MaTemaTnyeckas dusmnka, aHanms, reomeTpus
2000, T. 7, Ne 4, c. 387-414

PyHKLMN NNOTHOCTU

A.D. [puwnH

Xapovroscrull nayuonarvuut ynusepcumem um. B.H. Kapasuna
ITa. Ce0bo0w, 4, 2. Xapvros, 61077, Yrpouna

E-mail:grishin@univer.kharkov.ua

T.N. MantotuHa

Yrpaunckaa axademus 6ankosckozo deaa
Ya. IIemponasaosckan, 56, 2. Cymw, 40030, Yrpauna

E-mail:malyutina@abank.sumy.ua

Cratbs noctynuna B pegakumio 16 aerycra 1999 roga
Mpepcraenena U.B. Octposckum

N3yuatorcs cBoiicrBa p-nonyagauruBseix Gyukmumit, N (a+ () < N(a)+
(1+a)?N (—1 fa) . Teopusi p-monyanauTuBHBIX (DYHKIUI TAPAJIIETBHA XOPO-
0 pa3paboTaHHOM Teopun MOy auTUBHLIX (yHkmi. Kimaccy p-momya-
IUTUBHBIX (hyHKUuMi npuHasiexar dyskiun wioraoctd N (a) = limsup r—?
(fr+ar) — f(r)) (r = 00). Opua u3 pe3ynbTaToB KAHHON PAabOTHL — pac-
npocrpanenwe teopembl ITomma (1929) 0 CymecTBOBAHMM MUHUMAJNLHON W
MAaKCHMAJIbHOM ILIOTHOCTEH Ha 6osiee mupOKmii Kiaace PyHKiwmii. ABTOPOB
TAKKe MHTEPECYIOT BOMPOCHI PABHOMEPHOCTH B MPEICTABJIEHHOM BBIIIIE TIPe-
JIEJTBHOM COOTHOIIIEHUH.

1. Bsenenme

Kak wm3BecrHo, Hampummep, u3 [1], dyHkunsa p(r) HasbBaeTCs yTOYHEHHBIM
HOPAIKOM, €CJIU BBITOJHAIOTCS YCJIOBUS

lim p(r) = p, lim rinrp'(r) =0.

T—00 T—00

B mameit cratbe p MOxkerT OBITH MPOU3BOJILHBIM BEIIECTBEHHBIM d9nciIoM. [lpum
U3yYEHWN POCTa TETBIX (DYHKIUH 0OBITHO OrpaHnInBaTCa yeaoBueMm p > 0. Mbr
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bymem obosnauars V(r) = rP("). Kak cremyer u3 pesyabraros Bammpona, st
060t dyukIME f > (0 KOHEYHOTO TOPSIIKA CYIECTBYET YTOYHEHHBIH MOPSIIOK

T L)

roo V(1)
JokazarebCcTBO 60jIee CHUILHOTO pe3ysbraTa MpuBeneHo B [1|; HoBble pesysbra-
TBI, CBI3aHHBIE C YTOUHEHHBIM IIOPSIIKOM, U3JI0KeHB! B [2].VIMeHHO COOTHOIIEHNE
(1) mmeercsa BBuY, KOT/IA TOBOPAT, 9TO miKaja (GyHKImi Buga V (r) mocrarouna
JUist Teopuu pocra (DYyHKIUH KOHEYHOTO MOPSAIKA. BeJUunHy o Ha3bIBAIOT TH-
oM (DYHKI[MU OTHOCUTEIHHO YTOYHEHHOTO Topsiaka p(r) (oTHOCHTENIbHO byHKINY
V(r)). Iycrs L(r) = r~PV(r). Ussecrro (cm. [1]), 9ro mus sxoboro ¢ € (0,00)
BBITIOJTHSIETCST PABEHCTBO

p(r) Takoit, 4ro

=0 € (0,00). (1)

L
lim (rt)

r—00 L(’r‘) =1 (2)

Ecan nns mekoropoit dbyukumu L BeimosHsiercss paBeHcTBo (2), 1o dynkuus L
HA3BIBAETCS MEJJIEHHO MeHsgmwommeiica dyukimeit B cmbicie Kapamarsr. Teopun
ME/JIEHHO MEHSIOImXCs (PyHKIui nocesiena kaura [3]. Ormerum, 9ro B 9100
KHUTE He YIOMUHAETCS YTOYHEHHBIH MOPSIOK, XOTs UCCIeAoBaHus BaaupoHa 1mo
YTOYHEHHOMY HODSIAKY IpemecTBoBaau paboram Kapamarsr.

Badukcupyem HEKOTOpBIH yrouHeHHBIH mOpsagok. I[lycrs f(r) — mpoussosb-
Has pyHKuus Ha syde [0,00). Torga mis zee no dpopmyde (1) MOXKHO onpeeauTh
tun 0. Konewno, j1st mpon3BOIBHON (DYyHKIMHU [ MOXKHO TOJBKO YTBEPKIAATH, 9TO
o € [—00,00]. Tun dbysxkuuu f — BaxkHasi XapaKTePUCTUKA POCTa T0# DyHK-
mmu. OJHAKO 3HAYUTETHHO OOBITYI0 WH(POPMAIINIO O TIOBEJEHNN [ MAl0T BEPXHSIS
dbyukmus maoraoctr N (o) m HukHAS byHKIus miotHOoCcTH N (@), KOTOPBIE BBI-
YUCSIOTCS 110 (DOPMYJIaM

w—f(r+ar) - f(r)

N(a) = Tim v , a>0, (3)
N(a) =g;_rgof(r+§21)_ 10 >0 (4)
V13 cBOMCTB BEPXHErO M HUXKHETO TPEJIEJIOB ¥ PABEHCTRA (2) CIeAyI0T HEPaBeHCTBA
N(a—|—ﬂ)§N(a)—|—(1+a)pN<1fa>, (5)

p
Na+6) 2 N+ 1+ P () )
Nla+ )2 M@ +(1+aPN (2], )
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QyHKIHH TJIOTHOCTH

N(a+8) < N(a) + (1 +a)’N (%) . (8)

Ecmu f(r) ects dbyHKuuS pacipe/ieseHns HeKOTOpo# Mepsl 4 Ha mosyocu [0, 00),
9T0 O3Ha4aeT BeinojHenwe paseHcrsBa u((ri,72]) = f(r2) — f(r1), To byHkIMN
N(a) n N(a) nHaspBaroTca GyHKIMAMA IIOTHOCTA Mepbl . OOBIYHO mpei-
noJjlaraeTcsi, 4To BblIOsHseTcs HepaseHcTBo |f(r)| < MV(r). B srom ciyuae
dysxkmun N(a) u N(a) orpanmdenst Ha Jirobom cermente [a,b] C [0,00). Ilo
Pa3INYHBIM IPUINHAM WHOTIA TPUXOJUTCS OTKA3BIBATHCS OT allPHOPHO OIEHKN
|f(r)] < MV (r). B srom ciy4ae Heobxogumo cuurarh, uro dbyakumu N(a) u
N (@) npuHIMAOT 3HAYEHNS W3 PACIINPEHHO} BEIeCTBEHHOM MpsMoil [—o00, 00].
IIpu nmeficTBUSX C BeJIMYMHAMU W3 PACIINPEHHON BEIECTBEHHOM MPIMOM B CTATHE
OPennoaraeTcd, UTO COOTHOIIEHUTd £ = O0 — 00, £ < 00 — 00, T 2> 00 — 00,
CIIpaBeIuBbI Jjis JII060r0 T € [—00, 00]. B crarbe nox p-monyaaaurusaoit QyHK-
el moHnMaeTcs GbyHKIWsI, onpeeaeHHas Ha noryocu (0,00) o 3HAUEHUSIMUA U3
PACIIMPEHHO} BEIIeCTBEHHOW MPsIMOii [—00, 00] M YA0BJIETBOPSIOIAS OJHOMY W3
uepasercts — (5) um (7). Hepasencrso (5) mo cBoeit crpykrype HaloMUHAET
HEPABEHCTBO

pla+B) < pla) +¢(B), 9)

a mpu p = () TpPAMO CBOAUTCSI K ITOMY HEDPABEHCTBY 3aMEHOM MepeMeHHON a =
e!—1. OynKnum, y10BIETBOPSIONIE HepaBeHCTBY (9), Ha3bIBAIOTCA TTOTya, [TATHB-
HeiMa. [lomyaguTuBHble (DYHKINU 9aCTO BCTPEYAIOTCSI B PA3IUIHBIX BOIIPOCAX
maremaTuku. OHHM AKTWBHO U3ydYasNuCh, M WX T€OpUs u3JjoxkeHa B [4], rae npu-
BeJIeHbI MHOTOYHUC/EHHBIE CCHIAKWM. Hammm pe3ysbraThl i p-TI0Iya IUTHBHBIX
GbyHKIMI CPABHUMBI C COOTBETCTBYIOIUMU PE3YJIHTATAMY JIJIsl IOy IATHBHBIX
dbyHKIU, 1 HEKOTOPBIE HAIIU PACCYXKJEHUs [TOBTOPSIOT COOTBECTBYIOIIME Pac-
cyxenns u3 [4]. B aroit KHEre paccMaTPUBAIOTCS M3MEPUMbIE [0y a I IUTHBHEIE
dyHKIMKU. DTO OrpaHUYEHUE eCTECTBEHHO U HE CTOJh OOPEMEHUTEIbHO, eC/IU II0-
Sy IUTUBHBIE (DYHKIIUN PACCMATPUBATh KAK IEPBUYHBIE OODBEKTBHI, UCXOIS W3
KOTODBIX BECTH JajbHeiimue mocrpoenus. OJHAKO B paccMaTpUBAEMOM HAMU
ciydae tpeboanue mamepumoctu N (a) He crosb 6e306umno. [leso B TOM, 9TO
MBI paccmarpuBaeM byHKI N () Kak GyHKINIO TJIOTHOCTH, & W3 U3MEPUMOCTH
dyukumu f (B nanHOM Cirydae — 310 6€300uaH0€ TPEOOBAHUE) HE CIELYET, YTO ee
dyukuus mworaocrn N(a) Gymer u3amepuMmoii.

Bepxuas ¢yukuus mnoraoctu N(«) ymorerBopsier yeiaoBusm N(0) = 0 u
(5). Ho paneko ne Besikas dyuknust N(a), a > 0, yAOBIETBOPSIOIIAS 3TUM YCII0-
BusM, Oyger dynkmmedt mioraoctu. leso B ToM, 9To paBeHCTBOM (3) dDyHKIHIO
N(a) MOXKHO OmpeneauTh Ipu ¢ > —1, mpuueM HepaBeHCTBO (5) OymeT BBIIOJ-
HSATHCS U TIPU TaknX «. Taknum obpazom, Besikast pyrKus miorHoctrn N (ar) mpo-
JIOJIZKAETCSA KaK p-TIoIyaauTuBHas Ha noryocs (—1,00). Herpyano nopcamrars,
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uro dbyuKua N () Opu OTPUNATENBHBIX (¢ ONIPEIEISIeTCs CIEIYIOMUM 00pa3oM:

N(a):—(1+a)pﬂ<—1ia), a € (—1,0). (10)
Amnanoruuno,
N(o)=~(1+apN (~155) . ae(-10). (1)

Bamerum eme, uro N(a) < N(a). Boupocs, cBsi3aHHbIE € IPOJOJIKEHUEM I10JLy-
aIUTUBHBIX (DyHKIWM, 0bcyxnatores B [4] (cm., mHanpumep, Teopemy 7.6.4).

U3yuenne cBOMWCTB (DYHKIUI TIIOTHOCTH — OJ[HA U3 TeM Haiel paboTel. Bims-
K¥e MOHATHs, (DYHKIMU KOHIEHTparmu, n3yvatorcs B [5]. Kpome sroro, nac un-
TEpecyoT BOIPOCH paBHOMepHOCTH. IlycTh t)(a) — HempepbiBHAs (DyHKIM HA
ocu (—00,00), ¥(0) = 0, u MyCTH BBHINOJHSIETCS HEPABEHCTBO

mf("' + ar) — f(’l")
r—00 V(r)

< P(a).

Ucnonssyem obosnauenne ut(z) = max(u(z),0). Hac wmarepecyer, npm Kakmx
ycaoBuax Ha GyHKIUO f GyHKIM

ctri0) = (LED STy

PABHOMEDHO OTHOCUTEIHHO & € [a, b] cTpeMuTcst K HyJIi0 Ipu 7 — 00. B Teopeme 2
TTOKA3BIBAETCA, 9TO C1aboe ycaoBme m3MepuMmocTu f obecrednBaer paBHOMEPHOE
crpemjienne K HyJ10 GyHknun €. OPUrHHAIBHON B 9TOM HANPABJIEHUU SIBJISIETCS
pabota [6], e BepBhle (B MHOM YeM y HAC CHTYaIWy) HalleHBI METO/IbI Oy de-
HUS PAaBHOMEPHBIX OIEHOK W3 YCIOBUI M3MEPUMOCTH. Bojiee moapobHbBIE CChLIKA
MOXKHO HajiTu B KHUTe [3] 1 yOeauThCs B TOM, 9TO BOIPOCH PABHOMEPHOCTH UT'Da-
IOT BayKHYIO POJIb B TEOPUU MeJJIeHHO pacTymmux dyukuuii. Teopema 2 mo ¢dpopme
U METOJaM JIOKa3aTeIbCTBa HAOMUHAET Teopemy 2.12 u3 [3].

Hame nzioxenne GosibIlle OPUEHTUPOBAHO HA TPUMEHEHUS K TEOPUU POCTA
cybrapmonnveckux dbyuxuuii. Vznioxenue reopunu cybasuruBabix GyHKmii B [4]
OPMEHTUPOBAHO HA MPUMEHEHNE B PA3IMIHBIX BOMPOCAX aHAJIN3a, HO DOjee BCEro
— B TeopuH HOJIyrpymmn oneparoposB. Tosbko B ciydae p = 0 p-10IyaiuTUBHBIE
bYHKIIAM ¢ TOYHOCTHIO 10 3aMeHBI mepeMennoit a = e! — 1 cosmagaior ¢ mo-
ayaTuBHBIMEA.  CIEUa ncThl M0 TEOPUH POCTA TEIBIX W CyOrapMOHMYECKUX
dyHKUMit 3HA0T, 9TO caydait p = 0 Bcerma TpebyeT OTAENIHHOTO WCC/IETOBAHUS.
Uckounrenpraocts ciyydas p = 0 MOXKHO HAO/IIONATh U B Haleir pabore.

2. Teopema 0 paBHOMEPHOCTH
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QyHKIHH TJIOTHOCTH

DTOT paszes HaUHEM C IPOCTOrO KpuTepHs HempepbiBHOCTH (yHkuumit N (o)
u N(a).

Teopema 1. ITycmv gynxyuu N(a), N(a), a > 0, co snavenusmu u3 pac-
wupernoti seuecmseentoti npamoti, ydosaemeoparom nepasencmeam (5)—(8) u pa-
sencmeam N(0) = N(0) = 0. Jaa mozo wmobw, obe dynkyuu Gviat KoHeuHbi-
MU HENPEPLISHOIMYU PYHKUUAMY Ha noayocu [0,00), HeobTodumo u docmamouro,

wmobwt evnoanaiucy pasencmea lim N(a)= lim N(a)=0.
a—+0 a——+0

Jloka3aTe/ibCTBO IIPOCTOE, U MBI €ro omyckaeM. Jlajee mepexoaum K OCHOBHOMY
Pe3yJIBbTaTy STOTO PA3Iesa.

Teopema 2. [Iycmov f(r) — xoneunas usmepumas GYHEYUA HA NOAYOCU
(0,00), ¥(a) — nenpepvisnas dynryus na ocu (—o0,0), 1(0) = 0. Ecau nepa-
6EHCNE0

——f(r+ar)— f(r)

lim

r—00 Vir)
sunoanaemes ma noayocu [0,00), Mo 0HO GHINOAHAEMCA PAEHOMEPHO HA A0OOM
cezmenme [a,b] C (0,00). Ecau oice 5mo HEPABEHCTNEO BHINOAHAETNCA HA TOAYOCU
[—n,00), 2de n — nexomopoe cmMpPo20 NOAOHCUMEADHOE HUCAO, MO OHO EBINONHA-
emca pasromepho na arobom cezmernme [0, b].

< () (12)

Bameuanue 1. PaBHoMepHOe BHIIOIHEHNE HepaBeHCTBa (12) Ha cermenTe
o3HauaeT, 910 (byHKIU £(T, (), OUpeeeHHAs B pa3jese 1, pABHOMEDHO 10 (v HA
9TOM CErMEHTEe CTPEMHUTCS K HyJIIO IIPU T — OO.

Bameuanne 2. Ilycrs N(a) u N(o) — dbyHKIUM [IOTHOCTH U3Me-
pumoit dyrkimu f. g Toro 4Tobsl 06e 3TH PYHKIMYM OBLIA HETPEPBIBHBIMHY,
HEOOXOIMMO ¥ JOCTATOYHO BBIIIOJIHEHUS] PABEHCTBA

Lo 1+ an) = 1)
SRV

a—+0

=0. (13)

JokaszarenbcTso 3amedanus 2. Eciu Bomonngerca pasenctso (13),

T0 lim N(a)= lim N(a)=0. Temepp u3 Teopembl 1 ciemyer HENPEPHIBHOCTH
a—+0 a—+0

dyukmmit N (a) u N(a). O6parno, mycts dyskiym N(a) u N(«) HEIpephIBHEL.
Ucnonssys pasencrsa (10) u (11), MOXKHO cauTaTh, 9T0 9T (DYHKIUU HEITPEPHIB-
ubl Ha nojtyocu (—1,00). Teneps uz Teopembl 2, npuMeHeHHOM K dyHKIUAM f 1
—f , cnenyer cymecrBoBanue dyukiyn e(r) — 0 npu r — 00 Takoit, uTo OyayT
CIIPABEIJIMBBI HEPABEHCTBA

(N(a) —e(r))V(r) < f(r+ar) = f(r) < (N(a) +&(r))V(r), acl0,1].
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U3 5Tux HEpABEHCTB BBITEKAET paBeHCTBO (13).
e, 1+a=¢€,

z'r) _ (e —1). B

JoxaszarTeasbcTBo Teopembl 2. Obo3HAUUM T

(,O(IE) = f(ew)’ ‘1)(.’13) = V(em)a a; = 111(1 +a’)a by = ln(l +b)a 1

HOBBIX 0003HAaUeHUsIX HepaBeHCTBO (12) Gymer nmers Buj
@ +7) — p(z)

AT B ()

<pi(r). (14)

HaM Hy}KHO AJ0Ka3aTh, 9TO 3TO COOTHOIIECHHUE BBIIIOJIHACTCA PaBHOMEDHO Ha Cer-
meHTe [a1,b1]. Ecam 910 HE Tak, TO CymIECTBYIOT CTPOTO MOJOXKUTEIBHOE NGO €,
[IOCTIEIOBATEIBHOCTH Ty, — OO, T € [a1, b1] Takme, 9TO

o(Tn + Tn) — @(zn) 2> (h1(n) + €)@(4) - (15)

ITycrs €1, §1, 6 — TPOWBBOJBHBIE CTPOTO MOJOXKWUTEJbHBIE Yuciaa. OQmpegennm
MHO2KeCTBO

U, = {a €[0,0] : o(xm + @) — @(zm) < (Y1(@) +€1)@(zm), Ym > n}

o0
Umeem Upy1 D Uy, U Uy, = [0,6]. U3 usmepumoct GyHKINE @ CTEAYET U3Me-
n=1

pumocthb MHOXKecTB U,. lanee omnpejgenseM MHOXKeCTBO Vi, = { B € a1 —d6,b1] :

(@ +Tm) — (T + T —B) < (W1(8)+£1)®(Trn +Tm — B), ¥ > n} Mosectsa
o

Vp, m3mepumsl, Vi, C Viyq, | Vi = [@1—4, b1]. 113 cBO¥CTB HEIPEPHIBHOCTH MepHI

n=1
CJIEYEeT, 9TO JJIsi BCEX JOCTATOYHO DOMBIMX P OYIyT CIIPABEIINBBI COOTHOIIEHUS

mesUp>6—51, mesV},>b1—a1—|—6—61.
IIycrs Vp' =171, — Vp, mmycts §; < %5. JIerko mpoBEPSIIOTCS COOTHOIIIEHUS
U, C[0,6] C [1p — b1, 7 — a1 + 6], V;,' Clrp—bi,7p—a1 + 4],

mesU, > § — 6y, mesV, >b —a;+0— 4.

U3 sroro crexyer, aro U, (V, # @. Tycre a € U,(\V,. Torma o € [0,d],
a=T1p—f3, B € Vp, p(zp+a)—p(zp) < (b1(a)+e1)®(zp), p(zp+m)—p(zp+a) <
(1(p — @) + 1)@ (zp + ).

CxJ1a/IpIBast JBa MOCIEHIX HEPABEHCTBA, IOy UM

p(zp + 1) — P(2p) < P1(7p)@(2p) + (Y1(@) +£1)D(2p)

O(zp + @)
D(zp)

O(z, + )

+é&1
(zp)

B(ay) +1(r— ) | -1 2(s,)
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QyHKIHH TJIOTHOCTH

W1 (mp — @) — Y1 (1p)]@(zp) -
Hanomuuwm, uro « € [0,6]. Ilpu mocrarouno Maabix €1 U § U JOCTATOYHO GOJIb-
KX P 9TO HEPABEHCTBO MPOTUBOpeunT HepaBeHCTBY (15). Tem caMbiM 10Ka3aHO,
910 cooTHOmmenne (14) BLIOIHSIETCST PABHOMEPHO Ha cermenTe [a1, b1]. Ecim nepa-
BeHCTBO (12) BBINOJIHSIETCS HA OJLYOCH [—1), 00), TO HAIIU PACCY 2K IEHUS IIPOXOJSAT
u B coydae g = (. Tem cambIM Teopema 2 moKa3aHa.

Bameuanue 3. Ecum mepasencrso (12) BBIIONHSETCS TOJIBKO Ha HOLYOCH
[0,00), TO B KauecTBe @ B YCIOBUM TEOPEMBI HeJb3s OpaTh HyJb. DTO BUIHO U3
ciegyromero npumepa. Ilycrs V(r) — crporo Bospacraromas dyakuus. PyHkums
f(r) crpourca cremyroumm o6pazom. Beibupaem Ry = 10 u ompenensiem f(r) =
2V(r) wpu r € [0,R;1]. Hanee crpoum byHKIMIO [ HHIYKTUBHBIM CIIOCOOOM.
ITycrs Mol yxe onpenesnmnu f(r) ma cermente [0, R3ni1], npuaem f(Rgp+1) =
2V (R3n11). Bwibupaem Rznyo = (14 5arr)Rsnt1, Rangs = (1 + 2" Rany,
f(r) = V(Rsn41) mpu v € (Rgnt1, Rant3]\ {Ran+2}, f(Rsnt2) = 2V (Ran41). o
nee Ha yaactke (Rsp13, R3nt4) momaraem f(r) = f(Rants) +5(V(R) — V(R3p43)]
u Boibupaem Rgpi4 u3 yoiosust f(Rspia) = 2V (Rapi4).

3. CsoiicTBa p-noNyaJUTUBHBIX (DYyHKITUI

Brauase chopmymupyeM OIuH TpeaBapUTENbHBIN pe3ysabrar. llpegcrasien-
Has HUXKe TeopeMma, Koropas npunaexur lreitaraysy [7, Teopema 7], — onun
73 CocoO0B UCIOIB30BATEH YCIOBUS M3MEPUMOCTHU (DYHKIIMU B Haleil pabore.

Teopema 3. Apupmemuueckasn cymma A+ B udMePUMBLT MHOHCECTNE NOAO-
AHCUMENDHOT, MEPDL HA BEULLCTNEEHHOT 0CU codeparcum 6 cebe HeKomopvili ceamenm

[, 8], a < .

[Ipocreiitne u3 p-m0IyaAUTUBHBIX (DYHKIWI — 9TO T€, JJIis KOTOPBIX B HEPa-
BercTBax (5) mm (7) crour 3HAK paBeHcTBa. OHU HA3BIBAIOTCS P-a I IUTUBHBIMU
dbyskumavu. K sTomy kjaccy mpuHaIexaT (PYHKINW TJIOTHOCTH PEryJISiPHO
pacrymux ¢yskiuit f, T.e. Takux QyHKIUH, [1jI9 KOTOPBIX CYIIECTBYET MPEIEs

T ar) —
L an) ()
r—00 Vir)
Brociencrsun yBuInM, ITO HEPETYJISIPHO pacTyIine (DYHKITUU TaAKXKE MOTYT NMETh

p-aJUTHUBHBIE (DYHKIUU IJIOTHOCTUA. B cieayrormieit TeopeMe UCCienyeTcs Kace
P-aJIUTABHBIX (DYHKIINH.

Teopema 4. ITycmov gynryusa N(a) na noayocu (0,00), npunumarowas 3Ha-
YEHUA U3 PACWUPEHHOTE sewecmeentoli npamoti [—oo,00], ydosaemeopsem pa-
6eHCMey

N(a—l—ﬁ):N(a)—l—(l—Fa)pN(HLa), p E (—00,00). (16)

MaTtemaTuueckas dpusnka, aHanus, reometpus , 2000, 1. 7, Ne 4 393



A.®. I'pummun, T.U. Masrorusa,

IIycmo p # 0 u pynryus N(a) KoOHEUHA HG MHOHCECTNBE NOAOAHCUMENLHOT MEDDL.
Tozda cywecmeyem nocmosarnas N maxas, 4mo

(1+a)”—1.

N(a) =N )

IIyemsv p = 0 u Ppynryus N(a) ydosaemsopsem xoms 6ve 00HOMY U3 08YT YCAO-
eul:

1) N(a) — usmepumas Pynkyus, Komopas KOHEUHA HG MHOHCECTNGE NOAO-
arcumMeENvHOt Mepoi,

2) N(a) — ozpanuuennas PYHKUUL HG HEKOMOPOM MHONCECTNEE NOAONHCU-
MEALHOU MEPDL.

Toz0a

N(a) =NIn(l+a).

Bameuanune Bcee Heobxoaumble PaCCyKIEHNUS I JIOKA3ATEIHCTBA
TeopeMbl 4 MOXKHO u3Bjedb u3 [3, jemma 1.13 u Teopema 2.9]. Opgmako, mis
TIOJTHOTHI U3JIOXKEHWs MBI PUBEJIEM J0KA3aTEILCTBO TEOPEMBI 4.

HokaszareabctTso teopembl 4. O6oznaunm ¢(t) = N(et —1). Hnas
dbyHKINE @ TOTyYaeM ypaBHEHHE

o(u+v) = p(u) + e”p(v), u,v>0. (17)

B wacrrOCTH,
o(2u) = (14 €™)p(u) . (18)

IIycTs
A={z>0:]|p(z)| < co}.

3 ycnoBus TeopeMbl CJIelyeT, 9TO MHOMKECTBO A comepkuT B cebe MHOMKECTBO
nosIoxKuUTebHON Mepel. VI3 paBenctsa (17) crenyer, uto A+A C A. U3 Teopemsr 3
crenyer, uro A # @ (A — Buyrpennocts A). U3 pasencrsa (18) momydaem, 4To
+A C A. Tlosromy inf A = 0. Ecim reneps A # (a,0), T0 cymecrByer unrepsa
(o, B) C A makoit, uro 3 ¢ A. Ilycrs Temeps v € A, v € (0,8 — o). Tax kax
v+ A C A, o unrepsar (a + 7,8 +7) C A, wo torma B € A. Tomyuaem
nporusopeune. CiegoBarensio, A = (a,00). U3 pasencrsa inf A = 0 crexyer,
gro a = 0. Takum obpazom, dyukius p(t) komeana na Beeir noayocu (0,00).
[Tycts remeps p # 0. Torma, mensas: B pasencrse (17) mMecramu u u v, TOJIydUM

o) _ o) _N
efu — 1 e — 1 p ’

p(u+v) = p(v) + e”p(u),

pu_ 1 1+a)—1
(,o(u):Ne P N(a):N%.
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ITycts reneps p = 0. Umeem p(u+v) = p(u) + ¢(v), mpudem ¢ KOHEUIHAS HA MO
nayocw dbyukuus. Ecmm ¢ — namepnvas dynakmmsa n Uy, = {u € [1,2] : [p(u)| < n},
to U, — BO3pacramimas 0CJIeJ0BATEJBHOCTh U3MEPUMBIX MHOXECTB, TPUYEM

o
U Un = [1,2]. Torma pis mekoroporo n mesU, > 0. Takum obpasom, u3s
n=1

yCIoBust Teopembl B ciaydae p = ( ciegyer, 9ro CyIIecTByeT MHOXKECTBO B 1o-
JIOKUTEHHOM MephI, HA KOTOPOM (byHKIWS |¢| OrpaHnmvena, CKarkem, KOHCTAH-
toit b. Torma wa MuOXecTBe B + B ona orpanmdena kouctauToit 2b. Ilo Teo-
peme 3 muOxkecTBO B + B coumepxur B cebe cerment [, 3] C (0,00). Ilycrs
(1) = N. Torma u3 pasenctBa @(u + v) = @(u) + ¢(v) cremyer, 9To AT MO-
JIOKUTEJIbHBIX PAIMOHABHBIX U BBIIOIHsIeTCs paBeHCTBO p(u) = Nu. Paccmo-
rpuM bysKIm0 ©1(u) = @(u) — Nu. Dra DyHKIUSA yIOBIETBOPSIET YPABHEHWUIO
o1(u +v) = @1(u) + p1(v), u,v > 0, orpanuvena Ha cermente [, (] u paBHa
HYJIIO B TIOJIOKUTEIHHBIX PAIMOHAIBHBIX TOYKAX. 11yCTh TEeph & — MPOU3BO/Ib-
HOe uucio Ha nosyocu (0,00). Beerga cymecrByer paiuoHa bHOE YUCIO T TAKOE,
gyro £ + 1 = y, rae y € [a,[]. Torma, ucnonb3yst paBeHCTBO T + r = Y, eciu
r > 0, paBercTBO * = y — 1, eciu r < 0, PyHKIIMOHATBLHOE YPAaBHEHUE IS (01
U TO, 94TO (o1 OOpAIAeTCs B HyJb B [MOJOXKUTEIbHBIX PAIMOHAIBHBIX TOYKAX, [0~
ayunM p1(x) = ¢1(y). U3 sroro ciemyer, uro GyHKIMS 1 OrpaHUYeHa Ha BCel
nosyocu (0,00). Ecnu Teneps st mekoroporo zg > 0 p1(zg) # 0, T0 paBeHCTBO
v1(nzy) = nei(rg) npuBomur K mpormeopeumio. Takwum obpaszom, ¢i(u) = 0,
¢o(u) = Nu, N(a) = NIn(1 + «). Teopema 4 noxazana.

Cuenyromme JBe T€OpeMbl KaCalTCs CBOMCTB IIPOU3BO/IBHBIX P-T10JIY 8 [UTHB-
HBIX DYHKIHAIA.

Teopema 5. ITycmv N(a), a € (0,00), asasemea p-noayadoumusrot; dyrx-

yuetd, Komopas yoosaemsopsem nepasencmsy (5). Tozda aubo lim N(a) = —oo,
a—+0
aubo lim N(a) > 0.
a—+0

Sameuanue. Takoe ke yTBep:KIEHUE IS TTOJYALIATHBHBIX (DyHKIUH
npuBe/ieHo B [4, Teopema 7.4.3].

JoxaszaTenabcTBo TeopeMmsl 5. O6o3raunm A = lim N(«). Ewm
a—+0

|A| = o0, TO u mokazwIBaTH Hedero. I109TOMY MOXKHO CUMTATH, ITO A € (—00,00).
IIycrs 7, lim 7, = 0, Takas nociaegoBaTeabHOCTh, uro lim N(7,) = A. Ilycrs
n—o00 n—00

& — IPOU3BOJJIBHOE CTPOr'O IIOJIOKHUTE/IBHOE YHCIIO. Tor;:a JJ1d BCEX JOCTATOYHO
OOJIBIIIAX 71 BBITIOJIHSIIOTCSI HEPaBCHCTBa

A—e< N2r+72) < (1+ (14 7,)P)N(10) < 2X +¢.

Orcioma caemyer A < 2A, A > 0. Teopema mokazaHa.
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JIsl OKa3aTeNbCTBA CJIEIYIOmell TeOpeMbl IPEIBAPUTEIbHO JOKAKEM JIBe
JeMMBl. B 9Tux jleMMmax [z] o3HAaUaeT LeIyIo Y4acThb .

Jlemma 1. ITycmo 3adarvi cezmenm [t1,t2] C (0,00) u yeaoe noaoscumens-

HOE YUCAO P MAKUE, MO [t1, p%lh C [t1,t2]. Toeda arboe x > pt1 npedcmas-

aaemca 6 eude T = pt + kty, 20e k = [z ptl] t € [t1,t9].
JlokazaTesibCTBO OYEBU/IHO.

Jlemma 2. ITycmo 3adamve wucao s > 0, ceemenm [11,72] C (0,
2
wucao A makue, wmo A(ry — 7'1) > 2s. Tozda aroboe wucao z > ([A] +1)7s
npedcmasasemca 6 eude T = nT + ms, 2de T € [11,T2], n = A(|Z

e

JdoxaszarTeascrtso. Hepasencrso A(to — 71) > 2s rapantupyer

BKJTIOUCHIIE
[([Asﬁ] + 1) ([%] + 2) s] C [Am, Ay (19)

Teneps mpruMeHeHUME JeMMBI 1 ¢ TapaMeTpaMu t; = ([A“] + 1) s, p= [ATI] +1
u coorHommenue (19) mokasbiBaOT JeMmy 2.

Bamewanume BEcmmsaars A = [z'/3], ro s npescrasnenns © = n(x) T+
m(z)s 6yayT cupaseanmssl cooTHomenus n(z) ~ 2z2/3 m(z) ~ L. Bapbupys

BeJIMUMHY A, MOXKHO JTOOUTHCSI, UTOOBI BBIMOJIHSIJIOCH JIIO60€ U3 COOTHOIIEHUN

m(x) n(z)

=0

lim =0,
z—o00 n(x) z—o0 m(x)
npu BeImojiHeHUN yotoBuit lim n(z) = lim m(z) = oo.
Hanee dbopmyaupyercss OCHOBHasl TeOpeMa O CBOWCTBAX p-IIOJIY A IUTUBHBIX
dYHKITHH.

Teopema 6. ITycmv N(a) — p-noayaddumusenas dynxyus, xomopas yoos-
aemeopaem nepasencmey (5) npu nexomopom p € (—oo, 00).

1. Ecau evinoanaemesa Toms 6v, 00H0 U3 Ycaoeui:

a) gynryua N(a) usmepuma u ydosaemsopaem nepasencmey N(a) < 0o Ha
MHONHCECTNGE TLOAONHCUMEALHOT MEDDL,
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6) pynryua N(Q) o2panuvena c6epry Ha MHONHCECTNEE NOAOHCUMENLHOT Me-

b,
mo cyuiecmeyem npeden

He lim —PN@ . PNl
a—)oo(l-l-a)p—l a>0(1+a)p—1

2. JIas 4060t mouku £ > 0 cnpasedsusv, HePaBEHCMEA,

N
P lim N(a)< lim Y@
(1+33)p_1a—>z+0 a—+0 O

N
P lim N(a) < lim 2@
(1+-'E)p_ la=x=0 a—+0 &

3. Ecau das xagcdozo a > 0 gynxyua N(a) aubo noaynenpepwviena crusy
cAEBG 8 MOUKE O, AUDO NOAYHENPEPBIBHA CHU3Y CNPABA 8 Mol mouke, Mo Cy-
wecmeyem npeden

N(a) pN(a)

N= lim — =sup——"—2
ot o s (d+a)y—1

Bameuanue 1. Kak yxe ormedasnocs Bo Beejenuun, reopust p-mosrya-
IUTUBHBIX (PYHKIUH MapasuielbHa XOPOIOo pa3paboTaHHON TEOPUHN TTOJIYa I INTHE-
HBIX (DyHKIUHA, npudem i ciydas p = 0 dyaknua N(a) ¢ TOMOIIBIO 3aMeHbI
a = e'—1 mpespamaerca B MOMyaJIUTHBHYIO (DYyHKINIO. AHAIOTOM yTBEpPIKICHU
1 Teopemsbl siBiIsieTcst TeopeMa 7.6.1 u3 [4]. AHasorom yTBepiKIeHUs 3 SIBIISIETCS
Teopema, 7.11.1 u3 sToit xxe kuuru. Kax cieacTerue TeopeMbl 6 JIETKO TOMyYaeTCs
Takas TeopeMa.

Teopema 7. ITycmv N(a) — p-noayaddumushnas Gynryus, Yyoo8aAemseopio-
wasn nepasencmsy (5). Ecau svinoansemes roms 6v, 00Ho u3 ycaosud
1) lim N(a) <0,
a—+0
2) N(a) — monomonnaa dynxyus,
mo cyuecmeyem npeoea
N(a) pN(a)

N:= lim ¥ gy PY
ot @ oo (lta)y—1

HJoxaszarTeabcTBo Teopemsl 7. [Iycts lim+0N(a) < 0. Torma
a—r

N(z) < N(z —h)+ (1 +2 — h)’N (m%h) .
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W3 sToro ciemyer, UTO

S h
N < lim Nz—h)+(1+2)’ iIim N|— ) < lim N(z—h).
(@) < lim Nz 1) + (142 Tim N (o ) < Jim Nz — )

Dro o3Hauaer, 9ro pyHkuus N(a) mosyHenpepsiBHA CHU3Y CjieBa. TakiKe 1Oojy-
HEMpepbIBHA CHU3Y CJIeBa Jitobast yobiBaromas GyHKnus. A grobas BO3pacTaroIias
dYHKIHS IBJISETCH TTOyHETPEPBIBHON CHU3Y cupaBa. lemeps NpuMeHEHUEe yTBe-
pKaerus 3 TeopeMbl 6 JaeT TeopeMmy 7.

Bameuanue 2. Ilycrb a, — 00CIEI0BATEIBHOCTD TTOJI0KUTEIBHBIX YUCETT,

a f(r) = Y, 1 — cuurarmomas QyHKIMs DOCIEI0BATEIBHOCTH 4. Ilycts N(a),
an<T

N(a) — dyukuuu mroraoctr dbyHKIwH f(7) OTHOCUTEIHHO YTOYHEHHOTO TTOPSIIKA
p(r) = 1. O6e dyukuuu, N(a) u N(a), Bozpacraromue. Torma o Teopeme 7, eciu
ee mpuMeHATh K dyHKIuAM N () 1 —N (@), IOIyIrM, 9TO CYIIECTBYIOT TIPEIEIBI
N = lim M, N = lim M.
a—+0 « a—+0 «
OTH yTBepXKIEHUS COBIAJAIOT ¢ Teopemoii Ilomwma [8] o cymecTBoBaHME MUHU-
MAaJIBHOI M MaKcUMaJIbHOU mioTHOCTe#. IIpaBma, ITosmma moKaswIBasI CBOIO Teope-
MYy IIpW HEKOTOPOM JOTIOJITHUTEJIBHOM MPEANOJIOKEHNN O TTOC/IEA0BATE/IBHOCTHA Ay, -
Barem A.A. Kongpariok [9] mokaszasi, 94T0 JOIOJIHUTEIbHbIE [IPEANOIOXKEHUs HE
Hy>kHBI. OH Tak»Xe PacCMOTPes CIydail MPOU3BOJBHOIO YTOYHEHHOIO MOPSIIKA.
Taxum 06pazoM, yTBepXKaeHMEe 3 TeopeMbl 6 WIu TeopeMy 7 MOXKHO PacCMaTpH-
BaTh KaK pacmpocrpanenne Teopembl [loma Ha 6ojiee mmpokwmit Kracc pyHKImi.

HoxasaTesabcTso Teopembl 6. Oboznauum ¢(t) = N(e! — 1). Toraa
HepasercTBo (5) mpeobpasyercss B HEPABEHCTBO

p(u+v) < pu) +e™p(v) . (20)

I/ICHOJII:BYH METO/ MaTeMaTHYeCKON WHAYKIINHA, ITI0JIYYIaeM

nu u
< S @)
ef™ — 1 efm —1
ol +mo) < Lo + e T o), p0,  (22)
o(nu 4+ mv) < np(u) + me(v), p=0. (23)

[Iycrs BoImOIHSIETCS yeaoBEe a) TeopeMbl. Tak kak mpu 3amene ¢ = In(1 + ) uz-
MEPUMOCTDb COXPAHSIETCS U MHOXKECTBO TIOJOXKUTENBHON MEPhI TIEPEXOAUT B MHO-
2KECTBO TIOJIOXKUTEIbHOM MEpPBI, TO MPU IPUHSATOM IIPEINONOKEeHuU (DYHKIULA @
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OyIer m3MepUMOR ¥ KOHEYHOM HA HEKOTOPOM MHOXKECTBE F IOIOXKWUTEILHOW Me-
pol. O6osnaunm E, = {t € E : p(t) < n}. Torga F,, — Bo3pacramomas mnocjie-

o0

JIOBATEIbHOCTh M3MEPUMbIX MHOXKecTB, npudeM F = |J E,. laa HekoToporo
n=1

n MHOXeCTBO F, nmMeer mnojioxkurejbHyio Mepy. Ha muoxecrse E, dyHKIuS ¢

OrpaHUYEHa CBEPXY. 3aMEeTHM, YTO yCJIOBHE 0) MPSIMO TapaHTUPYET CYIIECTBOBA-
HU€ TAKoro MHOXKecTBa. BobaBok, 6e3 orpannydenusi OOITHOCTH, MOYKEM CUUTATH,
uT0 MHOXKeCTBO E,, orpanmueno. Temeps u3 (20) ciemyer, uto (byHKIHUSA ¢ Orpa-
HUY€eHA CBepXy Ha MHOXKecTBe F, + E,. [To Teopeme 3 5T0 MHOXKECTBO CONEPIKUT
HEKOTOpHIi cermenT [11, 2] C (0,00). Takum o6pa3om, Kak U3 yCIOBUS &), TaK U
u3 yciosust 6), BeITEKaeT cyliecrBoBanue cermenta [11,72] C (0,00), Ha KOTOPOM
dyHKIMSA  orpannydeHa ceepxy. Ilycrs
7 — it PP

t>0eft —1°

ITo ycnoBuio Teopembr H < oo. Ilycts Hi — mpOM3BOIEHOE BEIIECTBEHHOE YUCIIO,
crporo 6osnbiee, yem H. Torga cymecrByer uncio ag > 0, Takoe uTo

o

pelao) g

erro — 1
ITycrs Bragase p < 0. IIpumenum jemmy 2 ¢ $ = ap u cermentom [11,72|. Torma
JUTst JIE06OTO JOCTATOYHO OOJIBIIOTO I CIPABEILINBO IpejcTaBieHue r = n(z)7 +
m(x)ag. Ilomoxkum B Hepasencrse (22) n = m(x), u = ag, m = n(zx), v = 7.
TTomyamm

po(z) < eprm(z)ao _ 1 pp(ag) @) ePn(T)T _q p(T)

err —1 7  err—1 epa0—1+ err —1 erm—1°

Tak Kax 7 € |71, 2], To dyurIHS P(T) = W(7(T)) ABIAETCA OrPAHUIEHHOI CBEPXY.
ITepexo/st B IOy 9€HHOM HEPABEHCTBE K IPEJE/Ly IPU & — 00, HAXOAMUM, 4TO

T pp () < pe(ap)
z—ooefT —1 = eP0 — 1

< H;.

Orcrona ciemyer, 9To

im —= <
z—o0eft — 1

T PP g

Wcnone3ys onpenenenne H, JErKo MOSIyYNTh, UTO
lim 220 _ g (24)
z—00 ePT — 1

Taxum obpazom, yreepxkaenue 1 Teopemsl npu p < 0 goKa3aHO.
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ITycts Temepb p > 0. Ilpumenum Hepasenctso (22) ¢ n = n(z), u = T,
m = m(z), v = ap. [Homyanm

po(z) _ DT =1 pp(r) | e = e DT py(ao)
err—1= err—1 erm—1 et —1 epro —1°

Tak kak pzr — pn(z)T = pm(z)ap, ¥ Tak Kak 10 3aMEYAHUIO K JeMMe 2 MOXKHO
cumrarhb, 9To lim m(z) = oo, TO
T—00

Mpb! BHOBB TIOJTydaeM, ITO

"3 sroro mepasencrsa cieayer (24) yxe mpu p > 0. Ilycrs Teneps p = 0.
IMoxcrasisist 8 Hepasencrso (23) n = n(z), u =7, m = m(z), v = ap, HOILyIUM

D) D o) 1 D )
=" (1) - Zopla) ) + 28, (25)

MzI MOKEM CUUTaTh, COIJIaCHO 3aM€YaHUud K JIEMMeE 2, uyro lim TZ((Z)) = 0. Tor,z:a
T—00

u3 (25) cremyer, 9To
Tm 2@ o elao) g
r—o0 I 050
Orcrona cinemyer (24) u npu p = 0. Yreepxkaenue 1 TeoOpembl J0KA3aHO.
Hamee OymeMm mT0Ka3bBaTh yTBEpKAeHME 2. O603HaUNM

Ny = lim pla)
a—+0 O

IIycts 7%, lim 73 = 0, Takas moCI€0BATEIBHOCTD, UTO
k—o0

Ny = lim 20

k—oo Tk

O6osmaunm t,j = n7y. Torga u3 HepaBeHCTBa (21) cienyer, uro

Peltak) _ po(Th)
eptn,k —1 ek — 1 )
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Ilycts ¢ — mpoOM3BOIEHOE CTPOTO TIOJIOKUTENBHOE UNCI0. TaK Kak klim T, =0, TO
— 00
cymecrsyer dbyukuusa n = n(k) takas, 9T0 klim tn(k)k = t. Ilpuuem dynxmmio
— 00

n = n(k) MoxkeM BBHIOMpPATH TaKUM 06Pa30M, YTOOBI TAPAHTUPOBATH BHITIOTHEHIE
TEO6OTO U3 HEPABEHCTB tn(k)k < t, tnk)k > t. Boibepem n = n(k) omamm m3
yKa3aHHBIX Ccrocob6oB u mogcrasuM B (26) n(k) Bmecro n. Ilepexomst K mpezmery
npu k — 00, MOLyduM

ept — 1@@(1"”(16),]6) <N:. (27)

Ecmm Teneps 1(k) BHIOPAHO TaK, YTO BHINOIHAETCS HEPABEHCTBO (k) j > T, TO U3
(27) cenyer, aro

P
1 <
ert — 1u—l>ﬁo(p(u) T oert —

7 1 @ (tn() k) < N1 (28)

AHaJIOrUYHO IOy YaeM

p .
1 <N;.
o T ) < M

W3 sroro cienyer yrsepxkienue 2 reopembl. (OCTasoch [10Ka3aTh yTBEPHK/IEHUE
3 Teopemsbl. Ilpenbiayrnre pacCyXJeHUsI TOKA3bIBAIOT, YTO JOCTATOYHO yCTAHO-
BUTH AHAJIOTUYHBIM Pe3yabTaT Jasd HyHKIuu . IIycTh ¢ monyHenpephlBHA CHU3Y
CIpaBa B TOUKE f. DTO O3HAYAET, UYTO BBHITIOIHIETCS HEPABEHCTBO

p(t) < lim o(u).
u—t40

Teueps u3 (28) ciemyer, 4To

e/;t@(_t)l <N;. (29)
AnanoruvHo 0Ka3BIBAETCS HEPABEHCTBO (29) U B CIydae, eC/iu ¢ MOIyHEelPePhIB-
Ha CHHU3Y CjeBa B TOouke t. I3 HepaBencTBa (29) JIerKo Cieayer yTBep:KieHUE 3
reopembl. Kpome Toro, ormernm, uro uamepnmocts N(a) He rapaHTUpPyeT Clipa-
BEJJ/IMBOCTH yTBEPKIEHUS IIYHKTA 3 TeOpeMbl. Teopema IMOJHOCTHIO JOKA3AHA.

B reopemax 6 (m. 3) u 7 mpuBemeHBI JOCTATOYHBIE YCJIOBHUS CYIECTBOBAHIS

mpejena
. N(«a
lim —( ) (30)

a—+0 «
JUTSL  p-TIOJYaQIIATABHEIX (DYHKIWM, KOTOPBIE BBIPAXKEHBI B TEPMHUHAX CBOUCTB
dysakmmu N («). MoxKHO TpUBeCTH YCIOBHs CYIIECTBOBAHUS MIPEIEIa U B JIPYTUX

repmuHax. O6o3HAIIM
. N(a

Ny = lim L

ast0 «

(31)
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Torma cymecrByer muo)ectBo E C (0,00), [yisi KOTOPOTO HYJIb SIBJISIETCS TIpe-
JeJIbHOM TOYKOM’, M TaKOoe, 4TO

lim — = N, . (32)

a0

a€EE
Ecan cymecrsyer npezesn (30), To Torga B kadecrBe E MOXKHO B3sTh BCIO TI0JIyOCh
(0, 00). TTokaxkem, uTo eciu B paBeHCTBe (32) MHOXKeCTBO F 10CTaTOYHO ""MaccuB-
Hoe", 1o cymectsyer mpenes (30). Ham Hy>KHO HECKOIBKO HOBBIX OIPEIE/IEHMIA.
Yacruuaro ucnonb3yem repmusosoruio u3 [4]. Muoxecrso E B abeseBoil moiy-
rpyline Ha3bIBAETCS MOIYJieM, ecu u3 coornomenuit ¢ € E, y € E ciemyer, 9410
z+y € E. Bciogy B nasbHeiiieM B KadecTBe abejieBoil MOLyrpyninsl 6yaeT Bbi-
CTyIaTh BeleCTBeHHas TOIyoch (0, 00) O CI0XKeHNeM B Ka9eCTBe MOy TPYIIOBOit
onepauun. Muoxecrso E C (0,00) HaseiBaercs L-MomysieM, et u3 COOTHOIIE-
auit ¢ € E, y € E crnenyer, uto x +y + 2y € E. Jlerko Bungers, uro ecmm E —
Momysb, aft) = et — 1, To a(E) ects L-momyns u, obpatso, eciiu E — L-Momyns n
t(a) = In(1+ ), o t(E) ects moxysb. Ilycts F — mpoOW3BOIBHOE MHOXKECTBO HA
nosyocu (0,00). Yepes S(E) 6yaem 0603Ha9aTh HAMMEHBIIUH MOJYJIb, COIEPIKa-

mwmit MmEOXKecTBO E. Jlerko Bumers, uro x € S(E) Torma u TOJBKO TOTIa, KOT/IA
n

T = ) ug, rue ug € E. Yuwio n u ciaraemble uy U3MEHSIIOTCS C U3MEHEHWeM .
k=1
Amnanornuno, uepes S(E) obozHavaerca HanuMeHbIuit L-Moyib, comnepxamuit .

Teopema 8. ITycmov dynxyus o(t), t € (0,00), ydosaemsopsaem nepasencmsy
(20),
t
Ny = 1im 28
t—+40

IIyemv E C (0,00) ecmd mHooicecmeo, 0as K0mMopo20 HYAb ABAAEMCH NPeIeAbHOU
moukot, npuvem

t
lim 29
t—+0
teE
Toz0a .
fim 28 _ Ny
t—+0 t
teS(E)

HJoxaszareanbcTsBo. Ilyctse >0, dy € (0,1) cyrb mpousBosbHbIE
guciaa. o ycrnosuio reopemsr cymecrsyer & € (0,dp) Takoe, 4To mjs Jr060ro
t € (0,6)( E, Oyuer BBIIOIHATHCS HEPABEHCTBO

‘ ()

—Ni| <eg,
t 1‘
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U, B 9aCTHOCTH, HepaBeHCTBO ¢(t) < (Ny + ¢)t. Ilycrs Temeps t € (0,6) () S(E).
Torma t = uy + ug + ... + uy, vae uxy € E. OuesngHo Takxke, uro ug € (0,9).
Mosromy @(ug) < (N1 + €)uy. Torma, ucnonssys nepasenctso (20), mowydnm

@(t) = p(ur +uz + ... +un) < o(ur) + e’ p(u)

+ ... 4 eplmtutetun-) ) < (N] 4 €)(u1 + e™lug

+ ... 4 eplmtuetotun),, (33)
o(t) < (N1 +¢)(1 +sign(N1 +¢€) sup e’ —1]|)t.
z€[0,0]
Orcrona caeayer, 9To
lim e <N;.
t—+40
teS(E)

N3 sroro ciexgyer yrBepxkieHune Teopembl B ciaydae Ni € (—oo,00). Cuyuait
N} = —o0 uccnenyerca anagornduo. B ciygae N = +00 Teopema TpPUBHAJIBHA.
Teopema nokazaHa.

Teopema 9. ITycmov dynryus o(t), t € (0,00), ydosaemsopaem nepaserncmesy
(20) u
t
tim 20 _ N,
t—+40

Iycmov E C (0,00) — MmHoorcecmso, daa komopozo 0 asasemca npedesvrot mow-
Kol, U maxoe, 4mo

t
im0 _ Ny
t—+0
teEE

Toz0a, ecau dasn a06020 6 > 0 mnoocecmeo (0,6) () S(E) codeporcum e cebe mro-

o(t)

HCECNBO TONOHCUMENDHOU MEPDL, MO CYULECTBYETN lim i

t—+0

HdoxaszarensbcTBso. I3 reopems 3 ciemyer, aro mis joboro § > 0
muoxectBo (0,0) () S(E) comepxur B cebe muTepBai. [losromy cyimecTByer OT-
KPBITOE MHOXKECTBO Fp, IJisg KOTOPOrO HYJIb SBJISIETCS NPENEJIbHON TOYKOU, Ta-
koe, aro Fy C S(E). Torma S(E;) C S(S(E)) = S(E). Tlo reopeme 8.6.1 u3 [4]
S(E1) = (0,00). Takum obpazom, S(E) = (0,00). Temeps npumeHeHre TeopeMbl 8
3aKAHYMBAET JJOKA3ATEIHCTBO TEOPEMBI.

Cdopmyipyem Ternepb COOTBETCTBYIOIIUE PE3YJIBTATHI JJIs P-II0JLY & IUTHB-
HBIX PYHKIHUIA.
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Teopema 10. ITycmv N(a), a € (0,00), ecmv p-noayaddumuenas Pynryus

N
Ny = lim Y@
a—+0 O

IIyemv E C (0,00) — mmooicecmeo, dasn komopozo 0 ecms npedeavras mouxa, u
maxoe, 4mo

N
lim ﬂ =Nj.
a—-+0 o
a€FE
Tozda N
lim ﬂ = N1 .
O‘_f+0 o
a€S(E)

Teopema 11. ITycmv N(a), a € (0,00), ecmd noayadoumusnas GyHKuUL u

N
a—+0 O

ITIyecmw E C (0,00) ecmb mnooicecmso, dan komopozo 0 ecmsd npedeavhas mowka,
U makoe, 4mo

N
im M@ _ N
a—+0 o
a€EE

Tozda, ecau das awbozo & > 0 mmoocecmeo (O,é)ﬂS’(E) CO0EPICUM GHYMPU
cebs, MHOIICECTNEO NOAOHCUMENDHOT MEPDL, TO CYULLCTEYEM NPede lirﬂo N((xa).
a—r

4. CsoiicTBa (pyHKNUiI MIOTHOCTHI

Iycrs p(r), rll)lgo p(r) = p € (—o00,00), €CTh IPOU3BONIBHBINA YTOYHEHHBIN 110

psagok, V(r) = rP("). Kak moKa3eIBaeT OIBIT MCCIEIOBAHMI [0 TEOPHH POCTA
dbyukumit, Hapsigy ¢ dyukumeit V(r) gacto npuxomurcs paccMaTpuBarh (DyHK-

IIAIO
r

Vi(r) = / V) 4.

t
1

Ecau lim V(r) = lim Vi(r) = oo, 10 u3 npasuia Jlonuraus ciegyer, 4ro
T™—>00 T—>00

r—oo Vi (r) - P

404 MatemaTuueckas dpusnka, aHanus, reometpus , 2000, 1. 7, Ne 4



QyHKIHH TJIOTHOCTH

B ciyuae p > 0 dyskmuu V(r) u Vi (r) umeror onurakossiii poct. B ciydae p = 0
dyukuus Vi(r) pacrer 6picrpee. Ecin dyukuus Vi(r) orpanndena, To ygo6HO0

paccMarpuBaTh (DyHKIUO
o
V(t
Va(r) = / %dt.
T

Ecmm lim V(r) = 0 u dysxmus Vi(r) orpanndena, o lim Va(r) = 0. B stom
7—00 7—00

cnyuae npasuio Jlonuransa naer

AG)

T—00 VQ(’I‘) - f

Hmxe Oynmer BUIHO, KaK HOSIBISIIOTCS B Teopuu pocra dyukiun Vi(r) u Va(r).
Hns npoussonbroit dyukimu f(r), onpenenennoit Ha mosyocu (0,00), MOXKHO
BBECTH THUIl ¥ HIKHUI THUII, KOTOPbIEe B 9TOM pasjese obozHadatorcs B u A:

e
B= r1—>ooV('r)’ 4 7‘1—>700V(’I‘) )

ITo dhopmynam (3) u (4) ompezessieM IJIOTHOCTH ¥ HUMKHIOK ILJIOTHOCTH (DYHK-
nuu f(r). Mbl HaMepeHbl U3yYUTh CBA3U MEXK/y STUMU BEJINIMHAMU U HOJYIUTh
onenku aua ¢yakuuu f(r). IIpocTbie anpuopHBIE OrpaHWYeHUs Ha (DYHKIUIO
f(T), TaKVe€ KaK U3MEPUMOCTH WJIM OTPAHUYEHHOCTH Ha KOHEYHBIX CETMEHTAX, Ja-
0T BaKHYIO I/IH(l)OpMaIlI/HO O IIOB€JCHNM BBCACHHBIX BC/JIMYMH.

Teopema 12. ITyemw cywecmsyem wucao ro makoe, wmo gynxyus f(r) ozpa-

HUYeHa ceepry Ha abom ceemenme [a,b], a > ro, u nyemv lim Vi(r) = oo.
r—00

Tozda ~
lim £(r) < inf 07@‘).
7‘—)00V1('r) a>0 (1 —+ O[)p -1

p _ 1
(Hanommum, wmo ta)p—1 p=0 - 1n(1+a)')

Bamveuanwue Hekoropse 6M3KIe PE3YIHTATHI COJAEPIKATCS B JIEMMeE
1.12 (ITpwi. 2) u3 [3].

HJoxaszarTeascTso. Eum N(a)= oo mpu a > 0, To 1 J0Ka3bI-
BaTh Hedero. [103TOMy MOXKHO CUATATH, ITO Jyisi HEKOTOPHIX a > 0 N(a) < oo.
B nasnnreiimiem 3adpukcupyemM 0gHO Takoe <. IlycTh € — TPOM3BOIBLHOE CTPOrO
TOJIOXKUTENIBHOE NGO, ¥ MYCTh R > 1y Takoe IUCIo, ITOo

flr+ar) = f(r)
V) < N(a)+e
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upu r > R. (Bepaxenne N(a) + € Hy»KHO 3aMEHUTH Ha [IPOU3BOIHHOE BEIIECT-
BerHOe ynciio, ecin N () = —o0.) Ilycrs Teneps r > R, a 9uciio 1 onpenesisiercs
u3 ycnosusa R(1+a)” <r < R(1+a)"t. Torna 7= (1+a)~"r € [R, (1+a)R).
B nanbreiimem 1 + « 6ygem obosnavars depes q. Ilyers M = sup{f(t) : t €
[R,qR)}. ITo ycmosuio Teopemsr M < +oo. danee nmeem

fir) = £@® + ) _(f(d"F) - f(¢*'7)
k=1

< M+ (N(a) +¢) zn: V(" 7). (34)
k=1

L(xt)

IIycrs L(z) = 7PV (z). Kax m3Becrro (cm. [1]), dynkuna ")

PaBHOMEPHO

orHOCUTENIBHO t € [1,q] crpemurcs k 1 npu  — oo. Iosromy

atr atr

L(¢"'7) q/ V() " -1 (35)

1 + Ek
qk_17
rae lim ¢ = 0. Temeps u3 ycmosust lim Vi(r) = oo, Hepasencrsa (34) u pa-
k—o00 k—o0
BeHcTBa (35) cienyer, 4To

p(N () +)

Jr) S M+ (1+e0) g o Vi

rae lim e(r) = 0. Tem cambiM Teopema JoKa3aHa.
T—>00

Cuayuait, korga dyakmms Vi (r) orpaHudena, UCCIEAYeTCsS B CJIEAYOIIeil Teo-
peme.

Teopema 13. IIycmo ILm V(r)=0, Vi(r) < M u lim f(r) =0. Toeda
T—00

r—00
Lim f(r) < inf M_
r—ooVo(r) “e>0 (14 a)f —1

HJoxaszareansbcrso. U3ycrosus lim f(r) =0 crenyer, aro
T—>00

fir) ==Y "(fld"r) = f(¢ ), q¢>1.

k=1
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Ecmm N(a) = —oo mpu sro6oM « > 0, T0o u JoKa3bIBaTh Hedero. [1o9ToMy MOXKHO
CUUTATH, 9TO JJisi HEKOTOpHIX « > 0 crupasegymso HepasencrBo N (a) > —oo.
SadurcupyeMm ofHO U3 Takux @ u 00o3HauuM ¢ = 1+ . [lycts € — npousBosbHOE
crporo mosioxkuTeasHoe unciao. CymecrByer takoe R, uro mpm r > R Oymer
BBITIOTTHATHCS HEPABEHCTBO

F(d*r) = f(¢"'r) 2 (N(a) = e)V(¢* 7).

(Ecim N(a) = 00, To Boipaxenue N(a) — € Hy>KHO 3aMEHUTH Ha IIPOU3BOJILHOE
BelecTBeHHoe Yucio.) VI3 sroro HepaseHcTBa u paBeHcTBa (35) ciemyer, 94To

qkr
PN V()
f(r) £ =(N(a) - q/’—l;l—l_s / Tdav
= g—1r

:>4mmy—@¢_1u+f(nww%

rie QyHKIWH € (1) PABHOMEPHO OTHOCUTEIHHO K CTPEMSITCS K HYJIIO IIPU T — 00 U
dyukms £(r) TakIKe CXOAUTCS K HYJIIO TPA 77 — 00. VI3 Moy YeHHOT0 HEpaBeHCTBA,
cjeyeT yTBEpKJeHue TEeOPEMBL.

PesynbraTer mist caydas p # 0 chopMmyaupyem B BUAE OTIEIHHON TEOPEMBI.

Teopema 14. Ilycmov p > 0 u nycms cyuecmeyem MaKoe HUCAO Tg, MO
Pynryua f(r) oepanuyena ceepry na mobom ceemenme [a,b], a > ro. Toeda

pN
Bp < inf (@)

a>0 (1+a)p —1° (36)

Ecau gynxyus —f o2panuuena c6epry ma YKa3aHHDHIT GblUE CE2MEHMAT, MO
pN()
sup ——————— < Ap. 37
w0 (1+ay—1-"° (37)
IIyemsv p <0 u lim f(r) =0. Tozda
7—>00

pN ()
< _r ~’7
Ap < £$u+ay_1’ (38)
N
sup pN(a) < Bp. (39)

a>0 (1_|_a),0_1 o
Ecau donoanumenavro npednososicumn, wmo A > —oo, mo nepasencmsa (36),

(39) npespawaromca e pasencmea. A ecau npednoaosxcums, wmo B < +oo, mo
nepasencmsa (37), (38) npespawaromen 6 pasencmea.
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SBameuanue Ecm byakiusa f yaoBaeTBopseT yCioBusaM TeopeMbl 14,
a uMeHHO: f(r) orpaHWdeHa Ha JOCTATOYHO YAAJEHHBIX OT HYJIS CEIMEHTAX, eC/IN
p>0,u lim f(r) =0, ecu p < 0, u ecoiu, kpome Toro, N(a) # 400, N(a) # —oo
npu HngTOOSOM «, To BesmunHbl A m B KOHEYHBI W BCe HEPABEHCTBA, TeOpeMbI 14.
TTPEBPAIIAIOTCA B PABEHCTBA.

JloxaszarTeabcTBsBo. llepBoe yrBepxK/IeHUE TEOPEMBI CIEHAYET W3
TeopeMbl 12. BTOpoe yTBep:KIeHWE TEOPEMBI — ITO TEPBOE YTBEPXKIEHWE, TPHU-
MeHeHHOe K QyHKImu —f. YerTBeproe yTBEp:KIEHWE TEOPEMBI CJIEIyeT U3 TeO-
pemsl 13. TpeTbe yTBepKIeHUE TEOPEMBI €CTh UETBEPTOE YTBEPKJEHUE, IIPUMe-
mernoe K dyurmmn —f. Hamee uccienyem ciaydanm paseHcTBa. OcTaHOBHUMCS HA
nepasercrse (36). ITycre A > —oo. Ecim A = +00, T0 04eBnaHO, 4TO HEpa-
BeHCTBO (36) mpeBpalaercss B paBeHCTBO +00 = +00. [109TOMYy MOXKHO CYMTATH,
yro A € (—00,00). Janee umeem

—flr+ar) S li—mf(r+ar) — f(r)

Bp = Li
p prggoV(r +ar) ~'roe V(r+ar)
f(r) pN () pA

I . .
Y tar) T (It | (+a)

[Tepexosst B 3TOM HEpaBEHCTBE K MPEJENy TIPU (¢ — 00 W UCIOIB3ys TeopeMy 6.,
IOy IMM
i N (o ) N (o . N(a
Bp> tm N _ oy PN e pN(e)
a—stoo (1+a)? a=too(l14+a)f —1 >0 (14+a)f -1

DTO HEPABEHCTBO TOBOPUT O TOM, UTO B PACCMATPUBAEMOM CIydae HEPABEHCTBO
(36) ecrs pasencrso. Ilpumensis 910 paccyxgenne K GyHKIUM — f, TOLyIUM 9TO
u3 ycinosus B < 400 ciienyer, uro HepaBeHCTBO (37) ecTb paBeHcTBo. OcraBmmecs
CJIydau MCC/IeAYIOTCS aHAJOTHYHO.

PaccMorpum Teneps acTHBIN crydait, Korma BeinosHgeTcs paBeacTso N (a) =

N(a).

Teopema 15. ITyemwv f(r) — dynxuyusa, onpedesennas na ayue [0,00),
U MYCMb CYWECTNEYEM YUCAO T( MAKOE, YMO GYHKUUL 02DAHUNEHE HGE KAHC-
dom ceamenme [a,b], a > ro. Iycmo p(r) maxol ymounennwid nopadox, «mo
T11>11010 Vi(r) = oo. IIyemov N(a) = N(a) u ¢ynxyua N(a) xoneuna npu nexomo-

pom a > 0. Toada

N(a):N%, (40)
. flr)
Tlggom—pN, p#0,
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. f(r) _
'rliglo i (r) =N,

p=0.

Bameuanue Pasencrso N(a)= N(«) rapantupyer st N(a) Bbimos-
Henne pasercTBa (16). B reopeme 4 mepexos or pasenctsa (16) x pasercty (40)
OCYILIECTBJISIETCS TIPU TOpa3no Gosiee XKeCTKUX orpanndenusix Ha gynkuno N (a).
B reopeme 15. rpebyercs Tosbko KoHedHOCTH N (@) X0Ts1 ObI B 0/1HO# TOUKe. DTO
[POUCXOAUT MOTOMY, 9TO B Teopeme 15. N(a) — He mpou3BOJIbHAS P-a I AUTHBHAS
dbysrnms, a GYHKIUS IJIOTHOCTYA CHENUAIbHON pyHKIMU f.

JokaszareusbcrTso. 3 reopembr 12, npumenennoit kK pyukiusam f u
—f caemyer, 9uTO KaxKjasl U3 BEJIUYUH

(O J— )

o5 Vi(r)’ Feroo Vi(r)

koHeuHa. U3 3roit ke Teopembl ciegyer, uro BequunHa N (o) orpaHudeHa Ha
moboMm cermente [a,b], a > 0. Temeps u3 TeopeMmsbl 4 CIeayeT, 9TO BBIIOIHSIETCS
paserctBo (40) co crammapTHOit oroBopkoit mist p = 0. Hasnee uz Teopembr 12,
IPUMEHEeHHO! K yHKnuaM f u — f, CIeIyioT OCTaIbHbIE YTBEPKICHII TEOPEMBL.

3akJroueHue TeopeMsl 15 CIIpaBe/InBO U IPK APYTUX OIPAHIYEHUIX HA (PYHK-

mm f(r) u N(a).

Teopema 16. ITycmw p(r) — maxot ymounennsiii nopadox, wmo lim Vi(r) =
T—>00

oco. Iyemo f(r), r € [0,00) ecmvb KoHewnas usmepumas PYHKYUL C PAEHBIMU
Pynrxyuamu naomuocmu N(a)=N(a). Ecau ¢pynrxyus N(a) xoneuna na mmo-
IHCECMBE NONOHCUMENLHOT, MEPDL, TO

N(o) = NEFZL (41)
iy e 920,

o
r1—>oo Vi(r) =N, p=0.

Jdorkaszareascrts o. Ilockonbky N(a)=N(a), To crupaBesiuBo
paserctso (16). Takxke umeem

L St ar) — ()
T—00 V(r)

= N(a). (42)

IMockonbKy mpenes m3MepuMbIX (hyHKImi ecth uamepumas yukims, 10 N ()
— usmepumas yukius. Temepb u3 Teopemsr 4 cieayer paserctso (41). Ilycrs
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[a,b] C [0,00). 13 Teopemsl 2 cemyer, 9aTo cooTHOIIEHUE (42) BBIIOIHSIETCS PaB-
HOMEPHO OTHOCHUTEJIbHO « € [a,b]. U3 sroro ciexyer orpannveHHOCTH DyHKINH
f Ha cermenTax, JOCTATOYHO yJIajIeHHBIX OT HyJjs. leneps Teopema 16 ciegyer us
TeopeMnl 15.

PaccMorpuum eme caydait, korna dyHkus Vi(r) sSBIseTcs orpaHuueHHoi.

Teopema 17. ITycmo p(r) — ymounennvili nopadok, npuvem dynryus Vi(r)
aeasemcs oezpanuvennot. Ilyemo f(r), r € [0,00), ecmv beckoneurno manan
Ppynxyua npu v — 00. Ilycmv pynrxyuu naomrnocmu gynkyuyu f omuocumens-
no V(r) cosnadarom, N(a) = N(a), u Ppynryua N () Korewna npu nexomopom
a > 0. Tozda

N - Ot =1

p
i L)

roo Vo(r)

2de pynxyua Vo(r) onpedesena panee.

HJdoxkazareanbcTBo. Teopema 17 jmoka3biBaeTcs Tak ke, KAk M Teope-
Ma 15, TOJIBKO CCBIIKY Ha TeopeMy 12 Hy»XHO 3aMEHUTH CCHIIKON Ha TeopeMmy 13.

Teopema 18. ITycmv dynxyuu N(a) u N(a), a € (0,00), ydosaemeoparom
nepasencmeam (5)—(8) u nepasencmsy N(a) < N(wa). ITyemov seaununvs N u
N cywecmsyrom (cywecmsyrom coomsemcmesyrousue npedeass), npuvem N = N.
ITyemv xoma 6w, 00na us gynryut N(a) u N(a) ne ecmv mooicdecmsennasn naroc
uAl Munyc beckorneunocmo. Tozda N — KOHENHAA 8EAUMUHG U

1 P—1
N(a) = N(a) :N%.
P
HoxkxaszaTeasbcTBso. Ilpegmonoxum BHaudage, uro N = N = —oo.

Torma liI:_lON () < 0. B cuy Teopemsl 7 CIpaBeiInBO PABEHCTBO
a—r

pN ()

N=sup——. 43
B Tray 1 =
Orkyna crenyer, uro N(a) = N(a) = —oco. Eciu N = N = 400, T0, 3amensas

B mpenplaymeM paccyxkuennn yakmmioo N(a) #a dyskmmo —N (@), momydanM,
aro N(a) = N(a) = co. Takum o6pazom, u3 ycjaoBuii T€OpeMbl CIEIyeT, 9TO
N ecrb BemecTBeHHOE YMCIO, a He cuMmBoa +00. Teunepb u3 pasencrsa (43) u
AHAJIOTUIHOTO paBeHCTBa it dyHkimu —N (a) caeayer, 94To

(1—|—a)/’—1.

N(a) = Na) = N5
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Teopema nmokaszaHa.

Mpb1 puBeieM ele HEKOTOpbIe yCIoBUsl, obecrneunBaronye paseHcTBo N (o) =

N(a).

Teopema 19. ITyemwv gynxyuu N(a) u N(a), N(a) < N(a), ydosaemeops-
1om nepasercmsam (5)—(8) u xaorcdasn us Ppynxyut N(a), —N(a), ydosaemesopsa-
em ycaosuam nynkma 1 meopemws 6. ITycmy, xpome mozo,

lim —— = —. (44)

=10 a

To20a 6bINOAHAIOMCA paseHcmea

o= fim PN e PN (@) ,
a—)oo(l—i—a)ﬂ—l a>0(1—|—a)P—1
H= tim PN, PN
a—>oo(1+a)p—1 a>0(1—}—a)/’—1

Ecau donoanumenvro ussecmuo, wmo p > 0, a N(a) u N(a) ecmv dynryuu
naommocmu gynwyuu f(r) omuocumenvro ymounennoeo nopadka p(r), lim p(r)
=00

= p, npuuem GYHKUUA [ AGAAECMCA 02PAHUNMEHHOT, HA 6CET CE2MEHMAT J0CTa-
mouno yoasernuix om wyan, uasu wmo p < 0, a N(a) u N(a) dynryuu naommoc-

mu gynrxyuu f(r), li)m f(r)=0, mo

N(a) = N(a) = H% .

Hdokazareasnctso. ComracHo TeopeMe 6, CYIIECTBYIOT IPEIEJIbI

Tak kak N(a) < N(a), ro H < H. Vmeem

Nia) > pLFo’ =1
P

N(a) < gLt =1
P
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14+a)f—-1
P .
Teneps u3 (44) crepyer, uro 0 > H —H, H > H, H =H.
ITycTh Temephb BBIMIOJHSIIOTCS JONOJHATENbHbBIE yCuIoBus Teopembl. Torma us
HOJIy9€HHBIX OLIEHOK U TeopeMbl 14 ciexyer, uro cymecrsyer lim (f(r)/V(r)), n
T—00

N(a) = N(a) > (H - H)

suaunt, N(a) = N(a). VI3 aroro jierko ciepyer yTBep:KI€HNE TEOPEMBI.

Teopema 20. ITycmo xonewnve gynxyuu N(a) u N(a) ydosaemsoparom ne-
pasencmeam (5)—(8), u nycmo

lim ————= =0.
a—+0 «

Tozda N(a) = N(a).

Jokaszartensbctso. Ilyers Ni(a) = N(a) — N(a). Torma dysk-

JOKa3aHa.

5. Ilpumepst dyskumii f(r) n ux byHKIU®i IOTHOCTH

B 3akr0ueHne ctaThy IpUBEIEM HECKOJIBKO [IPUMEPOB Ha BBIYUC/ICHNE (DyHK-
uii wiotHocTH. Ilycrs u(r) — mepuoauyaeckass HeMpepbIBHAS (DYHKIIHS.
1. B kagecrBe nepsoro npumvepa paccmorpuM dyrkuuio f(r) = rPu(lnlnr).
s sroit dyHKIMN
f(r)

B = lim ) = maxu(z), A= lim —= =minu(z),
r—oo 1P x r—=oo TP z

N(a) = B((1+a) —1), N(a) = A((1+a)’ —1).

2. Ilycrs f(r) = rPu(ln’r), o € (0,1). dna sroit dbyuxkuun sBequuunsr B, A,
N(a), N(a) Takue e, KaK ¥ B [IEPBOM IIPUMEDE.
3. IIycrs f(r) = rPu(lnr). Tormga

N(a) = max((1 + a)’u(z + In(1 + a)) — u(z)),

T
N(a) = min((1 + a)?u(z + In(1 + ) — u(z)) .
x
4. Tlycrs dyukuua f(r) Takasi, Kak B TpuMepe 3, W MycTh (GyHKIWs u(T)
HenpepwiBHO guddepennupyema. Torma
N(a)

_ T _ !
N = lim —— = max(pu(z) +u/(z)),
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QyHKIHH TJIOTHOCTH

_ iy Nl@) :
N = ali)rilo = mmln(pu(m) +u'(z)) -

5. Ilycrs dynkuus f(r) rakas, kak B npumepe 3. OIHAKO OTHOCHTENHHO U
NPEIIOI0KIUM, 9TO CyIIECTBYET TOYKA Lo Takas, 9ro u(zg + Az) —u(xg) > BAz?
npu Az € (0,0), rae § — HexoTopoe mnojioxkuTeasHoe uncio, o € (0,1). Torpa

N(a) > (1 + )’ In”(1 + ) + u(zo)(1 +a)? — 1),

eciu In(1 4+ a) € (0,0).
6. Ilycrs f(r) = rPu(ln’r), o > 1. Torma

N(e) = max((1 + &) u(z) —u(y)),

N(a) = min((1 + 0)’u(z) - u(y)).

T T,y
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Density functions
A'F. Grishin, T.I. Malyutina

We study properties of p-semiadditive functions, N(a + 8) < N(a) +
(1+a)fN (Hia) Their theory is similiar to the very investigated one of
semiadditive functions. The functions of density N(«a)=limsupr—"(f(r +
ar) — f(r)) (r — oo) are p-semiadditive. One of results of the note is
an extension of the theorem of Polya (1929) on existence of maximal and
minimal densities. We are interested in the question of uniformity in the
above limiting relation.

@ yuKIil MiJAbHOCTI
A.®. T'pumwmn, T.I. MasroTina

Busuarorbca Binacrusocti p-niBagaurusaux Gyukuiit, N(a+8) < N(a)+
1+ a)’N (Hia) Teopist p-niBaguTrBHUX GYHKIINH TapaIeTbHA J00Pe PO-
3pobJieHiit Teopil miBaguTHBHUX GyHKIiM. [l0 KIacy p-TiBaIUTUBHUX (DYHK-
niit Hasexxkuth byskuis minsHocti N (a)=limsup r=?(f(r+ar)— f(r)) (r =
00). Onun i3 pesyspraris miei poborn — nommpenns Teopemu [lomia (1929)
PO iCHYBAHHS MiHIMAJIBHOI TA MAKCHUMAJILHOI INIJILHOCTEH Ha OLIbII IIu-
pOKuii Kinac PpyHKIii. ABTOpIB IIKABJIATH TAKOXK MUTAHHS PIBHOMIPHOCTI
y IPeACTAaBICHOMY BUIINE FPAHUYHOMY CIIiBBiIHOIIEHHI.
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