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The notion of dynamical entropy for actions of torsion Abelian groups
ZInZ & Z/nZ @ ...,n > 2, by automorphisms of C*-algebras is considered.
The properties of this entropy are studied. These results are applied to
Bogoliubov actions of those groups on the CAR-algebra. It is shown that
the entropy of Bogoliubov actions corresponding to the singular spectrum is
equal to zero.

1. Introduction

In paper [1] Connes, Narnhofer and Thirring extended the definition of en-
tropy for automorphisms of finite von Neumann algebras to the case of auto-
morpisms of C*-algebras invariant with respect to a given state. It is a natural
generalization of the Kolmogorov—Sinai entropy. In last year this entropy has
been studied extensively by many authors from different points of view. Stérmer
and Voiculescu in [2] computed the entropy for Bogoliubov automorphisms of
the CAR-algebra with respect to invariant quasifree states and prove that the
singular part for Z case doesn’t affect the entropy. Bezuglyi and Golodets [3]
generalized this result for action of free Abelian groups on the CAR-algebra.

In this paper we study the dynamical entropy for Bogoliubov actions of torsion
Abelian group on CAR-algebra. We extend some results of [1, 2] to groups
ZInZ@Z/nZ®... . The structure of this paper is such: in Section 2 we introduce
the dynamical entropy of an action of Z/nZ®Z/nZ®...,n > 2, on C*-algebra, list
the properties of this entropy and prove the fact (among others) that the entropy
of the tensor product of actions of a group with respect to states on various
C*-algebras is not less than a sum of the entropies of each action of the group
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with respect to respectively state. In Section 3 a connection between entropy of
the group and entropy of the subgroup is studied. In particular, the formula is
found for the entropy of a finite index subgroup. In Section 4 the entropy of the
Bogoliubov action for any invariant state corresponding to singular spectrum is
shown to be equal to zero.

In the next work we are going to calculate the entropy for the Bogolubov
action of Z/nZ @& Z/nZ @ ..., n > 2, with completely continuous spectrum.

2. Dynamical entropy of Z/nZ & Z/nZ & ...-actions

In the sequel completely positive maps will play a crucial role. For reader‘s
convenience we remind briefly some terminology and definitions (see [1, 2] more
details). The term "unital” stands for containing or preserving the unit element.
A completely positive unital map ¢ between two unital C*-algebras A and B is
a positive unital map such that the map ¢ between M, (A) and M,,(B) the n x n
matrices with elements from A (respectively B ), (¢(a));; = ¢(ai;) is positive. If
A or B are Abelian, any positive map is completely positive. In the vector space
of linear maps the completely positive unital maps constitute a closed convex set.
If B C A a positive unital map with ¢(byaby) = bip(a)bs,b; € B, a € A, is called
a unital conditional expectation. It is automatically completely positive.

Let A be a unital C*-algebra, C1, ..., C} finite dimensional C*-algebras, and
v; + C; — A unitial completely positive maps, j = 1,...,k. Let ¢ be a state on A
and P a unital completely positive map from A into a finite dimensional Abelian
C*-algebra B such that there is a state g on B for which po P = ¢. If py, ..., p,
are the minimal projections in B, then there are states ¢;,7 =1, ...,7 on A such
that

P(z) =) ¢i(z)pi, @€ A,
=1

and

We set up

-

€u(P) = ZS(¢|¢2)7

=1
where S(¢|¢;) is the relative entropy of the ¢ and ¢; (see [1]). The entropy defect
s, (P) is given by
5u(P) = $() — u(P).
Let B;, j = 1,...,k, be C*-subalgebras of B and E; : B = B; a pu-
invariant conditional expectation. Then (B, E;, P, i) is called an Abelian model
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for (A, ¢,71,...,7%). The entropy of such an Abelian model is defined to be

k k
S(pl \/ Bj) = ) _sulpi)

=1 J=

where p; = E;o0Poy; : C; = B;. The supremum of entropies for all such Abelian
models is denoted by Hg(v1, ..., k). Properties of this function can be found in
[1, Proposition 111.6]. If « is a ¢-preserving automorphism of A and v: C — A
is a unital completely positive map of a finite dimensional C*-algebra ', then we

denote by
.1
hoo(y) = lim —

The entropy of a with respect to ¢ is defined by the formula

Hy(y,a07,...,af ton).

hy(a) = Sup ha(7)-

To simplify the exposition, we restrict our observations concerning Z/nZ @
Z[/nZ & ...-actions, n € N, the case n = 2 only. It is clear that the general case
may be considered in a similar way.

Let A be as above, I' = @2, Z;,I'[n,m] = @, Zi,I'[n] = B2, Z;, where
Z; = Z/27. Let ¢ be astate on A and a : I' = Aut(A, ¢) a ¢-preserving action
of ' on A by #-automorphisms, i.e., & is an injective homomorphism from I into
Aut(A) such that a(£) is a ¢-preserving *-automorphism of A for any £ € T.
Let m be a representation of A corresponding to ¢ via the GNS-construction,
M == (A)".

Define the dynamical entropy of the action & of I on A. According to the
above definition of entropy, if v : €' — A is a unital completely positive linear map
of a finite dimensional C*-algebra C, then the function Hy(a(£) 0ov,& € I'[1,n])
can be defined as a supremum of the entropies for Abelian models of (A, ¢, a(£)o7,
¢ € I'[1,n]).

Set up H,(y) = H(y,0,'[1,n]) = Hy(a(&)oy,€ € I'[1,n]). It follows from the
subadditivity of H,(vy) (see [1, Proposition I11.6.(d)]) that H,41(v) < 2H,(7).

Conversely, there exists a limit

) 1
lim o= Ha(7) = a7, 1).

n—oo

Definition 1. The dynamical entropy of I'-action o with respect to ¢ on a
C*-algebra A is
hg(a,I') =suphgo(y,T).
¥
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We formulate now without proof the statements that generalize those from
[2, Section 3].

Proposition 2. Let ¢ be a pure state on a unital C*-algebra A, and o a
¢-preserving I'-action on A. Then hy(a,l') = 0.

Proposition 3. Let ¢ be a state on a unital C*-algebra A, and o a ¢-
preserving I'-action on A. Suppose B is a C*-subalgebra of A such that there is
an expectation E: A — B with po E = ¢, and a(§)F = Fa(§),£ € I'. Then o|B
is an action of I' on B and hy(a|B,1') < hy(a, T').

Proposition 4. Let A be a C*-algebra, ¢ a state, and o a ¢-preserving action
of I' on A. Let {A;}%2, be an increasing sequence of C*-subalgebras such that
the expectations E; : A — A; satisfy the following conditions:

(1) a(§)Ej = Eja(§), €T, j=1,2,..;

(1)) Ejp1 By = EjEjp = Ej, j=1,2, ..

(iii) E; — td 4 in the pointwise-norm topology.

Suppose that the norm closure of U; A; is A. Then a|A; is an action on A; for
j €N and
hg(a,T) < limjinf he(alA;,T).

Moreover, if po E; = ¢,j € N, then

he (o, I') = lim hy(alA;, T).
J

Proposition 5. Let Ay and Ay be two C*-algebras with states ¢y and ¢o,
respectively. Let a; be of I'-action on (A;, ¢;) such that ¢p;o0; = ¢, i =1,2. Then

b gy (1 @ ag, L) > hy, (a1, 1) + hy, (a2, T) .

Proof. Let (Ay, ¢1,01(§)0v1,€ € I'[1, n]) be given with an Abelian model
(B1, Ey;, Pi, 1) and subalgebras B; ; with Ey ; the p;-preserving expectation of
Bi onto By ;. Assume also that we have a similar setup for (Ajg, ¢q, a2(§) 02, € €
I'[1, n]). Since the relative entropy and the entropy of states are additive on tensor
products, we deduce the additivity of ¢,, S(¢), s,. We may assume By =V, By,
By =V, Bs,;. Since By ® B; contains By ;®1 and 1@ By ; forany 7, j =1,...,27%,
one has By @ By =V, B1; ® By;. Thus

S(p1 @ pa | \/ Bi; ® Byi) = S(pr) + S(pa).
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It follows easily that the entropy of the tensor product Abelian model for (A; ®
Az, 01 @ ¢, a1(€) o v1 ® az(€) 0 v2,€ € I'[1,n] ) is the sum of entropies of two
Abelian models for A; and Aj, respectively. Take supremum over all tensor
product Abelian models as above to get

Hg, (041(5) om,§ € F[L n] ) + H¢2(O‘2(5) 072,§ € F[L n] ) : (1)
However, to get
H¢1®¢2((a1 @ 052)(5) ° (71 & 72)75 € F[L n] ) ) (2)

one has to take the sup over a larger family of Abelian models. Thus the expres-
sion in (2) is greater than that in (1). It remainds to take the sup through all
possible ‘s, and the conclusion of the lemma follows. [

3. Properties of the entropy of I'-action on a ("*-algebra

Proposition 6. Let A be a nuclear C*-algebra, A, be finite dimensional
C*- algebras, o and ¢ be as above. Let T, be a sequence of completely positive
unital maps 1, : A, — A such that for suitable completely positive unital maps
on: A— A, one has 7, 0 6, :— id 4 in the pointwise norm topology. Then

lim Ay (70, ') = hy(a, ).

n—oo

P roof. The analogues of this proposition for the case I' = Z were proved
in [1, Theorem V.2]. Our statement can be proved by a similar method, remem-
bering definition 1 and above observations. ]

Proposition 7. Let A be a nuclear C*-algebra, o and ¢ be as above. Let
M = 714(A)". Then
SUp g (7, 1) = sup hg,a(N),
v N

where N runs through all the finite dimensional subalgebras of M.

Proposition 8. Let M, ¢, be as above. Let Ny be an ascending sequence
of finite dimensional von Neumann algebras with |J, Ny weakly dense in M. Then

hg(a,T) = kh_)n(r)lo hgo(Ng) .

Proposition 9. For all automorphisms o of A (respectively M) we have

hy(a,T) = hgop (000 T,
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where oo € Aut(A).

Propositions 7-9 are proved in [1, VII.3-VIL.5] for the case I' = Z. But the
same method can be used to prove it for our group I'.

Proposition 10.
hg(o, TTk]) = 28" Thy(a, T) .

P roof. We prove the proposition for the case k = 2. It is clear that in
the case of an arbitrary k it can be proved analogously. From Definition 1 and
[1, Proposition I11.6] we have

.1 1
ho(e, 1) 2 lim oo H (y, T a)) > lim o2 H (v, @, T2, n])

Since Ve > 0, 3y such that hy(a,I'[2]) — ¢ < hy (7, 1'[2]), then

(hg (e, I[2]) =€) -

lim

1
h¢(0€, F) Z 5 n—oco In—1

D] —

H(3,0,0(2,1]) = Shoa (7, T12]) >

Therefore

hg(a, 1) 2 S (hg(e, I2] = ).

1
2
On the other hand, it follows from GNS-construction that o can be extended to
the entire M. This extension we also denote by «a.

Let N be a finite dimensional subalgebra of M, and § > 0. One can observe
from the proof of theorem VII.4 [1] that there exist finite dimensional subalgebra
B C M and completely positive maps

Yo : N — B and v, : «(6;)N — B, such that ||y(a) — a||g < 6 and ||y1(a) —
a(d)(a)]|¢ < 8, where & = (1,0,0...), 6 = (0,1,0...),..., & € ', « € Ny, Ny a
unit ball of N. Since ¢ o a(§) = ¢, ||a(é)(yo(a) — a)||s < & and ||a(§)(11(e) —
a(d1)(a))||le < 6, where £ € T'[2, n].

By [1, Theorem VI1.3], for any ¢; > 0

H(a(&) o yo, a(€) oy, E € T[2,n]) + 277!
H(a(§)B,£el'[2,n])+ 271,

Hy(a(§)N,E € I'l,n]) <
<

That is why for an appropriate N

hs(onT) —c < lim Q%qu(a(g)zv,g € T[1, n))

1
< — lim

— 2 ns00 9n—1

(ho(a,I'[2]) 4+ €1) . ]

N | —

H(a(&)B,§ € T[2,n)) + 5 <
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Proposition 11. hyg, 4(1-a)¢, (@, ) = Mg, (o, T') + (1 = M) hy, (o, 1), for all
0< A< 1.

P roof. Using Proposition 10 and [1, Proposition I11.6(e)], we have
|h/\¢1+(1—/\)¢2 (04, F) - /\h¢1 (av F) - (1 - ’\)h¢2 (Oz, F)|
1
= Srot Pasi+(1-2)6 (@ TIE]) = A, (0, TIR]) = (1 = A)hg, (o, D[R]

1
With k going to infinity one gets

|h>\¢1+(1—>\)¢2 (04, F) - /\h¢1(a, F) - (1 - ’\)h¢2 (Oz, F)l <0. u

Proposition 12. Let D € ' be a subgroup of the group I', ¢ and « be as
above. Then

hg(a, 1) < hg(a, D).

Proof. Let D, =DNI[l,n]. Then D, € I'[1,n] is a subgroup of the
group I'[1,n]. Let 2" = |[[1,n] : D,| be an index of D, in I'[1,n], and
['[l,n] = UZZZ 9iDy,9; € T' a decomposition into cosets. If v : C — A be a
unital completely positive linear unitar map of finite dimensional C*-algebra C,
then

2kn

Hy(a(8) 0y, € € T[1,n]) = Hy(a(§) 07, £ € [ giDn)

=1
< 2 Hy(al€) 0, € Dy).
The inequality is due to [1, Proposition I11.6]. Therefore

1

S Ho(@(€) 07, € € TTLm]) < oL Hy(a(€) 07,6 € Dy)

That is why
hga(y,T) < hgaly, D),

and hence

hy(y, 1) < hy(y, D) . n
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Proposition 13. Let D C I' be a subgroup of I' such that I' = D x D',
where D' is also a subgroup of ', and ¢ , a be as above. If hy(a, D) < co and
cardD' = oo then hy(a,I') = 0.

Proof. Let Dj be any subgroup of finite index in D’ such that |D’': D} | =
2%, Then |I': I'y| = 2%, where ['y, = D x D}, In view of Proposition 10

h¢(04, Fk) = Qk_1h¢(oz, F) .
As far as D C I'y, then, by a virtue of Proposition 12, we have
hg(a,T'y) < hg(a, D).

Therefore
Qk_1h¢(&, I < h¢(04, D)

that is Ay (o, I') < Qk%lh(b(a, D). Since k it take arbitrary, hy(a, ') = 0. |

4. Entropy of the Bogoliubov action of I' on CAR-algebra

Firstly we remind some definitions concerning the CAR-algebra. Let H be a
Hilbert space. The CAR-algebra A(H) is a C*-algebra with the property that
there is a linear map f — a(f) of H into A(H) whose range generates A(H) as
a C*-algebra and satisfyies the canonical anticommutation relations

a(flalg)” + alg)*a(f) = (f,9)1,

a(fla(g) +a(g)a(f) =0, fgeH,

where (.,.) is the inner product on H, and 1 is the unit of A(H). Let 0 < A <1
be an operator on H. The quasifree state w4 on A(H) is defined by its values on
products of the form a(f,)*... a(f1)*a(¢1) ... a(gm),n, m € N, given by

wala(fn) ... a(fi)"algr) ... a(gm)) = Snm det((Agi, f;))-

If U is a unitary operator on H, then U defines an automorphism o of A(H)
called the Bogoliubov automorphism : ag(a(f)) =a(Uf),f € H. If UA = AU,
then wy oy = wy. It is well known that A(H) ~ Q7=; M2(C), and if A has a
pure point spectrum, then wy = Qj—; wy,, where {A;} is the set of eigenvalues

for A and
a b
w/\(c d)_(l—/\)a—l—/\d.
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If U is a unitary representation of I' on H such that U(§)A = AU(E), £ € I,
then U defines an action « of I' on A(H) by

ayey(a(f) =a(UE)(f)), E€T.

ayr is called the Bogoliubov action.

Let '=2/272& Z/2Z & ..., X be a dual group (X = f) and g be the Haar
measure on X. X can be realized as space of infinite sequences * = xz..., where
z; = 0 or 1; and p is a product measure on X that is g = [[;2, p;, where p; is
a measure on X; = {0, 1} given by x;(0) = ;(1) = 1. Every element £ € I is
a sequence & = (&,&y,...), with every &; equals to zero or one, and only finitely
many components & being non zero. To every € € I' one can assosiate a character

X¢ of the group X that

Xe(z) = [[(=1), ke {tl& = 1}.

k

If we have a unitar representation of I' in the Hilbert space H, then by a
result of Mackey (see [5]), it can be disintegrated into irreducible one-dimensional
representations, and the space H is represented as a direct integral of Hilbert
space

H:/ GHdv(z),
X

where v is the Borel measure on X. If f € H then f corresponds to a measurable

vector function f(z) on X (f ~ f(z)), and f(z) € H,. Moreover, if f ~ f(z) and
g~ 9(w), then

(1.9) = [ (e}, g(@)dv().

where (f(z),g(z)) is the inner product of vectors f(z) and g(z) in H,, and
(f(z),g(z)) is a measurable function on X. If £ — U({) is a unitary representa-
tion of I' in H then U(§)f ~ xe(z)f(z), where x¢(z) is a character of X which
corresponds to £ € I,

The measure v is a direct sum v = py, + ps, where measure p, is absolutely
continuous with respect to the Haar measure u, and pu;, is a singular measure. In
accordance with this the representation & — U(&) of I' is a direct sum U(§) =
Uy (&) & Ug(€), where U, is the absolutely continuous part of U, and U; is the
singular part. We will study the case when the unitary representation U of I' has
nontrivial singular part Us;. Our aim is prove that the entropy corresponding to
the singular spectrum of the action is equal to zero.

We first prove

Proposition 14. Let U be a unitary representation of I' on H with the
spectral measure singular with respect to the Haar measure p on X. Assume that
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P is a finite rank orthogonal projection onto a subspace of H and let ¢ > 0 be
given. Then there is kg € N such that for each k > kg there exists a finite rank
projection Qp with the properties:

() [1(1— QUUEPIl < ¢, € € T[1, K]

(ii) dimQp < 2Fe.

Proof. Since the spectral measure of U is singular and P has finite rank,
there exists a subset X’ of X (X’ C X) such that for given § > 0 we have:

(1) X' = UgeEX(f)v where X(§) = {z € X,2; = &,...,2 = &}, € =
(&1, &) € T[1,4], = C I[1,4];

(2) W(X') = Pgezm(X () =5t <8,0< m <2, CardZ=m;

(3) if E(X') is a spectral projection of U, then |[(I — E(X"))P|| < 4.
Really, since the spectral measure of representation U of the group I is singu-
lar, conditions (1)—(3) are the direct consequences of the definition of a singular
measure.

Let E(X(§)) be a spectral projection of U corresponding to the cylinder set
X (£),£ € I'[1,1]. Let us consider the subspace Hy = @¢ez F(X(£))PH C H. We
have dimH; < m dimP, where m = card =.

Let ¢(§,¢) = xe(2)|X(C), for &, ¢ € I'[1,t]. It is obvious, that ¢(£,() = 1
or —1. Since (U(§)f)(z) = xe(z)f(z), the definition of numbers ¢(£, () and (3)
imply that for f € PH with ||f|]| =1 the distance

dU(E)f, H)? < || Y (&, QEX Q) - UE© [

CEE
<2my [le(€ QEX(Q)f ~UE@EQA* +2U@QEX)f - U@ S
CEE
= 2U©E(X")f - U©)f]* < 26°.

Next, in viev of (2), dimH; < m dimP < 2'8dimP.
Take now § > 0 that v/25 dimP < ¢ and k > ¢ to get (i) and (ii). |

Now we are going to prove the main theorem.

Theorem 15. Let U = U(§),€ € I, be a unitary representation of I' on H
whose spectral measure is singular with respect to the Haar measure. If ¢ is a
state on A(H) such that oy ¢y is ¢-preserving, then

hg(aug) = 0.

Proof. Let P be an orthogonal projection in B(H) of finite rank, and
j : P(H) — H the inclusion map. Then there are unital completely positive
maps «a; : A(P(H)) - A(H), o, : A(H) — A(P(H)) [4] such that

aj(a(f)) =a(if), ep(a(f)) =a(Pf).

Matematicheskaya fizika, analiz, geometriya , 2000, v. 4, No. 3 357



V.M. Oleksenko

If P, /1 is a sequence of projections then with j, : P,(H) — H being the
inclusions, aj, o ay, — 1 4¢7) in pointwise-norm topology. By Proposition 6,

hg(au, ') =limhg o, (a;,, 1) .
Thus it suffices to show that Ay o, (a;,1") = 0. Since dimP < oo, for a given
d > 0, there is » > 0 such that if Wy, W,y : P(H) — H are isometries with
IW1 — Wa|| < n, then |Jaw, — aw,|| < &, where aw(a(f)) = a(Wf) [4]. Take

Qr as in Proposition 14. Denote by pol(QrU(&)|pmy),€ € I'[1, k] the partial
isometry Wy appearing in the polar decomposition

QiU (&) piry = WalQrU (§) Pyl -
Let Wy = U(€)| pgry- Since
[UE)P - QrU(&)P[| < e for &€ I[L,k],
we can easily infer
U )y — pol(QrU (&) eyl < 3e.
Choosing ¢ < 1/3 and k > ko, we obtain that
10U (&) 5y = Wol@uU()] piary || < 05 for e € T1,K].

By [1, Proposition 1V.3] for any 7 > 0 and ¢ > 0, there is kg € N such that if
k > kg and Q) as in Proposition 14, then

Hy (o, apeye, & € T[1,E]) < 2kT+H¢(apol(ij)7apol(QkL’(f)j)7 Eel[Lk]). (3)
If we define v : Qr(H) — H to be the inclusion map, then oy g, ) =
a(v) o apeyq,;)- Whence, by [1, Proposition I11.6 (a),(c)],
H g (pol(Qrs) Xpol(@,U(6)j)s § € T[1,k]) < Hy(a(v), ..., (v)) = Hy(a(v)). (4)
On the other hand, by definition of Hy we have

Hy(a(v)) = S(¢oa(v)),

where ¢ o a(v) is a state on A(Qr(H)), a C*-algebra of dimension less than 22",
Thus .
Hy(a(v)) < log2? = 2%log?2.

Hence, by (3) and (4),

1
2—kH¢(Oé]‘,OzU(§)04]‘, € F[17k]) <7+e¢€ log2.
Since 7 and ¢ are arbitrary, hy o, (a;, ') = 0. ]
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JuHaMuyecKada PHTPOINUA 60rolO60BCKUX OelCcTBUM
ZInZ & Z/nZ & ... na CAR-aare6pe

B.M. Onexcenko

PaccmaTpuBaeTca guHamMudeckas SHTponuA A4 JeiicTBuii aGeieBBIX
rpynn Z/nZ @ Z/nZ @ ..., n > 2, aBTomophusmamu C*-anreGp. Usydens
cBoiicTBa Taroii sHTponuu. [lodydeHHBIe pe3yabTaThl IPUMEHEHBI K GOTOMI0-
6oBckuM feficTBusaM 3Tux rpynn Ha CAR-anre6pe. [loraszaHo, 4To 3HTpONUA
60roaro60BCROTO IeficTBUA, COOTBETCTBYIOMASA CHHTYAPHOMY CIEKTpPY, paB-
Ha HYIIO.

OuHamiuHa eHTponiAd 60rono6IBCbKUX Aiii
ZInZ & Z/nZ @ ... na CAR-anre6pi

B.M. Onexcenko

PosrasaeTbesi fUHAMIYHA eHTPOMNisA 145 Aili aGeneBux rpyn Z/nZ @ 7/
nZ @ ..., n > 2, apromopdizmamn C*-anre6p. BuBYeHO BAacTHBOCTI Tarol
eHTpomii. OjepskaHi pe3yabTaTH 3acTOCOBaHI 10 GOTOMOOIBCHRUX il 1UX
rpyn Ha CAR-aare6pi. llokaszaHo, mo edTponifa 60oroao6iBChKOI i1, AKA Bijl-
MOBI/Iaé CUHTYJISPHOMY CHEeKTpY, AOPIBHIOE HYJIIO.
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