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An example of isometric immersion of a domain of
3-dimensional Lobachevsky space into E°® with a section
as the Veronese surface
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Some example of isometric immersion of a domain of the Lobachevsky
space L2 into ES is constructed in such a way that every intersection
of the obtained submanifold with coordinate hyperplane 2% = const
be the Veronese surface. The submanifold is not orientable and
admits a 2-parametric family of motions along itself. It is also proved
general statements on existence of immersions of some domain of L into
E* k> 5, in the form of special submanifolds.

In the article [1] toroidal submanifolds were introdused, in particular isometric
immersions of the Lobachevsky space L™ into 2"~ as toroidal submanifolds were
considered in [1, 2]. The intersection such submanifold with a coordinate space
is toroid. In the following work we consider isometric immersions of a domain
of L3 into E® with the property that every intersection of a submanifold with
the coordinate hyperplane zg = const be the Veronese surface. More precisely, if
1, ..., T be cartesian coordinates in E°, then a position vector r of a submanifold
F3 C FE° has the following form:

uv ww vw
T = f1ﬁy Ty = fl%a T3 = f1ﬁ7
u? — 2 u? 4+ v? — 2w?
Ty = f1ﬁ7 T5 = flTy T = fa,

where f; = fi(t) and u? 4+ v? + w? = 3.

© Yu. Aminov and O. Gontcharova®, 1999



Yu. Aminov and O. Gontcharova*

The condition zg = const gives us t = const, and therefore the intersection
F? of the submanifold F® with hyperplane z¢ = const is some Veronese surface.
We call F? standard Veronese surface which lies in the sphere S* C E° with unit
radius.

Theorem 1. There exists 1-parametric family of immersions of domains on
L3 into ES with sections by hyperplanes in the form of the Veronese surfaces.

Remark that the submanifold F* is not orientable, it admits a 2-parametric
family of translations by itself. Let ey, ...,€,40 is orthonormal basis in F"t2,
Theorem 1 follows from the Theorem 2.

Theorem 2. Let 2-dimensional metric ds} with constant curvature Ko has
isometric immersion into the unit sphere S™ C E™' with the position vector
p = pla, 3). Then the Lobachevsky space L has isometric immersion into E"T2
of the following form:

r(a, 5,t) = fi(t)pa, B) + fa(t)enta, (1)
iff the curvature Ko < 1.

We remark that the standard Veronese surface has curvature Ky = % and lies

in S*. Later the surface > we call generating. Its metric ds3 can be writing in
the following form:

dsg = R*[(da)? + G*()(dB)?], (2)
where R? = %,G(a) = cos(a), if Ko > 0; R? =1, G(a) = 1, if Ko = 0; and
R? = —%, G(a) = e, if Ko < 0. For Veronese surface R? = 3.

We put @ = u!,3 = u%,t = u® and let us find the coefficients of the first
quadratic form ds? = g;;du‘du’ of F3. We have

Ta = f1pay T = fipg, Ti=pfi tesfy.

As F? lies in the unit sphere S* with the center at the origin of coordinate system,
S0

P’ =1, (ppa) = (pps) =0,
P = R, p% = R*G?.
Hence
g1 = R}, g0 = RAfIG?, gss = fi* + 12,
g12=¢g13=¢g23 = 0.

We remark here that the point with f; = 0 is singular on the submanifold F73.
We put that the parameter ¢ be the length of arc of the curve fi(¢), f2(¢) on the
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plane fi, fo. Then gs3 = 1. We can use the expressions of Riemannian tensor
components of ds* from [3]:

B | 0 ( 0H; 0 [ 0H;
Rijij = —H:H,; l@ui <H28u2) + J0u; (Hj(?Uj)

L om; 01
H% auk 8uk

where H? = g;; and 1, j, k are distinct;

aQHJ- 8Hj 3Hk 3HJ' 8HZ] (4)

s = —H; _ _
Rijk; J laui[)uk Ou; Hpou,  Oup H;0u;

where i # k # j. There are six essential components of the Riemannian tensor
which be the components of the following symmetric curvature matrix:

R323 Riz23 Ri232
* Ri313 Raiz1 | - (5)
* * Ri212

By supposition I is the manifold with the curvature equal to —1, so the Gauss
equations give us

Rijri = —(9ikgj1 — 9ugjr) - (6)
Let us put i = k=2, j =1=3. From (3) and (6) we obtain

B o 8H3 0 8H2
922933 = HyHs [(Mg (Hg(?ﬂg) + Jus <H38U3)

2 0H, 0H3
H12 aul 8u1 '

Substitution of the expression (2) of g;; gives us
fi=h-. (7)

The equation (6) with component Ri313 gives us the equation (7) again. Let us
put e =k=1, j=1=2. From (3) and (6) we have

0 <8H2) | <8H1) 18H18H2]

g11920 = H1Hy l

8‘—u1 Hlﬁul 8—u2 H28'u2 H_g 8U3 8‘U3
Taking into attention the equation G, = —KoR?G, after simple calculation we
obtain
[P=Ko+ f7. (8)
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Without difficulties we can verify that the equations (6), which correspond
to matrix elements of (5) outside of the principal diagonal, do not give us more
news. So, the submanifold F* C E3 will have the sectional curvature equal to
—1 iff the equations (7), (8) are fulfiled. From equation (7) we have

= Aé' + Be™! ) (9)

where A and B are constants. From (8) we obtain one condition on A and B

Ko
T

AB = (10)

From the equation f;2 4 f,> = 1 and (8) we obtain at first: Ko < 1 and then

t
fg:/ 1— f2(r)dr
0

Hence the Theorem 2 is proved.
Now let us investigate the question on regularity of submanifold. From the
condition f? < 1 we have

A%2e? —2AB 4+ B%e % < 1.

From here we obtain that the function A = e?! satisfies the inequalities A\ < X <
Ao, where

A1

9~ Ko —2v1 = Kg 92— Ko+ 2v1 = Kg
- 4A? » A2 = 4A? '

The numbers A;, Ay correspond to singular points of F'3. The set of these points
gives us two borders. The point for which f; = 0 is singular also. It exists only
for Ko > 0. Let Ko > 0 and Ag be the meaning of A corresponding to this point.
We obtain
J— RYO
=z
Without difficulty we have: Ay < Ag < Ag. So, in the case Ky > 0 submanifold
F has the form of a bobbin with one ”conic” singular point beetwen borders. If
Ko < 0, then I® has the form of ordinary bobbin.

Let us indicate the length of profil line. If ¢; corresponds to A; , then [ is the
length of arc of profil line beetwen two borders is [ = t3 — t;. We obtain

12— Ko+ VT K,

2 T Ky— 21 = Kg

Ao
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This expression does not depend on A.

It is well-known fact that for every isometric immersion of a domain of L”
into £?*~1 at every point of immersed domain there are n principil directions
and 277! asymptotic one. Let us consider the question on its existence when the
the generating surface F? is the standard Veronese surface. For this we find the
second quadratic forms of I3, Let n;, ny be unit vector fields of normals of the
Veronese surface I'? tangent to the sphere S*. Because

(rani) = fi(pani) =0, (rgni) = filpgni) =0,

(rene) = [ (pni) = 0, (12)
so the vectors n;, i = 1,2, be normals to F** too. Without difficulties it is possible

to verify that the vector field ng = pfé — er{ is the third normal unit vector field.
We have expressions for the second derivatives of the position vector r:

Taa = flpaom Tat = flpoz s
rap = f1pap, Tpt = 198 (13)
reg = fipps, rie=fip+esfy .

Let L7; be the coefficients of the second quadratic form of F? with respect to 1,
and [7; be the next one for F? with respect to n,, v = 1,2. Taking into attention

(12) and (13), we find the matrices of the second fundamental forms /7' and 172
in the following form:

htfy filiy 0
| L lI= | fuliy fulsy 0O
0 0 0

The matrix || L; || we can calculate in more concrete form. We have

L3 = (raans) = fi(parpfy — e6f1) = =3f1 fs,

L%::(rmﬂ%)::fdPM%sz—B&ﬁ)=:—3ﬁJ§UE2a,

L3y = (runs) = (fip+esfs pfa—esfi) = fi fo— o i
A

N

All elements outside of the principal diagonal are equal to zero. Hence

~3f1f; 0 0
| L3 ||= 0 —3f1 fycos? a 0
! 0 0 h

Vi-f"2
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So, from the three matrices only this has the diagonal form. It is well known that
the indicatrix of normal curvature of the Veronese surface 2 C S* at every point
x € F? is a circle with the center at z. Therefore it is impossible to transform
simultaneously all the quadratic forms of F? to the diagonal form. The same
is true with respect to I1”. Hence, on the submanifold F? C E® do not exist
principal directions.

If 7 = (v1, 72, 7%) is an asymptotical vector, then I7¥ = 0 only for two cases:
either the vector (7!,72,0) is asymptotical direction for F? C S* — it is impos-
sible, or f; = 0 — it possible only at a singular point. Hence at regular points of
F3 asymptotical directions do not exist.
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IIpumMep M3OMETPUYECKOr0 MOrpYyKEHUA 06aacTH
TpexMepHoro npoctpanctiBa Jlo6aueBckoro B 6 ¢ ceuenuem
B Bue noBepxHoctu BepoHese

F0.A. Amutos, O.A. T'oHuapoBa

MocTpoeH npuMep NOrpy#eHns o6aacTu npocTpaHcTBa Jobaueckoro L3
B E° Taroii, 4To Kakoe cedeHHe BTOTO NOJIMHOr006pasyd ¢ THIEPII0CKOC-
Thio 2% = const saBaserca moBepxHocThio Bepouese. Iogmuoroo6pasue He
OpUEHTHUPYEMO, JIONyCcKaeT 2-apaMeTpuyecKkoe ceMeliCTBO IBU#eHUH N0 ce-
6e. Ha nojmMHoroo6pas3uu HeT HU TIJaBHbIX, HU aCUMITOTUYECKUX HaNpaBie-
Huil. [lokasaHo u Gojee oOllee yTBep#i/IeHME O BO3MOMHOCTHU MOTPYKEHUSA
HekoTopoil o6aactu us L3 B E¥ | k > 5, B Busie 1oAMHOro0o6pasus crennaib-
HOH (HOpPMBEI.
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IIpukaan isoMeTpHUYHOro 3aHypeHHA o6jacTi 3-BUMipHOro
npoctopy Jlo6aueBchbkoro B £° 3 neperunom y Buraamgi
noBepXHi BepoHese

I0.A. AminoB, O.A. T'oHyapoBa

Mo6ynoBaHo NpuKAan 3aHypeHHs obaacTi npoctopy JobGadeBchkoro L3
B F® Taroro, mo KomHUIl MepeTHH 1[bOTO MiIMHOTOBUY 3 TiNEPIIOMUHOIO
2% = const e noBepxueio Beponese. IiIMHOrOBU] 03BOMsE 2-TapaMeTpHUHE
ciMelicTBO pyXiB mo co6i. Ha miMHOTOBH/II He iCHY€E Hi TOJIOBHUX, HI aCUMII-
TOTUYHUX HamnpAMKiB. JloBemeHo i GLALIN 3arajbHe TBepAMEHHS NP0 MOH-
AUBICTD 3aHYPEHHA eAK0l 061aCTi 3 I?BE* k>5, Y BUTJAI MIMHOTOBULY
creniaabHO1 GOPMH.
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