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Here we prove that any transitive action of a locally compact separable
group has funny rank one. This fact has been already proved for the special
case of a solvable group. Our theorem is proved, primarily, for the Lie
group action case, and then we generalize it by using the approximation of
topological groups by Lie groups. We obtain as a natural corollary that the
discrete spectrum implies funny rank one.

We prove in this article that any transitive action of a locally compact sepa-
rable (l.c.s.) group has funny rank one. This fact has been already proved for the
special case of an Abelian group in [1] and for the special case of a solvable group
in [2] and [5], but for the general case the question was open and the methods
used in the solvable case were inapplicable in the general one. Our theorem is
proved, primarily, for a l.c.s. Lie group action case, and then we generalize it
by using the approximation of topological groups by Lie groups. We obtain as a
natural corollary that discrete spectrum implies funny rank one.

A G-action on a Lebesgue space (2,8, ) is called transitive, when almost
all the points of 2 belong to the same orbit. It is clear that transitivity implies
ergodicity. It is also well known that any transitive action is isomorphic to the
translation action of G on the homogeneous space with respect to a suitable
closed subgroup.

Definition. An action o of a group G on a Lebesgue space (2,8, 1) is said to
have funny rank one, if for each Ay, Az, ..., A, € B, u(A;) < 0o, and every e > 0
one can find Fy € B and a finite set A C G, and subsets A; C A, i =1,...,n,
and numbers r(g) € Ry, g € A, such that the sets g - FEy are disjoint for g € A,
and

A D | g Eo) <, (1)
gEA;
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S [ 12— (o) ) < 2)
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The collection {g-Fo : g € A} is usually referred as a_stack or a Rohlin tower,
and Fqy as its base.

It is evident that funny rank one implies ergodicity. In the measure-preserving
case, the second condition vanishes; in the general case, it provides the invariance
of the class of funny rank one actions under the choice of an equivalent measure

[5].
Theorem 1. A transitive action of a l.c.s. Lie group has funny rank one.

Proof. Let G be al.cs. Lie group over R, H its closed Lie subgroup,
X = G/ H the left co-set space that will be considered as a n-dimensional manifold
over R. Let G act on X by translations: g-goH = (ggo)H. This action is smooth.
We choose some smooth G-quasiinvariant measure on X and denote it by pu.

Let ¢ > 0 and Ay, Ay, ..., A, be any given finite collection of measurable
subsets of X. Qur purpose is to approximate them by G-stack and to satisfy
the conditions (1), (2). We may assume that these sets are contained in some
compact set K and have null boundary.

Let now Ky be a compact subset of G, such that for any x € K C X there
exists g € K1 C G, gH = x.

Fix some &’,0 > 0 such that for each i =1,..., m:
1+¢& €
A;) - - (1-&H" =
pa) - (15 - -e) < )
1+¢ 1+¢&
o <1, Ul_gl,u(Ai)<€/4, (4)
A+ (1+e) <14+, (1-)1-)>1-0. (5)

Choose two neighbourhoods, U of e € H, and V of eH € X, so that
(1) there exist a local map of V, ¢ : V — R"™;

(i) for any z,z9 € V there exists g € U such that g -2y = 29;

(iii) (V) is a zero-centered cube in R™;

(iv) let p be the usual measure on R”; for any measurable set A C V,

(1=€)plp(A)) < pu(A) < (14+€)p(p(A));

(v) for any g € U, consider the mapping z — ¢ -z for those of z € V' that
gz € V also. Then, this mapping is such that the Jacoby matrix
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Ay() = (%);ﬂ

is close to the unit matrix I, i.e., || Ay(z) — I ||< €’ (here || - || means the operator

norm), and simultaneously |detA,(z) — 1 |< &';
(vi) for any g € K there exists r € R such that z € V implies

duog
L) -
There exists a finite covering of K by the copies of V having the form V/ =
gV, gr € G, k = 1,.,.M. Now let Vi = V|, V5 = VJ\ V,...,Vy =

< —
T .
Ap(K)

M-1
Vis\ U Vi. The covering of K by V} is disjoint, and each Vj has null boundary,
k=1

and gk_1 -V, C V. We may assume that ¢g; € Ki, and hence there exist now
rr € R determined by these g according to (vi).
Note that (vi) implies

M
S [ 1 )~ dute) < ()

£
k=1 d’u 4

gk_le

For each k, 0Vy, = Cl(Vy) \ Int(V}) is contained in a finite union of submani-
folds of dimension n — 1.

Our next purpose is to consider, for each fixed £k = 1, ..., M, the sets A;; =
gk_1 - (AiNVk), i = 1,...,m (note that A;z C V) and to approximate them by
G-stacks up to some §(k) > 0 so that the diameter of each element of these
stack would be less than some g > 0, while the base element of all these stacks
is common. When this is done, one can drop out the elements of the stack
which gi-images intersect with 0Vj. It is evident that the sum of their measures,
for each k, is O(eg). Now consider the elements of the stacks shifted by the
corresponding ¢, and one will obtain the desired approximation of the initial

M
sets A; up to O(gg) - M + 3 (k). To make this expression less than the pre-
k=1

M

€

given ¢, it suffices to take some appropriate €9 and to provide that E 5(k) < 5
k=1

Let By = ¢(Air) C R™. Fix k; these subsets of the zero-centered cube (V)
can be approximated by the action of R” on itself so that the base of the stacks
will be common for each k (and, in fact, will be a zero-centered cube). We see
that there exists By C (V) with null boundary, and some r;; € ¢(V), 7 =
1,y Lig, k=1,..., M, i =1, ..., m, such that r;z; + By form a stack, and
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p<Bik A ][j(mkj + Bo)) < ey, (7)

i=1

where €1 > 0 can be chosen under the condition

g1 < g1 < p(Bik)/Zl. (8)

€
6M(1+¢")’
Consider now ¢~ (r;z; + Bo). Note that (7) and (iv) imply

Lik
u(Aik Al ¢_l(rikj+30)) <e(1+¢€), (9)
=1
and (7) implies also that

Likp(Bo) < p(Bir) + €1. (10)

The sets ¢~ (rij + Bo) are disjoint subsets of V when £ is fixed; but, in the
general case, they do not form any stack because they must not be g-images of one
another. Nevertheless, let 29 = ¢ '(0) = eH € ¢ 'Bg and z;1; = ¢ '(ru;) €
o Y(rik; + Bo). Find gix; € U such that giz; - ©o = ;. Now let us consider
the sets gir;j- ' (Bo); they are g-images of one another, but it is not clear whether
they form a stack or not because they may intersect.

Now let Fo = ¢~ ((1 - £') Bo).
Lemma. g¢;;; - £y C a,o_l(mkj + By).

We see that the sets g - Fo C a,o_l(rikj + Bp) can not intersect with one
another and, hence, form a stack. Note that

p(Bo\ ¢ (E0) = (1= (1=)") -p(Bo)

and

P(("ikj + Bo) \ ¢(gir; 'Eo)) < p(Bo) - <1 - 1;; (1 - 5’)”) .

This allows us to estimate how does this stack approximate the sets A;;. Use

(9) and (10):

Ly,

WA gin Eo) < (14')- <€1—|—(,0(Bik)+51)- (1_ 1 ;i -(1_5')n)) = 3(k).

J=1

Now we have to deal with sum of these expression by k& and to provide that
it would be less than £/2. This is easy. The requirement (1) is hence satisfied.
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It remains only to take care on the requirement (2). Our stack consists of the
elements having the form g¢g;x; - Fo, and we must show that

Z | dit o grgir;

m (z) —rg | du(z) <e.

kj Eo

But the value under the integral sign is less than or equal to

dp o grgirj dp o gik, dp o gir;
| = @) e — @1,
u u u
and the sum of the integrals by Fy of the first addends is less than £/4 due to
(6). To deal with the second addends, note that (z € Ey)

(@) [ +r% |

dﬂogikj(m)_ dp o ginj (v 4P O PO Gikj $)'d,0099($)

du ~ dpopogi; dpo dp
Here the first and the third multipliers are close to 1 due to (iv), while the second
one is close to 1 due to (v). |

Theorem 2. A transitive action of any l.c.s. group has funny rank one.

This follows from Theorem 1, theorem on funny rank one for induced actions
[5], from the fact that transitive actions of totally disconnected groups have funny
rank one (see [5], Proposition 13, or [2]) and from the fact that it is possible to
approximate a connected l.c.s. group by Lie groups [4].

Definition (see [3]). A measure-preserving action of a group G' on a Lebesgue
space (£,°B, 1) has discrete spectrum, if the unitary representation U, f(w) =
flg-w), f € L3(), is a discrete direct sum of finite-dimensional irreducible
representations of G.

Corollary. Any action of a l.c.s. group with discrete spectrum has funny
rank one.

Acknowledgement. | am deeply grateful to Professor Georges Skandalis
who suggested me the idea of this proof.
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TpaHSI/ITI/IBHbIe gelicTBUA UMelOT CTpaHHbIﬁ paHr oauH

Anercaunp M. Coxet

B pa6oTe nokasbiBaeTcsi, 4TO TpaH3UTHUBHOEe JlefiCTBUE JOKalbHO KOM-
NaKkTHOHN cenapabedbHON TPyNIbl UMeeT CTPaHHBIM paHT O/IMH. JTOT GaKT
Obla1 paHee oKa3aH TOAbKO A AeficTBUil pa3peminMbIx rpyni. Teopemy fo-
KasbIBaeM cHauaJja jiad feiicTBuiil rpynn Jlu, a 3aTem o6ob1iaeM npu NomMoInu
annpoKcUMaluu TonoJdorudyeckux rpynn rpynnamu Ju. Kak ecrecTBeHHOE
cje[ICTBUE OTCIONA TOJdyYaeM, YTO U3 JUCKPETHOrO ClleKkTpa clellyeT CTpaH-
HbI paHT OJIWH.

TpaH3uTUBHI il MalOTh OTUBHHUII paHr oauH

Onexcaunp M. Coxer

B po6oTi 10BOAUTHCS, 110 TPAH3UTUBHA Jlifl JOKAIBHO KOMIAKTHOI cera-
paGeqbHOT Tpynu Mae KyMmejHuil paur ojun. lleit dawT pauiiie Gyqno jloBe-
[eHO TiAbKU A il po3B’sisHUX Tpyn. Teopemy [OBOAUMO CHOYATRY [
mit rpyn Jli, a NOTIM y3araibHIOEMO 3 BHKOPHCTAHHAM alpoKCHMaIlil TO-
noaoriynux rpyn rpynamu Ji. fx npuponHuii HACHIIOK 0/Iep#yeMO, 10 3
JAUCKPETHOTO CHEKTPY BUTIKAE KyMeIHUH paHT OJ[UH.
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