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It was proved the theorem. Let G be a locally compact noncompact
separable Abelian group. Then there exists an isometric representation of
the group GG in a Banach space X without eigenvectors for which any spectral
subspace L(K) # {0} if K contains a nonempty perfect subset.

Let G be a locally compact separable Abelian group, G* be its character
group, T'=T(g), g € G be a strongly continuous isometric representation of the
group G (|| T'(¢9) || = 1 Vg € G) in a Banach space X. Following [9], the set o(T)
of such characters xy € G* for each of which there exists a normalized sequence
{z,}22, C X satisfying the condition

Jim (T'(g)zn = x(9)zn) = 0,
for all g € (G, is called the spectrum of the representation 7. As has been proved
in [9] and [10], o(T') is not empty and closed in G*.

As has been proved in [10] for each compact Q C G* there exists a subspace
L(Q) which is called a spectral subspace of T" such that

1. L(Q) is invariant with respect of T

2. the restriction 7(Q) = T|L(Q) is a uniformly continuous representation;

3. o(T(Q)) C o(T)NQ;
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4. the interior Int(o(7) N Q) C o(T(Q)), where Int is taken in the topology
with respect to o(7") (but not with respect to the whole of G*);

5. if a subspace L is invariant with respect of T and o(T|L) C @, then
L C L(Q).

An interesting and difficult problem is the following: what are the conditions
on a compact  in order that L(Q) # {0}. ' In this article we discuss one of the
aspects of this general problem.

If a function ® € L'(G), then denote by ®(y) its Fourier transform:

o) = [ Slg)XT)ds,
G
and by ®7 its Fourier transform with respect of a representation T':
br = [o(g)T(~g)dy.
G

Let @ be a compact in G*. Denote by F(Q) the set of functions ® € L'(G)
for each of which ®(x) =1 in a neighborhood of ). As has been proved in [10]
any spectral subspace L(Q)) can be defined in the following way:

LQ)={zeX :drz =2 Vb€ F(Q)}. (1)

Let a function ¢ € L*(G). Denote by o(a) its Beurling spectrum. If z €
X, ¢ € X*, then define by o, the Beurling spectrum of a function ¢(7'(g9)z) €
L*(G). As has been proved in [4] the spectral subspace L(@) can be defined as
follows:

LQ)={z€X:0,, CQ Vepe X'} (2)

It may be noted that
U(T) = U O‘VJ71‘7
P

where the union is taken by all ¢ € X*, 2 € X [4].

A vector 2 € X, z # 0, is called to be an eigenvector of a representation T’
if there exists a character x € G* (an eigencharacter of the representation) such
that

T(g)z = x(g9)z VYgeG.

!The problem of the description of spectral subspaces is substantal even for one isometric
operator in a Banach space (the same for a representation of the group Z). For example, it
was proved in [7] that if T is an isometric operator in the space of continuous functions C0, 1]
without eigenvectors, then L(Q) = {0} if and only if @ is a uniqueness set for trigonometrical
series.
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Unless otherwise specified in what follows we will assume that a representation
T do not have any eigenvectors. A spectral subspace L(K), maybe a trivial one,
corresponds for each compact K C G*. Our aim is to construct a representation
T with the following property: the set of such compacts K for each of which
L(K) # {0} is a maximal one. It should be noticed that if L(K') # {0}, then the
compact K can not consist of a countable set of points, since then (see, e.g., [4])
there would be in L(K) an eigenvector of 7. It means that if a representation
T has no eigenvectors and a spectral subspace L(K) # {0} , then it is necessary
that the compact K contain a nonempty perfect subset.

In the sequel we will assume that G is a noncompact one, for otherwise G*
is countable and hense any isometric representation 7" of G would have an eigen-
vector. The following theorem takes place.

Theorem 1. Let G be a locally compact noncompact separable Abelian group.
Then there exists an isometric representation of the group G in a Banach space
X without eigenvectors for which any spectral subspace L(K) # {0} if K contains
a nonempty perfect subset.

To prove the theorem we need two lemmas. Denote by C'B(G) the space of
continuous bounded functions on GG and by AP(G) the space of almost periodic
functions on . The space AP((G) is a proper subspace of C'B(G) in view of
noncompactness of the group G.

Consider the left regular representation 7" of the group G in the space C B(G):

T(9)f(h)= f(h+g), fe€CBG).

Since the space AP(G) is invariant with respect of T', the representation T
induces the representation 7" in the factor-space C'B(G)/AP(G). It is obvious
that T is isometric too.

Lemma 1. The representation T has no eigenvectors.

Proof. Let[f] e CB(G)/AP(G), [f] # 0 is an eigenvector of T, i.e., for
some x € G*

T(9)lf] = x(9)lf] Vgea. 3)
Equality (3) means that

f(h+g) —x(g9)f(h) =a(h), g,h€G, (4)

where a € AP(G), f € [f]. Put ¢(h) = IRt is follows from (4) that the

x(R)
function ¢ satisfies the equation
a(h)
h+g)—oh) = ——"~, g,h €. 5
ol ) = () = =S 0
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It follows from (5), using the well-known Doss’s theorem [2], that ¢ € AP(G)
and therefore f € AP(G), i.e., [f] = 0, contrary to the assumption.

Remark 1. We note that if T’ is the left regular representation of a
group G in the space L°°((G) (this representation is not a strongly continuous!),
then the representation 7' induced by T in the factor-space L>(G)/AP(G) has no
eigenvectors too. To prove we should repeat the proof of Lemma 1 using instead
of the Doss’s theorem its generalization (see [1, 6]).

On the other hand, it should be noticed that if T’ is an isometric representation
in a Banach space X and Xy is the subspace of X generated by all eigenvectors
of T, then the induced representation T in the factor-space X/Xg generally can
has an eigenvector.

Let ® € L'(G) and a € L*(G). Denote by

(@« a)(h) = [ @(g)alh - g)dy.
G

Lemma 2. Let K be a compact in G* . Then the following equality takes
place:

{a€e L (G):Pxa=a YVPe F(K)}={a€ L>®(G):0(a) C K}.

Proof. Let ®*a=aforany ® € F(K). By lemma XI.4.12 in [3] the
Beurling spectrum o(® * a) does not contain any points which are interior for
the set of zeros of the function ®(x). Let yo ¢ K. Choose ® € F(K) in such a
way that i)(x) = 0 in a neighborhood of the point xo. Then xo ¢ o(® * a), i.e.,
Xo & o(a) and hence o(a) C K.

Let us assume that o(a) C K. We verify that for any function ® € F(K) is
fulfilled

®xa=a. (6)

Let ®(x) = 1 in a neighborhood U of the compact K. We notice that (6) is
fulfilled if a(h) = x(h), x € U. Hence (6) takes place for all functions a € L= (G)
which are contained in the L'(() closed linear subspace generated by characters
from U. By Theorem XI1.4.13 in [2] any function ¢ € L*°(G) such that o(a) C K
belongs to this subspace and therefore (6) is fulfilled for all such functions.

Proof of Theorem 1. We will check that the representation
T of the group G in the factor-space X = C'B(G)/AP(G) is the required. By
Lemma 1 the representation T has no eigenvectors. Let K be a compact in G*
and let K be a perfect subset in K. It is known (see, e.g., [6]), that there exists a
continuous bounded not almost periodic function f(k) on G such that o(f) = K.
Let @ € F(K). As appears from Lemma 2 that

(@ 1)(0) = [ @()T(~g)f(W)dg = f(h).
G
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This implies that
b;101= [ @) T(~9)[dg = (1]

G
Since this equality is correct for any function ® € F(K) then as appears from
(1), [f] € L(K). Since [f] # 0, Theorem 1 is proved.

As proved in [10], if a compact K has an interior point with respect of the
spectrum of a representation o(7), then L(K) # {0}. We guess it will be in
interest the following result showing that for any noncompact group G there
exists the isometric representation 1" such that this condition of nontriviality of
a spectral subspace is necessary.

Proposition 1. Let G be a locally compact noncompact separable Abelian
group. Then there exists an isomelric representation T of the group G in a
Banach space X without eigenvectors such that any L(K) # {0} if and only if K
has a nonempty interior.

Proof. Put X = LY(G), then X* = L°(G) and consider the left regular
representation 7 of G in L'(G):

T(g)f(h)=f(h+g), feL'(G).

It is obvious that T is an isometric representation and in a view of noncompactness
of the group G, the representation T has no eigenvectors.

We note that if ¢ € L>(G) and f € L'(G) then
P(1(9)1) = [ 1(h+ g) e
G
and therefore for ¢(h) = x(h) it implies that

X, f0)#0,

0, flx)=o. “

Let a compact K has no interior points and f € L(K). Choose a character
xo ¢ K. It follows from (2) and (7) that f(xo) = 0, i.e., f(x) = 0 on the
set G* \ K. Since the set G* \ K is everywhere dense and the function f(x) is
continuous, then f(x) =0, y € G*, i.e., f = 0. Proposition 1 is proved.

Remark 2. Itis easy to see from the proof of Proposition 1 that any

spectral subspace L(K) of the representation 7" has a form

LK) ={f€ LY@ : F()=0 VxeG\K}. (®)
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In order to verify it let us denote the right side of the equality (8) by L(K). It
is proved in Proposition 1 that L(K) C L(K). Let f € L(K). Since the spectrum
o(f * 1), where ¢ € L°°(G), does not contain any interior points of the set of
zeros of the function f(x), then o(f 1) C K. We notice that o(1'(g) f) = f x ¥,
where 9 (h) = ¢(—h). It follows from this that o, ; C K for any ¢ € L*(G), i.e.,
f € L(K) in view of (2).

Remark 3. Letagroup G be the same as in Proposition 1. Consider
the right regular representation T of the group G in the space L?(G):

T(9)f(h) = f(h—g), f€L*G).

It is obvious that T is an isometric representation and in view of noncompactness

of the group G the representation 7" has no eigenvectors. Consider the natural

isomorphism L2(G) — L*(G*), namely f(h) — f(x). Then the representation T

is equivalent to the representation 7' of the group G in the space L%(G*):
T(9)Jx) =x(0)f (), [eL*G).

It follows from this that for any ® € L' (G) is fulfilled

&5/ () =200 f (). 9)
Taking into account (1), it follows from (9) that any spectral subspace L(K) of
the representation 7', and hence of the representation T too, has the form

LK) ={f € L*(&): f(x)

In particular, L(K) # {0} if and only if when m(K) > 0, where m is the Haar
measure on G*. The set of compacts K for which L(K') # {0} in this example is
narrower then in Theorem 1 but wider then in Proposition 1.

a.e.

0 VyxeG*\K}.
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06 Hn3oMeTpu4yYeCKOM IIpeacTaBJeHHUH C MaKCUMalJlbHbBIM
HaﬁOpOM CIIEKTPAaJbHbBIX TMOAINPOCTPAaAHCTB

I'"M. ®enbaman, I'. Miopas

llokazana Teopema. IlycTh G — M0KalIbHO KOMMNAKTHASA HeKOMIAKTHASA
cenapabenbHan afeaesa rpynna. Torga cyuecTByeT M30MeTpUYecKoe Mpel-
cTapienue rpynnel G B 6aHaX0OBOM NpocTpancTBe X, He UMeloliee coGCTBEH-
HBIX BEKTOpOB M 06Jajaoliee TeM CBOMCTBOM, 4TO CHEKTpaldbHOE NOANpO-
crpanctBo L(K) # {0}, ecin koMnakT K CO/Iep#UT HEMYCTOE COBEPIIEHHOE
IOJIMHOKECTBO.

ITpo isomMeTpuuHe 306paxKeHHA 3 MaKCHUMAalbHOIO
MHOKHHOIO CMIeKTpalbHUX NiIMPOCTOPIB

I'"M. ®enbaman, I'. Miopas

TloBegeno Teopemy. Hexail G — /10KalbHO KOMIAKTHA HEKOMIAKTHA Ce-
napaBenbHa aGenepa rpyna. Toji icHye i3oMeTpHuuHe 306pamenua rpynu Gy
fanaxoBoMy npoctopi X, fike He Ma€ BJIACHUX BEKTODIB 1 Ma€ BJAACTUBICTh,
mo crnektpanbHuit mianpoctip L(K) # {0}, armo komnaktT K MicTHTh He-
yCTy JOCKOHATY MiJMHOAUHY.

Matematicheskaya fizika, analiz, geometriya , 1998, v. 5, No. 3/4 303



