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We establish characteristic properties of indicators of holomorphic func-
tions of proximate order in a distinguished variable in domains of the form
G x Y where G is a relatively compact pseudoconvex set in C™ and Y is an
angle in C.-

1. Introduction
Let a set D be a domain in the space €™, n > 1, and
Yog={w:wel,0<|w <oo,a<argw < f}.

Let PSH(D) and PSHC®(D) be classes of plurisubharmonic functions in D
and infinitely differentiable plurisubharmonic functions in D correspondingly.
The next definitions were introduced in [3, 4].

Definition 1. We will say that p(z,w) € PSH(D x Y, g) is a function of not
more than prozimate order p(r) in the variable w if there exists such t, > 0 that
VD' @ D and Vo', 3',a <o < (' <8,

lim s M(D',t)

imsup ——— )
oot 0

where M(D',t) = max o (z,w).

zeD’,to<\w|<t,weYa,,ﬂ,
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In particular, the domain D may be equal to €".

Recall that a function p(r) with the conditions

lim p(r) = p, lim rp/(r)In(r) =0

T—00 T—00

is called a proximate order.

Further we will denote by PSH (D)[p(r)] the set of plurisubharmonic functions
of not more than proximate order p(r).

Definition 2. A holomorphic function f(z,w),z € D,w € Y,g, is said to
be a function of not more than prorimate order p(r) if the function In|f(z,w)]
satisfies Definition 1.

Definition 3. The function

! t /!
hy(z,w) = limsup limsupM, (7, w') € D x Yy g,

(@)= (zw) too PO

is called the indicator of the function ¢(z,w) € PSH(D x Y,g)[p(r)], and the
indicator of the function In|f(z,w)| is the indicator h}(z,w) of the holomorphic
function f(z,w).

It is easy to see that hj(z,w)(h}(z,w)) is a plurisubharmonic function in
D x Y, s which is positively homogeneous of degree p (p(r) — p as r — 00) in
the variable w.

G. Pdlya |11], V. Berenstein |5], B. Levin [7] and V. Logvinenko 8] have proved
that p-trigonometrically convexity is a characteristic property of indicator when
z € C" is fixed and the angle Y, g coincides with the plane (.

The case of functions of several variables is far more difficult. For functions
of first order this problem was investigated by C. Kiselman [6]; A. Martineau in
[9, 10] had considered functions of arbitrary orders. Functions of several complex
variables of proximate order were considered in [1]. Note that in that paper it was
studied holomorphic functions of some class of proximate orders in cones of special
kind. Further the author succeeded in taking down many of these restrictions,
but the complete result was given only in the thesis [2].

In this work we show that plurisubharmonicity and positive homogeneity with
respect to a distinguished variable are characteristic properties of indicators of
functions of proximate order in the distinguished variable in €™ x Yy, g.
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Existence of a holomorphic function with given indicator

Theorem 1. Let p(z,w) € PSH(C" x Y, ) be a positively homogeneous
function of degree p > 0 in the wvariable w. Then for any prorimate order
p(r), p(r) = p,r = 00, and any pseudoconver set G € €™ there exists a holomor-
phic function f(z,w) in G x Y, g of the prozimate order p(r) with the indicator
W} (2, w) that is equal to p(z,w).

We prove this fact with the help of Martineau’s scheme [9, 10] and use the
following two results.

Theorem 2. Let p(z,w) € PSH(C" x Y, ) be a function that is positively
homogeneous of degree p > 0 in the variable w; p(r) be an arbitrary proximate
order, p(r) — p as v — oo. Then in any set G € C" there exists a function
u(z,w) € PSH(G %Yy g)[p(r)] such that its indicator h},(z,w) is equal to p(z, w).

Theorem 3. Let ¢(z,w) € PSH(C" x Y, g) be a positively homogeneous of
degree p > 0 in the variable w; p(r) be an arbitrary proximate order, p(r) — p as
r — 00, and G be any pseudoconvex set. Then for every point (2°,w°) € €™ x Yoz
there exists a holomorphic function f(,0.,0)(z,w) of the prozimate order p(r) in
the variable w such that
(z,w) < p(z,w), V(z,w) € G xYyp,

*
f(ZO,wO)

and
h}(z(),wo) (ZO, wo) = ()D(Z()’ wo)

2. Auxiliary statements

Lemma 1. For every prozimate order p(r) > 0,p(r) — p as r — oo, there
erists a prorimate order p(r) such that

p(r) = p, T — 00,

pP=P) 51— o0, (1)
and
r2pn(r)Inr — 0, r — oo. (2)
Proof. Assume
3(r) = p+ Ini(r)
p - p ln']" ’

where
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Using well-known properties of proximate orders ([7]) and carring out not
complicated calculation we obtain that the proximate order g(r) satisfies (1) and
(2). ]

Proofs of the following lemmas are similar to the proofs of corresponding facts
of Martineau (see [12]), so we only formulate them here.

Lemma 2. (see [12, p. 200]) For any non-negative function y(r),0 < r < oo,
which tends to zero as r — oo and any prozimate order p(r) which satisfies the
property (2) there exists a function ®(r) such that

o(r) > (r)r,
lim ®(r)
T—00 rP(T)

and the function ®(|z|),z € €, is infinitely differentiable and strictly plurisub-
harmonic.

=0

Lemma 3. (see[12, p. 178]) If h! (2, w) is the indicator of a function u(z,w) €
PSH(C™ x Y,5)[p(r)] then for every point (2°,w®) € €™ x Y, 5, |w’| = 1, and
any number A > h%(2°,wP) there exist an angle Y C Y. p with apex at the origin
and a neighborhood w,o of the point 2° in €™ such that (2°,w®) € w, x Y and
for all w €Y, expect perhaps points w in some bounded set K,

u(z,w) < Ajwl’™), z € wp,weY \ K.

Lemma 4. (see [12, p. 178]) The indicator h},(z,w) of a function u(z,w) €
PSH(CT" x Yo 8)[p(r)] is independent of the choice of the origin in the plane €.

3. Proof of Theorem 2

Without loss of generality by virtue of Lemma 1 we will assume further that
our proximate order p(r) satisfies the condition (2).

Let n(¢) be an infinitely differentiable function that depends on |£| only and
such that n(¢) >0, £ € €™, n(¢) =0 when |£| > 1 and

[ e =1

Let k(¢) be an infinitely differentiable non-negative function that depends on
|¢| and such that £(¢) = 0 when |¢| > 1 and [¢| < % and

/ K(O)dC = 1.
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Existence of a holomorphic function with given indicator

Now consider the function

onez0) = [ ( +4 c) 1)k — ¢ — a)dedc, @)

where the vector a is chosen in such a way that

3
U {w:|w—§|<§}@Ya”g.
(EVa,5—a

It is easy to see that the function ¢, (2, w) € C®(C™ x Y, g) and what is more
this function is plurisubharmonic in the set

D= (C" xYap)\ (@ x {w:|w| <1}).
Denote
P(z,w) = @y (2, w +D),

where b is chosen in such a way that Y, 5 +b C Yo 5\ {w: |w| < 1}, ¢(z,w) €
PSHC>®(@™ X Ya,p)[p(r)] and hy,(z,w) = h z,w). From Lemma 4 it is clear
that such choice of b is possible.

o

As indicated earlier, for every point 2° € €™ the function ¢(2°, w) is continu-
ous in the variable w in the angle Y, g. Besides, from the well-known properties of
p-trigonometrically convex functions [7] it follows that in any fixed point 2° € €™
for any 6 such that re? € Y,z the function ¢(2,re?) has a derivative from
the left that is continuous from the left and a derivative from the right that is
continuous from the right. Moreover,

0,1 (2°,re") > g _(2°,re”).

Hence by virtue of the positive homogeneity of the function ¢(z,w) in the variable
w we obtain that

oantzill =| [0 (24 55w = ¢~ a) nemocaq
¢ w—(—a (—a
[ “w—c—a’|w—<—a|) ‘1‘ w

=2 e fo (54 =5 220 Y o).

(—a’ |w={~—qd
It follows that for any o/,8,a < o < ' < 3, and G € €™ there exists such
R > 0 that on the set

p
= |wl”

n(é)n(@d&dc\

= [w]?

DG ro p = {(z,w) 12 € G,w €Yoz, R < |w| <oo,¢ <argw < '}
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the inequality

v (2, w)| < Cg,ar prylwl? (5)
is valid.
In a similar manner we can show that on the set Dg g o g the inequalities
(2, w) _
‘BT < C(G,a’,ﬂ’)|w|p 1’ (61)
oY (z,w _
| < Camantur™ ©
are true.

Define the function

‘ 61[p(t) — p] + to'(t) Int['/2
[o(

") = max{ p() + tp' (1) Ind]?

bl

3{[p(t) — p] + tp'(t) Int}? + 120" (t) Int + 2t (t) — 2tp' (t) Int|}/?
[p(t) + tp!(t) Int]? + 3t2p" (t) Int + 6tp! (t) — 6tp'(t) Int

It is easy to see that

v(t) = 0, t— oo,
v(t) >0, 0<t<oo.

Let x(t) be a convex infinitely differentiable function * such that x(¢) — 0 as
t — 00, x(t) > v(V1), t € (0,00), and

(p—v)*x(®) o

!
tx'(t) + 20 12) > 0,

where p —v >0 and v > 0.
Then put

~

P(z,w) = (2, w)|w]PPD=2 4y (|w]?) w]P(@D.

Now we will establish that for any G € €™ and any interval (¢/, ') € («, 3)
there exists such a number R > 0 that the function t(z,w) is plurisubharmonic
in the set DG,R,a’,ﬂ’-

* Existence of such a function is evident from the construction of a corresponding polygon
line and its smoothing.
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Existence of a holomorphic function with given indicator

Indeed, consider the Levi form L(zﬁ; &, () of the function 1/3(z, w):

bt ey pepe(lulp Zn Py < Zn Py =
i=1""" =1 7

a a a (lwh—p  _

p(lwl)— p Iw\

Tl w T
a¢a|w|p(\w|)—p ) a2|w|p(\WI)—p )
T ew TV g |
L PxwPlop™,
Jwdow

Let us rewrite L(4); £, ¢) in the following way:

4
L(;¢,¢) = |w| D=3 "1,
k=1

where

n

I = Gl + Z ac + Z @c +

a Bz ICI2

Bwa_

0=

b= IR (06 - o+ ol (o)l
+ P ful) Il + 2l (fo]) ~ 24wl (1) 1n ]

N x(\zvl )|w|p_z([ﬂ(\wl) + leg’(lw\)lnlw\]

+ [w]*p"(lw]) In [w] + 2fw|p’ (jw]) —2Iw\p’(lwl)1n|w|>;

I = ( D Z 007 g (el =Lt ol G )

x(Iw\ )

51wl (p(lwl) + [wlef (fw]) In fuw])?;
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w2
I = %W—ﬂq%puw)+|w\p’<lwl>lnlwl>2

+ X (lw*)w]*{p+ 1+ [wlp (fw]) In [w]} + X" (lw]*) lw] ¢

Since 1 is plurisubharmonic function in €™ X Y, g, the expression I; is non-
negative in this domain.

From the inequalities (5), (61)—(62), the properties of the proximate order p(t),
the functions () and x(t) it follows that for any G € €™ and any o/, ,a <
o/ < ' < B, there exists such a number R > 0 that the values I;(z,w) > 0,1 =
2,3, 4, if

(z,w) € {(z,w) : (z,w) € G xYas,R < |w| < oo, argw < ('}

Now let us "correct" the function zﬁ(z,w) in such a way that the new func-
tion will become plurisubharmonic in the set G' x Y, g with the same asymptotic
properties as the function 4 (z, w).

For this consider the family of functions

ra(w) = max(~ () + 5 In(1 +wf’), 4) - 4

where §(w) is the Euclidean distance from the point w to the boundary of the
angle Y; A € (0, 00).
Let Y1 CYs C ... CY, C... be asequence of angles which are contained
in the angle Y, g with tops in the top of the angle Y,, 3 and |J Y; = Y, g. Let
j>1

further {A4;}$°, be a monotone increasing sequence of numbers, lim A; = +o0;
]—)OO

Ti(w) 1= 74, (w), 1=1,2,... Q{Qj}}?il be the sequence of sets such that
Qj ={w:weYyp,1j(w) =0}.
and |J Q; =Y,

j>1
Let w be some neighborhood of the point 0 in the plane €. Put

u(z,w) = P(z,w +B) + Z Cjrj(w), (7)

=1

where the vector 1 is chosen so that the function zﬁ(z, w+ ) is plurisubharmonic
in the set (G x Y2) J(G x w). We will define the positive constants C; below.
As follows from the properties of the function 4, for any angle Y;,Y; C Y, s

there exists such a number R > 0 that the function (2, w) is plurisubharmonic
in the set
D ={(zw):z€GweY;[ |{w:|w > R}}.
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Existence of a holomorphic function with given indicator

We choose the angles Y; and the numbers A; so that the inclusions
DjCGXQjCGXY}'_H, i=12,...,

are valid. It is easy to see that such choice is possible.

We take the number C} so that the function 4 (z, w+w)+Cy 71 (w) € PSH(Gx
Y3). It can be done in the following way. The set G x ((Y3 \w) \ (Y2 U(Ys N{w :
|lw| > R})) is a relatively compact subset of the set G x (Y5 \ €1). Having
ATi(w) > 0in Y, g \ €1, the inequality

inf{Ar (w),w € Y3\ w\ (Y2 J{Vs[ {w: |w| > R})} >0 (8)

is true.

By virtue of the choice of the vector w and inequality (8) we obtain that
for sufficiently large C; the function 9(z,w + @) + Cim(w) € PSH(G x Y3).
Repeating these reasonings we choose the numbers Cs,Cs,... ,Cy, ..., so that
the corresponding functions (2, w 4 @) + C171 (w) + Cora(w), .- . , P (2, w + W) +

n
> Cj7j(w), ... become plurisubharmonic in the sets G X Y4,... ,G x Yy 49,...,
i=1

correspondingly.

Moreover, having 7;(w) = 0 in €;,Q; C Q;11 and |JQ; = Y, g the series (7)
contains only finite number of non-zero terms in the neighborhood of each point
of the angle Y, 3 and hence it converges.

Thus, the function u(z, w) defined by formula (7 ) belongs to the set PSH (G x
Y, ). For the completion of the proof of this theorem we must establish that

hy (2, w) = p(z,w).
First and foremost we note that as follows from the construction of the function
u(z,w),

,t /
h:&(z,w) = limsup limsupM

(z/ w')—=(z,w) t—0 P

and each next transformation does not change the value of this limit, hence
hi(z,w) = hjﬁ(z, w). In turn it is easy to see that

! t ! ! t !
limsup limsup M = limsup limsup w
(' w')=(z,w) t—oo tP (2 w")—=(z,w) t—o0 tP

So it is sufficient to show that

! t !
H(z,w):= limsup limsupM = p(z,w).

(2! W)= (zyw) t—00 tr
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Indeed, from (4) it follows:

1
one(z,w) = /du

1/4

dt [ ne)de / 0 (z 4 g,w . a) K(C)de
5(0,0) S(O.w)
1

n(t)dt / k()M L dy > o(z,w),

1/4

= const

O\H o\)_\

where S(0,t) is the sphere with the center at the origin of the corresponding space
and the radius ¢, M is the average of the function ¢(z,w) on S(0,t) x S(0,v).
Here and later on we will denote by the mark const some absolute constant which
depends on the dimension of the space only.
Thus,
H(z,w) > ¢(z,w).

Now let us prove the inverse inequality. Let g(z,w) be a continuous positively
homogeneous function of the order p in the variable w in G x Y, g, majorizing the
function ¢(z,w). From Lemma 3 it follows that for any fixed number £ > 0 each
point (2%, w?), |w’| = 1, there is a neighborhood w,o X Q0 such that for z € w,o

w

0] € Q,,0 and some constant C(2°,w°, ¢) the inequality

Pz, w —a) < (g(z,w) + elw]’)? D7 + O (=", uw’,e).

is valid.
Hence for such (z,w) by virtue of the properties of the proximate order p(r)
the function
B(rw) = sup (et EwtC)
lel<1,¢l<1

satisfies the inequality

(Jwl+[¢]) (lw| 4 [¢])PUwHIE)
®(z,w) < C(e)+e(|w|+[¢])” +|§|<SE|12|<19(z+5’w+C) L+

From here for sufficiently large |w| it follows that

&*(2, w) < O(e) + 2 efw? (™D 4 (14 )™ sup g(z+s,“’—“).
€]<1,/¢l<1 |wl

Using this inequality and the continuity of the function g(z,w), we conclude
that
H(z,w) < g(z,w).
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Existence of a holomorphic function with given indicator

Since the function ¢(z,w) is clearly the limit of functions g(z,w) of the above
type, then in view of Lemma 4 we obtain that

H(z,w) < ¢(z,w). ]

R em ar k. Simultaneously, we have proved that the convolutions with
smooth functions of the type n and x do not change the indicators of the functions.

4. Proof of Theorem 3

First of all we take the series of auxiliary statements as well.

Lemma 5. (see [12, p. 200]). Let a holomorphic function f(z,w),(z,w) €
G x Y, g satisfy the inequality

/|f(z,w)|262‘p(z’w“)dzdw < 0o

where @(z,w) is a plurisubharmonic function of the proximate order p(r) in the
variable w and the number a is chosen in the proof of Theorem 2. Denote that
here and later on we use the same notations as in the proof of Theorem 2. Then

R (z,w) < hi(z, w).

Before proceeding to the last lemma, we introduce some notations. Let € @) be
the subspace of €™ consisting of the points (27) = (z1,... ,2;,0,... ,0), and dz7 be
the volume element of the space € in the metric of @*; D) = D (€Y. Further
given a function t(z,w), set (2, w) = ¥(z,w — a). We denote ¥ (z,w),j =
1,... ,n, the regularization of the function

£
sup ;1 (z]-,... 2 Zj 13 2f F 2 2l ,zn,w> .
léj1<2 w

J

Consider the function
Bilzw) = [ W6.On(EC — 2 ntw — OI¢ P,

We transform this function as in the proof of Theorem 2. As a result of this we
obtain the plurisubharmonic function v;(z,w) in G x Y, g, G € C™.

Lemma 6. (see [12, p. 202]) Let the function ¥ (z,w) be plurisubharmonic in
G x Yo 3 where G is a pseudoconvex set in @, and the function f(Z~1 w) be
holomorphic in GU~Y x Y. p and such that

/ |F(Z7 1 w)|? exp{—p;_1 (71 w) (1 + |22 7L 2) 30D " dw < oo,
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Then in GU) x Y, g there exists a holomorphic function g(z7,w) such that
g(zjilaw) = f(zjilaw) and

/ 19(27w) 2 exp{—h; (0, w)} (1 + |27 P) "%+ ded dw < oo.

Now we can prove Theorem 3.

Suppose G and G, G € G, be pseudoconvex sets in €, and G be sufficiently
large. Let u(z,w) denote the function constructed by the function ¢(z,w) in
G x Y, s in Theorem 2. Without loss of generality we will suppose that 20 =0.
Let f(0,w) be a holomorphic function in the angle Y, g of the proximate order
p(r) whose indicator is equal to (0, w)* .

Let DJ(.l) ={w:w €Y}, |w| > R;}. Denote

v(r) = sup {max[r~"")[In | £ (0, rw)| — (0, 7w)], 0]}

lw|=1,weuse D{V
Let ®(r) be the function constructed by ~y(r) in Lemma 2 and
P(z,w) = 2(u(z,w) + S(w) + (1 + [2]* + [w[*)).

As is easy to see, this function is infinitely differentiable, plurisubharmonic,
and such that
hy (z,w) = 2k (2, w) = 2¢(z, w) (9)

and
/ (0, 1) 2 exp{ (0, w) + In(1 + [w]?) bdw < oo.

Applying Lemma, 6 n times, we get a holomorphic function g(z, w) in G x Yo
such that

9(0,w) = f(0,w)
and
/|9(z,w)|2 exp{—tpn(z,w)}(1 + |2[*) " (1 + w]*)dzdw < 0.
By virtue of (9)
by, (2, w) = hy(z,w) = 2¢(2, w).
By the mean value theorem for harmonic functions

o) = [ oz 5w a) wOnQdea.

* The proof of the existence of such function is in [2].
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Existence of a holomorphic function with given indicator

From here and the Schwartz—Bunjakovskii inequality it follows that

- £
lg(z,w)| = ‘/9(z+ma’w—f—a)

xexp {=1/200 (2 + - w-¢~a) fa©)e(0
X exp {1/2% <z n ﬁ,w . a> } dgdg‘

—a
—a
Sconstexp{l/Z sup Yy, (z—i— ﬁ,w—é“—a)}.

1€1<1,[¢I<1
Hence
h;(za’w) < (p(zaw) V(Z,’U)) € G x Ya,ﬂ

and
By (%, 0%) > R (", ) = (=, w”). .

5. Proof of Theorem 1

Having Theorem 3, for the completion of the proof of Theorem 1 we must
introduce the Fréchet space of holomorphic functions and repeat the reasoning of
Martineau [10, 12].

Express the function ¢(z,w) as a limit

¢(z,w) = lim ¢;(z, w),
j—oo

where @;(z, w) € PSHC®(C™ x (Y,4,3\{0})) are positively homogeneous of degree
p in the variable w,7 = 1,2,... ;p(z,w) > @jt1(z,w) V(z,w) € G x Yo 3,G €
c".

Let E, be the class of all holomorphic functions f(z,w) of the proximate order
p(r) in the variable w in G x Y, g such that

Ry (z,w) < p(z,w).

Topologize this class by the countable family of norms

: 1 w
IFIP) =  max |f(z,w)|exp (_M . _> (1),

T {|2[<p}xXYas lwle p

It is clear that E, is a complete and countably normed space in this topology.
By the word for word repetition of the proof of Theorem 3.5.1 from [12] we
establish the truth of Theorem 1.
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Existence of a holomorphic function with given indicator

CyiecrBoBanne rojioMopdHoOii GyHKINU C 3aJaHHBIM
UHOUKATOPOM IO BBIJIEJIEHHOI NepeMeHHO

II. ArpanoBuu

YcTaHABIMBAIOTCS XapPAKTEPUCTUYECKNE CBONCTBA WHIMKATOPOB TOJIO-
MOPGbHBIX (DYHKINH YTOTHEHHOTO TIOPSIIKA IO BBIZEIEHHON TepeMeHHOH B 00-
mactsx Buga G X Y, roe G — OTHOCUTENBHO KOMIIAKTHOE TICEBIOBBILYKJIOE
mHoxkectBO B C* u Y — yron B C.

IcuyBanHg roioMmopdHOT PYHKIIT 3 JaHUM iHAUKATOPOM
3a BUIIJIEHOIO 3MiHHOIO

II. ArpanoBua

BcraHOBIIOIOTHCST XapaKTEPUCTUIHI BJIACTUBOCTI iHIUKATOPIB rOIOMOpd-
HUX DYHKII yTOYHEHOrO NOPSIIKY 33 BUALIEHOIO 3MiHHOIO HA 00JIACTSIX BUT-
ssiny G XY, ne G — BiZHOCHO KOMIIAKTHA TICEBIOBUITYKJ1a, MHOXXKUHA Ha, C™
TaY —kyr y C.
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