = 0 if k < 0 or k > n. For

each nonnegative integer n and 0 � k � n, �nk is a polynomial in the variables

i, 1 � i � n.

De�nition 5.1. We say that polynomials �nk are Stirling polynomials of the

�rst kind generated by the sequence .

Polynomials �nk() satisfy the following recurrence relation.

Theorem 5.1. Let n 2 N, 0 � k � n, and �nk() be polynomials in 1; : : : ; n
de�ned by (5:4). Then

�nk() = �n�1;k�1() + �n�1;k() � n : (5.5)
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This is an analogue of Theorem 4.1 and the proof is the same.

As in the previous section, we write (l) := fl+jg
1

j=1 for every l 2N.

De�nition 5.2. Polynomials �
(l)

nk
:= �nk(

(l)) in the variables l+1; l+2; : : :

are said to be associated ones of the rank l with polynomials �nk().

We consider now a particular case:

j := j � 1 for all j � 1 : (5.6)

(Therefore, wn(!) = 0 for every chain ! = ( "1; "2; : : : ; "n ) such that "1 = 1.) We

get a set of numbers ~�nk := �nk(fj � 1g1
j=1), which satisfy the recurrence relation

~�nk = ~�n�1;k�1 + ~�n�1;k � (n� 1)

and conditions ~�00 = 1, ~�nk = 0 if k < 0 or k > n. These numbers are called as

Stirling numbers of the �rst kind and are denoted by
h
n

k

i
(see (5.1)).

As a result, we can derive the following statement.

Theorem 5.2. Let n 2 N, 0 � k � n. Thenh
n

k

i
=Wn(0(

n

k
)) ; (5.7)

where Wn is the weight on 
n generated by the sequence  = fj � 1g1
j=1 with the

help of (5:2), (5:3), (4:5).

Using (5.7), we give very simple proof of the following known fact (see, for

example, [1, formula (6.21)]).

Theorem 5.3. If n 2 N and m is an integer such that 0 � m � n, then

h
n

m

i
=

nX
l=m

�
l � 1

m� 1

�
l(l + 1)(l + 2) : : : (n� 1) : (5.8)

P r o o f. The proof is very similar to that of Theorem 4.4. We consider the

sets Fl, l = m;m + 1; : : : ; n; k = 0; 1; : : : ;m; introduced in the proof of the �rst

part of Theorem 4.4. We �nd from (5.2) and (5.3) that

Wn(Fl) =Wl�1(0(
l�1
m�1))l+1l+2 � : : : � n =

�
l � 1

m� 1

�
l(l + 1)(l + 2) : : : (n� 1) :

Repeating the reasoning from the proof of Theorem 4.4, we obtain (5.8).

80 Matematicheskaya �zika, analiz, geometriya , 2005, v. 12, No. 1



A probabilistic approach to q-polynomial coe�cients...

The following theorem is an analogue of Theorem 4.5.

Theorem 5.4. 1) If n;m 2N, 1 � m � n, then

h
n

m

i
=

mX
j=1

j

�
n� j � 1

m� j

�(j)
: (5.9)

2) If n; �;m 2 N, 1 � �;m � n, then

h
n

m

i
=

�X
k=0

h
�

k

i �
n� �

m� k

�(�)
: (5.10)

P r o o f. The proof is similar to that of Theorem 4.5. We consider the sets

Gj (1; 2; : : : ;m), Rk, k = 0; 1; : : : ; �, introduced there. In our case the weights of

these sets are equal to

Wn+m+1(Gj) = j+1 �

�
n� j � 1

m� j

�(j)
= j �

�
n� j � 1

m� j

�(j)
;

Wn+m+1(Rk) =W�(0(
�

k
))W

(�)
n��

(0(n��
m�k

)) =
h
�

k

i �
n� �

m� k

�(�)
:

The theorem is now immediate.

R e m a r k 5.1. It is easy to generalize Theorems 5.3 and 5.4 to the case of

an arbitrary sequence fjg.

6. Euler numbers

Euler numbers
D
n

k

E
(n 2 N0, k 2 Z) may be de�ned as numbers which equal

1 if n = k = 0, and 0, if k < 0 or k > n, and satisfy the following recurrence

identity (see [1, Sect. 6.1])

D
n

k

E
= (n� k)

�
n� 1

k � 1

�
+ (k + 1)

�
n� 1

k

�
: (6.1)

As before, let 
n be the set of all sequences of the length n with elements 0 and

1, f�jg
1

j=1 and f�jg
1

j=0 be two sequences of positive numbers. Let us introduce

a weight on 
n by induction on n. For n = 1, we set

w1((1)) = �0 ; w1((0)) = �1 : (6.2)
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Let m > 1. We de�ne the weight of a chain of the length m as follows:

wm(("1; "2; : : : ; "m�1; 1)) = wm�1(("1; "2; : : : ; "m�1)) � �k ;

wm(("1; "2; : : : ; "m�1; 0)) = wm�1(("1; "2; : : : ; "m�1)) � �m�k ;
(6.3)

where k = #fj : 1 � j � m � 1; "j = 0g. (We do not indicate the dependence

wn on � and �.) In other words, the weight of a chain of the length m equals the

product of the weight of the chain consisting of the �rst m � 1 terms of a given

one and of the weight of the mth term which is equal to �m�k, if this term is 0,

and �k, if it is 1 and if k terms are 0 among the �rst m� 1 ones of a given chain.

Evidently, de�nition (6.2) is consistent with de�nition (6.3), that is (6.2) follows

from (6.3) if we take m = 1 and if we assume that the �rst term at the right-hand

side of both equalities (6.3) equals 1. As before, we de�ne the weight Wn(A) of

a set A � 
n by the formula (4.5).

For every n 2 N and integer k such that 0 � k � n, we de�ne

�nk := �nk(�; �) :=Wn(0(
n

k
)) : (6.4)

By de�nition we put �00(�; �) = 1 and �nk(�; �) = 0 whenever k < 0 or k > n. It

is evident that �nk are polynomials in the variables �i, �j (if we consider �i, �j
as independent variables).

De�nition 6.1. Polynomials �nk(�; �) are said to be Euler polynomials, ge-

nerated by sequences � and �.

The following theorem gives a recurrence relation for the polynomials �nk.

Theorem 6.1. Let n 2 N, 0 � k � n, and �nk(�; �) be polynomials de�ned

by (6:4). Then

�nk(�; �) = �n�1;k�1(�; �)�n�k+1 + �n�1;k(�; �)�k : (6.5)

P r o o f. The proof is analogous to that of Theorems 4.1 and 5.1. We only

note that if A0 and A1 are de�ned as in the proof of Theorem 4.1, then

Wn(A0) =Wn�1(0(
n�1
k�1))�n�(k�1) ; Wn(A1) =Wn�1(0(

n�1
k

))�k :
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De�nition 6.2. For every � 2 N and integer � such that 0 � � � �, we

de�ne the polynomials

�
(�;�)

nk
(�; �) := �nk(�

(���)
; �

(�))

and call them polynomials associated with the polynomials �nk(�; �) of rank (�; �).

They are polynomials in variables ����+1; ����+2; : : :, ��; ��+1; : : : . (We recall

that if Æ = fÆjg
1

j=j0
is a sequence and l is a nonnegative integer, then we denote

Æ
(l) := fÆl+jg

1

j=j0
.)

We consider a particular case. Let

�l = l � 1 for alll � 1 ; �k = k + 1 for all k � 0 :

We obtain a set of numbers ~�nk := �nk(fl�1g1
l=1; fk+1g1

k=0), n 2 N0, 0 � k � n,

such that
~�nk = ~�n�1;k�1 � (n� k) + ~�n�1;k � (k + 1) ; (6.6)

and ~�00 = 1, ~�nk = 0 whenever k < 0 or k > n. These numbers are called Euler

numbers and are denoted by
D
n

k

E
(see (6.1)). By (1.3) and (6.6), the following

theorem holds.

Theorem 6.2. Let n 2 N and 0 � k � n. Then

D
n

k

E
=Wn(0(

n

k
)) ; (6.7)

where the weight Wn on 
n is generated by the sequences � = fl � 1g1
l=1, � =

fk + 1g1
k=0 by means of (6:2), (6:3), and (4:5).

The following theorem is an analogue of Theorems 4.4 and 5.3.

Theorem 6.3. 1) If n;m 2N0, 0 � m � n, then

D
n

m

E
=

nX
l=m+1

�
l � 1

m� 1

�
(l �m)(m+ 1)n�l : (6.8)

2) If n;m 2 N0, then

�
n+m+ 1

m

�
=

mX
k=0

�
n+ k

k

�
(k + 1)(n+ 1)m�k : (6.9)
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P r o o f. For all l = m;m + 1; : : : ; n and k = 0; 1; : : : ;m we introduce the

sets Fl and Hk in the same way as in the proof of Theorem 4.4. By Theorem 6.2

we have

Wn(Fl) =Wl�1(0(
l�1
m�1))�l�(m�1)�

n�l

m
=

�
l � 1

m� 1

�
(l �m)(m+ 1)n�l ;

Wn+m+1(Hk) =Wn+k(0(
n+k
k

))�k�
m�k

n+2 =

�
n+ k

k

�
(k + 1)(n+ 1)m�k :

The theorem is now immediate.

Theorem 6.4. 1) If n;m 2 N, 1 � m � n, then

D
n

m

E
=

n�mX
j=1

j

�
n� j � 1

m� j

�(j+1;1)

: (6.10)

2) If n;m; � 2 N0, 0 � m � n, 1 � � � n� 1, then

D
n

m

E
=

�X
k=0

D
�

k

E�
n� �

m� k

�(�;k)

: (6.11)

P r o o f. 1) Just as in the proof of Theorem 4.5, we consider the sets Gj,

j = 0; 1; : : : ;m. We have in our case

Wn(Gj) = �
j

0�j+1W
(j+1;1)
n�j�1 (0(

n�j�1
m�1 )) = j �

�
n� j � 1

m� 1

�(j+1;1)

: (6.12)

2) As in the proof of the second proposition of Theorem 4.5, we consider the

sets Rk, k = 0; 1; 2; : : : ; �. In our case we have

Wn(0(
n

m)) =

�X
k=0

Wn(Rk) =

�X
k=0

W�(0(
�

k
))W

(�;k)
n��

(0(n��
m�k

))

=

�X
k=0

D
�

k

E�
n� �

m� k

�(�;k)

:

R e m a r k 6.2. It is easy to generalize Theorems 6.3 and 6.4 to the case of

arbitrary sequences f�jg and f�jg.
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