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It is shown that the numerical range of linear relations in spaces with
an indefinite metric is always convex.

Let H be a linear space over the field C of complex numbers. By definition a
linear relation in H is a linear subspace of the Cartesian product HxH. An
element in H x H is written as a pair {z,y},z,y € H. For example, the graph of
a linear operator 7' in H, {{z,Tz}|z € domT}, is a linear relation in H. A linear
relation @ is the graph of a linear operator if and only if {0,z} € 6 implies = = 0.

The basic notions connected with geometry of spaces with an indefinite metric
are considered in [1, 2.

Let 0 be a linear relation in H and let [-,-] be an inner product on H.

Definition. The set
W(0) = {[',2]| {=,2'} €0,[z,2] =1}
is called the numerical range of the linear relation 6.
Theorem 1. The numerical range of a linear relation is always convez in C.

Proof. We follow the proof of Theorem 1 from [3]. Let Ay = [z}, 1],
Ay = [z4, z9] are different elements of W(#); then we have [z1,z1] = [z2, z2] = 1,
{z1,21} € 0, {z9,z%} € 6. Suppose that z; and z are linearly dependent,
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ie., o = az; for some o € C with || = 1. It is clear that {azi,2L} € 6,
{az1,az)} € 0. Setting h = 2}, — az!, we obtain

{07 h‘} € Oa [haxl] 7é 0.

Thus for every ¢ € C, it follows {z1,z} + &h} € 6, consequently, W (0) D {[z} +
Eh,z1]| €€ C}=C,ie., W(0) =C.
Now, we suppose that 1 and zo are linearly independent and let

L = {a1z1 + agzs| a1,a9 € C}.
Define a linear operator T': L — H by the formula
Tz = i, Txo = Th.

Then
M = [Tz, 1], o= [Tx2,22), [71,71] = [T2,72] = 1.
Let A = (1 —t)A\1 +tA2 (0 < t < 1). By Theorem 1 from [4], there exists an
element a1z1 + asxe € L such that
A= [T(oqz1 + asxa), 0111 + aoxs], [0nz1 + @oxe, 0111 + aox] = 1.

Hence

A = [a17] + agzh, a1 Ty + o),

{an1z1 + asme, a1z + orh} €6,

consequently, A € W (#), therefore W(0) is convex.
The theorem is proved.

Remark. This theorem was proved for Hilbert spaces in [3]. Let D(0) =
{z € H| {z,2'} € 0} be the domain of the linear relation 6.

Theorem 2. If dimD(#) < oo, D(0) is indefinite and non-degenerate and
W(0) # C, then the numerical range of 6 coincides with the numerical range of
some linear operator in D(6).

Proof. Itis well-known that every finite-dimensional non-degenerate sub-
space of an inner product space is ortho-complemented (cf. [1]). Thus the space
H can be represented as the orthogonal direct sum of D(#) and D () :

H = D()[+]D(0)*.
Define a linear operator 7" in D(#) by the formula

Tz = Pz’ ({z,2'} € 0),
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where P is the ortho-projection of H on D(0).

Now we prove that this definition is correct. If h & D(0)*, then there exists
z1 € D(0) such that [z1,z1] = 1,[h,z1] # 0. In fact, we choose z2 € D(0) with
[z2,22] = 1. Then every x € D(0) can be represented as the sum of two positive
elements of D(6), i.e., we have

z = (x — txa) + txo,

where [txg,tze] > 0,[x — tze,z — txg] > 0 for sufficiently large real number ¢.
Hence, there exists z3 € D(0) such that [z3,z3] > 0, [h, 23] # 0.

Setting
z3

V[zs, z3]

x1 = S D(H),
we obtain [z1,z1] = 1, [h, z1] # 0.

Furthermore, if {0,h} € § and h ¢ D(0)* then as shown in the proof of the
preceding theorem, we conclude that W (6) = C, contrary to the assumption.
Thus {0,h} € 6 implies h € D(A)*.

Finally, we prove that the definition of T is correct.

Let {z,z}} € 6, {z,z}} € 0, then {0,z} — 25} € 0, hence z} — z, € D(0)*. Since
the subspace D(0) is non-degenerate and

[PIII—P.Z‘IQ,Z]:[.Z‘II—!EIQ,Z]:O (ZED(O))a

we conclude that Pz} = Pzf. The theorem is proved.
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YHucsioBas 00J1aCTh JIMHEMHBIX OTHOIIEHU
B MPOCTPAHCTBAX C MHACPUHUTHON METPUKOii

. Bagcramran

ITokazano, 9To YmciOBast 00JIACTH JIMHENHBIX OTHOINEHWIA B MPOCTPAH-
CTBax C MHIAS(DUHUTHON METPUKOM BCErIA BBIMTYKJIA.

YucsioBa obJiacTh JIiHIHHUX BIHOIIEHb Yy IIPOCTOPAX
3 ingediniTHOI MEeTPUKOI0

. Basicraman

JloBeieHO, 1m0 9uCI0Ba 00IaCTh JIHIWHAX BiTHOIIEHD y MPOCTOPAX
3 iHAediHiTHOI0 METPUKO 3aB2K ¥ OIIYKJIA.
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