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Â ïðîñòðàíñòâå L2(�1;1) èçó÷åí ïó÷îê äèôôåðåíöèàëüíûõ îïåðà-

òîðîâ, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì âòîðîãî ïîðÿäêà,

ãëàâíûé õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí êîòîðîãî èìååò îäèí êîðåíü ñ

êðàòíîñòüþ äâà, êðîìå òîãî, êîýôôèöèåíòû äèôôåðåíöèàëüíîãî âû-

ðàæåíèÿ ñîäåðæàò òîëüêî ïîëîæèòåëüíûå ïîêàçàòåëè Ôóðüå. Ïîñòðîå-

íû ðåøåíèÿ ñîîòâåòñòâóþùèõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîëó÷å-

íî, ÷òî ïó÷îê èìååò ÷èñòî íåïðåðûâíûé ñïåêòð, ñîâïàäàþùèé ñ äåéñòâè-

òåëüíûé îñüþ. Äëÿ îñòàëüíûõ òî÷åê êîìïëåêñíîé ïëîñêîñòè ñïåêòðàëü-

íîãî ïàðàìåòðà ðåçîëüâåíòà ïó÷êà åñòü èíòåãðàëüíûé îïåðàòîð ñ ÿäðîì

òèïà Êàðëåìàíà. Äëÿ òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ ôèíèò-

íûõ íà�1ôóíêöèé ïîëó÷åíî ðàçëîæåíèå ïî ãëàâíûì ôóíêöèÿì íåïðå-

ðûâíîãî ñïåêòðà.

Ó ïðîñòîði L2(�1;1) âèâ÷åíî ïó÷îê äèôåðåíöiàëüíèõ îïåðàòîðiâ,

ùî ïîðîäæåíèé äèôåðåíöiàëüíèì âèðàçîì äðóãîãî ïîðÿäêó, ãîëîâíèé

õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ÿêîãî ìà¹ îäèí êîðiíü ç êðàòíiñòþ äâà.

Êðiì òîãî, êîåôiöi¹íòè äèôåðåíöiàëüíîãî âèðàçó ìàþòü òiëüêè ïîçèòèâ-

íi ïîêàçíèêè Ôóð'¹. Ïîáóäîâàíî ðîçâ'ÿçêè âiäïîâiäíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü. Äîâåäåíî, ùî ïó÷îê ìà¹ ÷èñòî íåïåðåðâíèé ñïåêòð, ùî ñïiâ-

ïàäà¹ ç äiéñíîþ âiññþ. Äëÿ ðåøòè òî÷îê êîìïëåêñíî¨ ïëîùèíè ñïåêò-

ðàëüíîãî ïàðàìåòðó ðåçîëüâåíòà ïó÷êà ¹ iíòåãðàëüíèì îïåðàòîðîì ç ÿä-

ðîì òèïó Êàðëåìàíà. Äëÿ òðè÷i íåïåðåðâíî äiôåðåíöiéîâíèõ ôiíiòíèõ

íà �1 ôóíêöié îòðèìàíî ðîçêëàä ïî ãîëîâíèõ ôóíêöiÿõ íåïåðåðâíîãî

ñïåêòðó.

Â ïðîñòðàíñòâå L2 (�1;1) ðàññìîòðèì ïó÷îê äèôôåðåíöèàëüíûõ îïå-

ðàòîðîâ L�, ïîðîæäåííûé äèôôåðåíöèàëüíûì âûðàæåíèåì

l�(y) � y00 � [2i�+ p(x)] y0 +
�
��2 + �q(x) + r(x)

�
y; (1)
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ãäå

p(x) =

1X
k=1

pke
ikx; q(x) =

1X
k=1

qke
ikx; r(x) =

1X
k=1

rke
ikx; (2)

â ïðåäïîëîæåíèè, ÷òî ðÿäû

1X
k=1

km jpkj ;

1X
k=1

km jqkj ;

1X
k=1

km jrkj ; m = 0; 1; 2; (3)

ñõîäÿòñÿ.

Õàðàêòåðèñòè÷åñêèì óðàâíåíèåì, êîòîðîå ñîîòâåòñòâóåò óðàâíåíèþ

l�(y) = 0, íàçîâåì óðàâíåíèå, ÿâëÿþùååñÿ ãëàâíîé ÷àñòüþ ïîñëå ïîäñòàíîâêè

â (1) y = e��x:

�2 � 2i� � 1 = 0: (4)

Â ðàáîòàõ [1, 2] èçó÷åíû ñïåêòðàëüíûå ñâîéñòâà ïîäîáíûõ ïó÷êîâ äëÿ

äèôôåðåíöèàëüíûõ âûðàæåíèé âûñîêîãî ïîðÿäêà, â äâóõ ñëó÷àÿõ îòíîñè-

òåëüíî êîðíåé ãëàâíîãî õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà: à) èìåþòñÿ òîëüêî

ðàçëè÷íûå êîðíè; á) èìåþòñÿ äâà ðàçëè÷íûõ êîðíÿ, êàæäûé èç êîòîðûõ ïîâ-

òîðÿåòñÿ. Îäíàêî èçëîæåííûå â ýòèõ ðàáîòàõ ïîäõîäû äëÿ íàõîæäåíèÿ ðåøå-

íèé äèôôåðåíöèàëüíûõ óðàâíåíèé, ñâÿçàííûõ ñ èçó÷åííûìè äèôôåðåíöè-

àëüíûìè âûðàæåíèÿìè, â íàøåì ñëó÷àå íå ïîçâîëÿþò íàéòè ïðåäñòàâëåíèÿ

ðåøåíèé óðàâíåíèÿ l�(y) = 0.
Â äàííîé ðàáîòå èçëîæåí íîâûé ïîäõîä ê çàäà÷å íàõîæäåíèÿ ðåøåíèé

óêàçàííîãî óðàâíåíèÿ. Äàëåå, ñïîñîáàìè ñïåêòðàëüíîé òåîðèè èññëåäîâàíû

ñïåêòðàëüíûå ñâîéñòâà ïó÷êà L� è ïîëó÷åíî ðàçëîæåíèå ôèíèòíûõ ôóíêöèé,

íå ñîäåðæàùèõñÿ â îáëàñòè îïðåäåëåíèÿ ïó÷êà L�, ïî ãëàâíûì ôóíêöèÿì

íåïðåðûâíîãî ñïåêòðà ýòîãî ïó÷êà.

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü êîýôôèöèåíòû äèôôåðåíöèàëüíîãî âûðàæåíèÿ l�(y)
óäîâëåòâîðÿþò óñëîâèÿì (2), (3). Òîãäà óðàâíåíèå l�(y) = 0 â êàæäîé èç

ïîëóïëîñêîñòåé �� = f� : �Im� � 0g èìååò ôóíäàìåíòàëüíóþ ñèñòåìó ðå-

øåíèé yk(x; �), k = 1; 2 :

y1(x; �) = ei�x
1X

m=0

 
mX
k=0

ak;m�
k

!
eimx; a0;0 6= 0; (5)

y2(x; �) = xy1(x; �) + ei�x
1X

m=0

Dm(�)eimx; (6)

ðÿäû (5), (6) ñõîäÿòñÿ âìåñòå ñî ñâîèìè ïðîèçâîäíûìè ïî x äî 2-ãî ïîðÿäêà

âêëþ÷èòåëüíî. Ïðè ýòîì êîýôôèöèåíòû Dm(�) îïðåäåëÿþòñÿ èç ôîðìóëû

Ëèóâèëëÿ�Îñòðîãðàäñêîãî ÷åðåç êîýôôèöèåíòû ðÿäà (5).
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Ä î ê à ç à ò å ë ü ñ ò â î. Çàìåíîé z = eix èç óðàâíåíèÿ l�(y) = 0
ïîëó÷àåì óðàâíåíèå

�z2
d2y

dz2
+

"
2�z � i

1X
k=1

pkz
k+1

� z

#
dy

dz

+

"
��2 + �

1X
k=1

qkz
k +

1X
k=1

rkz
k

#
y = 0; (7)

ñ ðåãóëÿðíîé îñîáîé òî÷êîé z = 0. Ïðè òàêîé çàìåíå òî÷êè âåùåñòâåííîé îñè

�1 < x <1 îòîáðàæàåòñÿ â z = eix, ëåæàùèå íà îêðóæíîñòè jzj = 1 ñ öåíò-
ðîì â íà÷àëå êîîðäèíàò, ðàäèóñà åäèíèöà. Êîãäà x íåïðåðûâíî èçìåíÿåòñÿ

îò �1 äî +1 òî÷êà z îïèñûâàåò áåñêîíå÷íîå ÷èñëî ðàç îêðóæíîñòü â îäíîì

è òîì æå (ïîëîæèòåëüíîì) íàïðàâëåíèè.

Ïîëîæèì

y = z�
1X

m=0

Cmz
m; ãäå C0 6= 0; (8)

è ïîñëå ïîäñòàíîâêè â äèôôåðåíöèàëüíîå óðàâíåíèå (7) ïîëó÷àåì

1X
m=0

Cm

�
� (�+m) (�+m� 1) + 2� (�+m)� (�+m)� �2

�
zm

+
1X
k=1

f�i [pkC0�+ pk�1C1(�+ 1) + : : :+ p1Ck�1(�+ k � 1)]

+� [qkC0 + qk�1C1 + : : : + q1Ck�1]

+ [rkC0 + rk�1C1 + : : :+ r1Ck�1]g z
k = 0: (9)

Ïðèðàâíèâàåì ê íóëþ êîýôôèöèåíòû ïðè ïîñëåäîâàòåëüíûõ ñòåïåíÿõ z.

Íàèíèçøàÿ ñòåïåíü z åñòü z0. Ïðèðàâíèâàÿ êîýôôèöèåíò ïðè íåé íóëþ,

ïîëó÷àåì óðàâíåíèå

C0 [�� �]2 = 0; (10)

êîòîðîå íàçûâàåòñÿ îïðåäåëÿþùèì óðàâíåíèåì.

Ïðèðàâíèâàÿ íóëþ êîýôôèöèåíò ïðè z, íàõîäèì

C1 [� (�+ 1) �+ 2�(�+ 1)]� ip1C0�

�C1(�+ 1)� �2C1 + �q1C0 + r1C0 = 0

èëè

C1 = C0 [r1 + (q1 � ip1)�] :
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Òî÷íî òàê æå

C2=
1

22
C0

�
1

12
[(q1 � ip1)�+r1] [(q1 � ip1)�+(r1 � ip1)]+[r2+(q2 � ip2)�]

�

è ò.ä.

Cm =
1

m2
fCm�1 [�ip1(�+m� 1) + �q1 + r1] + : : : +C1 [�ipm�1(�+ 1)

+qm�1�+ rm�1] +C0 [�ipm�+ qm�1�+ rm]g ;

è íàõîäèì, ÷òî

Ck = C0

"
kX

m=0

am;k�
m

#
; (11)

ãäå am;k ÿâíî âûðàæàåòñÿ ÷åðåç ri; pi; qi; i � m. Ïðè ýòîì ïðèõîäèòñÿ âû-

ïîëíÿòü ëèøü äåéñòâèÿ ñëîæåíèÿ è óìíîæåíèÿ. Ó÷èòûâàÿ ïðîèçâîëüíîñòü

C0 6= 0, âîçüìåì C0 = 1.

Èç âûðàæåíèé (11) âûòåêàåò, ÷òî Ck(�) �
A�k

(k!)2
, (k ! 1), ãäå A � êîì-

ïëåêñíîå ÷èñëî è
Ck+1(�)

Ck(�)
! 0 ïðè k !1.

Ââèäó òîãî, ÷òî îïðåäåëÿþùåå óðàâíåíèå èìååò äâà ðàâíûõ êîðíÿ � = �,

òî óêàçàííûì ïðèåìîì ìû ïîëó÷èì îäíî ÷àñòíîå ðåøåíèå. Âòîðîå ðåøå-

íèå, ëèíåéíî íåçàâèñèìîå ñ ïåðâûì, íàõîäèòñÿ èç ôîðìóëû Ëèóâèëëÿ�Îñ-

òðîãðàäñêîãî [3, ñ. 110] è ïðåäñòàâëÿåòñÿ â âèäå y2 = z�
1P

m=0

Dm(�)zm+y1lnz;

ãäå Dm(�) îïðåäåëÿþòñÿ ðåêóððåíòíûì îáðàçîì ÷åðåç êîýôôèöèåíòû Cm èç

ôîðìóëû Ëèóâèëëÿ�Îñòðîãðàäñêîãî.

Ðàññìîòðåíèå ôóíêöèé âèäà (2) ïîêàçûâàåò, ÷òî ðÿä (8) è ðÿä, ñîäåðæà-

ùèéñÿ âî âòîðîì ðåøåíèè, áóäóò ñõîäÿùèìèñÿ äëÿ jzj � 1. Ìåòîäîì ìàæî-

ðàíòíûõ ðÿäîâ [3, ñ. 106�110] íåòðóäíî ïîêàçàòü, ÷òî ýòî òàê. Ðåøåíèå ìîæíî

ðàñïðîñòðàíèòü çà ïðåäåëû ýòîãî êðóãà ïóòåì àíàëèòè÷åñêîãî ïðîäîëæåíèÿ.

Çàìåòèì, ÷òî ðàçðåç ìîæíî ïðîâåñòè ïîä ëþáûì óãëîì �2 ê ïîëîæèòåëü-

íîé ÷àñòè äåéñòâèòåëüíîé îñè, ïðåäâàðèòåëüíî îáîéäÿ íà÷àëî êîîðäèíàò ïðî-

èçâîëüíîå ÷èñëî ðàç. Òàêèì ñïîñîáîì èç áåñêîíå÷íîãî ìíîæåñòâà çíà÷åíèé

ôóíêöèè ln z ìîæíî ïîñòðîèòü áåñêîíå÷íîå ìíîæåñòâî îäíîçíà÷íûõ âåòâåé.

Òàê êàê ñòåïåííîé ðÿä ìîæíî ïî÷ëåííî äèôôåðåíöèðîâàòü ëþáîå ÷èñëî ðàç

âíóòðè êðóãà ñõîäèìîñòè, òî ðÿäû, ïîëó÷åííûå äèôôåðåíöèðîâàíèåì (5), (6)

ïî x, òîæå ñõîäÿòñÿ. Îòñþäà è ñëåäóåò äîêàçàòåëüñòâî òåîðåìû 1.

Ëåãêî óñòàíàâëèâàåòñÿ, ÷òî íèêàêàÿ íåòðèâèàëüíàÿ ëèíåéíàÿ êîìáèíàöèÿ

ðåøåíèé y1(x; �); y2(x; �) óðàâíåíèÿ l�(y) = 0 íå ïðèíàäëåæèò ïðîñòðàíñòâó

L2(�1;1). Îòñþäà âûòåêàåò, ÷òî ïó÷îê L� íå èìååò ñîáñòâåííûõ çíà÷åíèé
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(îòñóòñòâèå ñîáñòâåííûõ çíà÷åíèé ïó÷êà L� ìîæíî äîêàçàòü òàêæå ìåòîäîì

ðàáîòû [4] íà îñíîâàíèè òåîðèè Ôëîêå).

Ïóñòü Im� > 0. Ïðè f(x) 2 L2(�1;1), îòûñêèâàÿ ðåøåíèÿ óðàâíåíèÿ

l�(y) = f , ïðèíàäëåæàùèå ïðîñòðàíñòâó L2(�1;1), â âèäå

y(x; �) =

2X
�=1

C�(x; �)y�(x; �); (12)

è ïðèìåíÿÿ ìåòîä âàðèàöèè ïîñòîÿííûõ, ïîëó÷àåì, ÷òî äëÿ ôèíèòíûõ ôóíê-

öèé f(x) 2 L2(�1;1) èìååò ìåñòî ðàâåíñòâî

y(x; �) =

xZ
�1

�y1(x; �)y2(�; �) + y2(x; �)y1(�; �)

W (�; �)
f(�)d�; (13)

ãäå W (�; �) åñòü îïðåäåëèòåëü Âðîíñêîãî îò y1(�; �), y2(�; �).
Òî÷íî òàê æå äëÿ Im� < 0 èìååì

y(x; �) =

1Z
x

y1(x; �)y2(�; �)� y2(x; �)y1(�; �)

W (�; �)
f(�)d�: (14)

Ñîîòíîøåíèÿ (13), (14) îïðåäåëÿþò íåêîòîðûé îãðàíè÷åííûé îïåðàòîð â

L2(�1;1) ñ ÿäðàìè R+(x; �; �); R�(x; �; �) äëÿ Im� > 0 è Im� < 0 ñîîòâåò-

ñòâåííî:

R+(x; �; �) =

(
�y1(x;�)y2(�;�)+y2(x;�)y1(�;�)

W (�;�)
; � � x

0; � > x
(15)

R�(x; �; �) =

(
0; � < x
y1(x;�)y2(�;�)�y2(x;�)y1(�;�)

W (�;�)
; � � x (16)

ßäðà R�(x; �; �) â òî÷êàõ �, â êîòîðûõ W (�; �) ìîã áû îáðàòèòüñÿ â íóëü,

ðåãóëÿðèçóþòñÿ, ò.å. R�(x; �; �) íå èìååò ïîëþñîâ â íóëÿõ çíàìåíàòåëÿ. Ýòî

ñâèäåòåëüñòâóåò î òîì, ÷òî ó ïó÷êà L� îòñóòñòâóþò ñïåêòðàëüíûå îñîáåííîñ-

òè.

Òåîðåìà 2. Âñå ÷èñëà �, Im� 6= 0 ïðèíàäëåæàò ðåçîëüâåíòíîìó ìíî-

æåñòâó ïó÷êà L�. Äëÿ âñåõ � : �Im� > 0, ðåçîëüâåíòà R� ïó÷êà L� ÿâëÿ-

åòñÿ îãðàíè÷åííûì èíòåãðàëüíûì îïåðàòîðîì

R�f(x) =

1Z
�1

R(x; �; �)f(�)d�; (17)
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îïðåäåëåííûì âî âñåì ïðîñòðàíñòâå L2(�1;1), ñ ÿäðîì

R(x; �; �) =

�
R+(x; �; �); Im� > 0;
R�(x; �; �); Im� < 0;

(18)

óäîâëåòâîðÿþùèì óñëîâèÿì òèïà Êàðëåìàíà.

Òåîðåìà 3. Âñå òî÷êè � äåéñòâèòåëüíîé îñè ÿâëÿþòñÿ òî÷êàìè íåïðå-

ðûâíîãî ñïåêòðà. Ýòèì ñïåêòð ïó÷êà � èñ÷åðïûâàåòñÿ

Âîçüìåì îêðóæíîñòü �N = f� : j�j = Ng áîëüøîãî ðàäèóñà N ñ öåíòðîì

â íà÷àëå êîîðäèíàò, ïîëàãàÿ �N = �0N + �00N , ãäå �0N � çàìêíóòûé êîíòóð â

ïîëóïëîñêîñòè �+, îáðàçîâàííûé ïîëóîêðóæíîñòüþ �N è ïðÿìîé Im� = +",
è �00N � êîíòóð, êîòîðûé îáðàçîâàí ïîëóîêðóæíîñòüþ, íàõîäÿùåéñÿ â ïîëó-

ïëîñêîñòè ��, è ïðÿìîé Im� = �", ãäå "! +0. Â ðàâåíñòâå l� (R
�(x; �; �))� =

Æ(x� �) (ãäå Æ(x � �) � ôóíêöèÿ Äèðàêà) âûðàæàÿ R�(x; �; �) ïî ôîðìóëàì
(15), (16) è ó÷èòûâàÿ ýòî, èíòåãðàë (17) èíòåãðèðóÿ ïî ÷àñòÿì, çàòåì, áåðÿ

îò y(x; �) (13), (14) èíòåãðàëû ïî �0N è �00N è ñêëàäûâàÿ, à êîíòóðû, âçÿòûå

âäîëü ðàçðåçîâ, ïðèæèìàÿ ê äåéñòâèòåëüíîé îñè, äàëåå ïåðåõîäÿ ê ïðåäåëó

ïðè N !1, ïðèõîäèì ê ñëåäóþùåé òåîðåìå:

Òåîðåìà 4. Äëÿ òðèæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ ôèíèòíûõ

â îêðåñòíîñòè �1 ôóíêöèé èìååò ìåñòî ðàâíîìåðíî ñõîäÿùååñÿ ïðè âñåõ

x 2 (�1;1) ðàçëîæåíèå ïî ãëàâíûì ôóíêöèÿì íåïðåðûâíîãî ñïåêòðà ïó÷êà

L� :

f(x) =
1

2�i

1Z
�1

� [R�+i0 �R��i0] fd�; (19)

ãäå

[R�+i0 �R��i0] f =

1Z
�1

�
R+(x; �; �+ i0)�R�(x; �; �� i0)

�
f(�)d�:
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On spectral decomposition by main functions

of one quadratie bunch on the whole axis

E.G. Orudzhev

The bunch of di�erential operators generated by the di�erential expres-

sion of the second order whose main characteristic polynomial has one root

with the multiplicity two is considered, when the coe�cients of di�eren-

tial expression contain only positive Fourier index in the space L2(�1;1).
The solutions of corresponding di�erential equations are constructed. It is

obtained that the bunch has purely continuous spectrum coinciding with

whole real axis. For other points of complex plane of spectral parameter

the bunch resolvent is integral operator with Carleman type kernel. The de-

composition by main functions of continuous spectrum is obtained for triply

continuous di�erentialble compactly supported functions.
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