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We consider an automorphism of C*-algebra which arises in connection
with Gibb’s states in the Ruelle theory of dynamical systems, and estimate
the Voiculesku’s topological entropy for such automorphisms using Choda’s
approach to the entropy. -

Initially a non-commutative version of the Kolmogorov—Sinai entropy was in-
troduced by Connes and Stormer [CS] in 1976 for trace preserving automorphisms
of finite von Neumann algebras. This notion was extended later by Connes,
Narnhofer and Thirring [CNT] in 1987 onto the dynamical entropy hg(a) for an
automorphism « of a C*-algebra A which preserves a given state ¢. We also
consider the topological entropy ht(«) for automorphisms of C*-algebras that
was introduced by Voiculescu [Vo| for nuclear C*-algebras and which was ex-
tended by Brown onto automorphisms of exact C*-algebras. In the general case
ht(a) > hg(a) ([Vo, Pr. 4.6]).

In this paper we estimate the dynamical topological entropy for some class of
IT; factor automorphisms which arise in the context of Ruelle theory of Gibb’s
states for automorphisms of a complete metric space (see [Ca]). Though we
consider a particular case, this result is apparently extensible to all the expansive
automorphisms of torus.

We will use the definition of the entropy for an automorphism of an amenable
discrete countable group hcp() that was introduced by Choda [Ch] and the
notion of the topological entropy for an automorphism of compact topological
space hiop(a) (see [Wal).
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Theorem 1. Let G be a discrete countable Abelian group and let « be an
automorphism of this group. Let T' be the (compact) dual group of G and let &
be the adjoint automorphism. Then

hon(a) = hiop(@). (1)

The proof follows from the works of Peters [Pe|] and Choda [Ch]. In
the paper [Ch, Col. 3.6] it is shown that hip(G) < hep(@). From the paper [Pe,
Th. 6] we conclude that the entropy for an automorphism of a discrete count-
able Abelian group hpi(a) proposed by Peters satisfies the following equality
hiop(&) = hpet(a). Since hop(a) < hpet(e) we obtain the required equality:
h’C’h(a) = hPet(a) = htop(&)- u

Example 1. Consider the case of G = Z2. Let v be an automorphism
given by some integer matrix T with detT = 1. The dual group for Z? is T?
and the adjoint automorphism 4 is given by the matrix 7 = (T!)*. Since
detT = 1, T has the same eigenvalues A\; and Ao as T. Therefore we have
hon(y) = htop(¥) = log max{|A1], |A2|} according to [Li].

Example 2. Let vy be an automorphism of T? determined by the matrix
T= 1 ; ,then \{ = 3+2_\/g and Ao = 3_2—‘/3 are the eigenvalues of this matrix,
and let E), and E), be their corresponding eigenspaces.

Define the subgroup A C T? in the following way A = {(a1,az) : 3 k,I,m,n €
Z: (a1 +k,as +1) € Ey,, (a1 +m,as+n) € E),}. The automorphism 74 of T?
1
1 2

According to [Ca, Ex. 2.2| the group A is a dense subgroup of the torus
invariant with respect to 7. It has the following property: two elements z,y € T?
are conjugate if and only if z —y € A. That is, d(y"z,v"y) — 0 if and only

n o0

whose matrix is T' = ( ) induces an automorphism of A in a natural way.

if £ —y € A, where d is the ordinary distance on the torus. Hence we obtain in
particular d(y"(a + t),y"t) —— 0, for any a € 4, t € TZ.
n—oo

Besides it turns out that we can construct the isomorphism 6 : A — Z?2 and
the automorphism + induces the automorphism 7,2 on Z? given by the matrix

T = ( -l ) with the same eigenvalues A\; and Ao. This together with

-1 2
Example 1 implies hep(v4) = hon(yz2) = log ?’4'2—‘/5

Denote by M = C(T?) the C*-algebra of continuous complex function on the

torus.
The automorphism <y induces on M the automorphism yaq

(1 f)(t) = f(71), where f € M, t € T".
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According to [Vo, Pr. 4.8] ht(yam) = htop(7y) = log|A1| = log %

Consider the action o of A on M by left shifts, i.e., 0,(f)(t) = f(a+1), where
a€A, feM,tecT? Let N = M x, A be a C*-cross product, i.e., it is the C*-
algebra generated by the algebra 7(M) and the unitary group Us = {U, : a € A},
where T is a representation of M on I2(A,H) (H = L%*(T?))

(7(£)E)a =05 (Héas fEM, EEP(AH), a € 4
U is a representation of A on I?(A,H)
(Uab)o = &s-a; a,b € 4, £ € 1X(AH).
We can induce on N the automorphism vy in a natural way, that is,

7N(7T(f)) = 7T('7M(f)), fEM, 'YN(Ua) = U’maa a € A. (2)

Let us remind that an algebra L is asymptotically commutative with respect
to an automorphism « iff

Vabe L |aa"(b) —a"(b)a|| —— 0.

n—oo

Theorem 2. The algebra N = M X, A is asymptotically commutative with
respect to Yy .

P roof. Tt suffices to prove the asymptotic commutativity of elements
of the form 7(f)U,. That is, we verify the convergence to zero of the following
expression

I = |7 (f)Uavir (m(9)Us) — Y (m(9)Up)m (f)Uall —— 0.

n—oo

Below in the proof we write v instead of .
Since 7(f)w(y"g) = w(y"g)w(f) and UyUynp = UynpU,, then

I=|n(f)(Uam(v"g) — 7(V" @) Ua)Uynp + (v 9) (7 (f)Uqnp — Uynpm(f)) Uall

< C(|Uar(v"g) — 7(v*9)Ual| + 7 (f)Usrs = Uynpm(£))), (3)

where C = max{||7(f)||,||w(g)||}- Consider

I = ||Ugn(v"g) — 7(7"9)Us|| = [Uam (7" ) U, * — 7(7"9) .
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Let £ € I?(A,H), s € M, b,c € A. Then

(Uen()U € = (n(s)UT)E)p-c = 03 o () (U )b

Hence
Uen(s)U7' = w(s.), where s.(t) = s(c+1), t € T. (4)
According to (4) we obtain
I = [7((7"9)a) = (Y9 = 7 (7" 9)a =YD = 1(7"9)a — 7" 9lI-

Consider an arbitrary ¢ € T?. Then
(7" 9)a(t) =7"g(t)] = l9(v"*(a + 1)) — g(y"t) —— 0
n—oo

since the function g is continuous and by virtue of the properties of A (see Ex-
ample 2) d(y"(a +t),y"t) — 0. Since T? is a compact metric space then
n—o0

I = |[(v""9)a —¥"g|| —— 0 too.
n—oQ

Similarly we obtain
I = ||n(f)Uynp — Uynoe ()| = Uy (/) U — ()]
= [[7(fyms) = w (NI = [[fymo = fIl = sup lF("b+ 1) — F(2)]

= sup |f(Y*b+7"t) — (") = (V" Do =" fI| —= 0.
teT? n—»00
Applying the inequality (3) we conclude I —— 0, and the proof of the theorem

n—oo
is complete. [

Theorem 3. For the automorphism yx of N = Mx, A (see (2)) the following
estimate on entropy holds:

() < 2log 2V 5)

Proof. According to [Ch, Pr. 3.3]

. . 1 . — ;
ht(idn, s wic, 6) < hon(va) + limsup — log rep(id, | o3 (| (@) 5

n
n—00 beF
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where K is a finite subset of A, w is a finite subset of the unit ball of M, wg =

n—1
{7(f)Us : f €w, a € K}, FisaFéner set for ({J v4(K),$) with |F| =
i=0

n—1
o ,UO Y4 (K), 5)-
1=
In what follows we consider sets w consisting of a finite number of functions
of the form

fm,n (t) — ei27rmt1 ez’27mt2’ t = (ei27rt1 ’ ez’27rt2) c TZ. (6)
Let b = (e?2701 ¢2m02) ¢ A. Then
0y (Fmn(t) = fmn(t = b) = ePrmin=tn)gizmn(ta=ta)

_ g—i2m(mbi+nbs) fm,n(t) = P fm,n(t)-

n—1
Consider W = |J 7 (w). W consists of a finite number of functions of the
=0
form (6) too. In fact,

YMImn (t) = fmn ('Yt) = ez’27rm(t1 —|—t2)ei27m(t1 +2t2)

— ei2r(m+n)ts ji2n(m+2n)t2 _ fm+n,m+2n(t)'

— n—1
We obtain that W = | o, (U 7i,(w)) consists of pfmn, where p € C,
beF i=0
|p| = 17 fm,n eEW.
Consider a finite dimensional C*-algebra B for which there exist completely
positive maps ¢ : M — B, : B — B(#) such that

||(Po¢(pfm,n) _pfm,nH < (7)

SIS

for any function pf,n € W. Since the maps ¢ and 1) are linear and |p| = 1 holds,
then (7) is equivalent the condition

“(»0 : w(fm,n) - fm,n” <

N| S

for any function f,,, € W. Therefore

TCp(idM, W’ g) = ’I"Cp(’idM, Wa g)

Whence it follows that

1 — 1
limsup — log rep(ida, W, E) = limsup — log rep(idag, W,

n—oo T n—oo TN 2
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) )

Thus

. 3++56
ht(idp, Y, wi, 6) < hon(ya) + ht(ym) = 2log 5 -

Since the linear span of the functions (6) is a totally dense subset of the algebra
M, then

ht(yy) = sup  supht(idy, v, Q2,8) = supsup ht(idy, yn, wi, 9)
{Q: |Q]<o0} 6>0 wr >0
< 2log 3 +2\/5 ’
and this completes the proof of the theorem. [

Remarks 1. If we consider the Haar measure p on the torus and
construct the standard state ¢ by it on N then Theorem 3 and [Vo, Pr. 4.6]

imply
3+v5
5

2. Let R = L*®(T?, u) x, A be the von Neumann algebra which corresponds
to the representation of N associated to the state ¢. Let yz be the extension
of the automorphism vy, and ¢ the extension of the state ¢. Then according to
[CNT, Th. VII.2] we obtain

he(ya) < 2log

hg(vr) < 2log : +2\/5 :
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JunHaMudyeckasi SJHTPOOUS [IJisi KJIaCCa aBTOMOP(MU3MOB
ayiredpanvYeckKoro MPONCXOXKICHUS

B.4. Tonomen, M.C. Boiiko

PaccmarpuBaercs apromopdusm C*-anrebpbl, BOBHUKAIONIMI B CBSI3U
¢ ruOOCOBCKUMY COCTOSIHUSMU B Teopuu P1osis qunamudeckux cucrem. Oue-
HUBAETCS TOMOJIOTHYECKast SHTponusi Boiikysecky 3Toro aBromopdusma ¢
KCII0JIb30BAHUEM IOAX01a JOmbl K SHTPOIINHU.

JuHamiuHa eHTpOTIida /jis Kjacy aBromopdi3mis
ajIrebpaiTHOTO MOXO/I2KEHHS

B.4. Tonogens, M.C. Boiiko

Pozrnsinaerbcst aBromopdizm C*-anrebpu, siKuii BUHUKAE y 3B SI3KY
3 rib6coBchbKuMU cTaHaMu B Teopil Proesst nunamiuaux cucrem. OuiHIOETHCs
Tonosioriyna enTporist Boiikyiecky nporo aBroMopdizmy 3 BUKOPHUCTAHHSIM
migxoxy Yomu 1o eHTpOMii.
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