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It is known [6, Ch. 3, Theorem 18] that using any total family of asymp-
totic characteristics, we have a possibility to learn whether an entire func-
tion of finite order is a function of completely regular growth. However, the

main result of this paper shows that all these characteristics do not give a
possibility to know whether a function has an H-multiplicator [4].
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1. Multiplier problem

Let ® be an entire function of order p and normal type; we write ® € A(p).
Its Phragmén—Lindeldf indicator is defined by the equality

h(®, ¢) := limsupr " log |®(re*?)|.

T—00

The function h(®, ¢) is 2w-periodic and p-trigonometrically convex. This means
that on the unit circle T it satisfies a differential inequality in the sense of distri-
butions:

B + p*h :==v > 0. (1.1)

Let H(¢) be a fixed p-trigonometrically convex function. The function g €
A(p) is called an H-multiplicator of ® if the Phragmén-Lindeldf indicator hge of
the product g® satisfies the condition

h(g®, ¢) < H(¢).
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The property of having an H-multiplicator depends only on the asymptotic be-
havior of ®. It is important for some problems in analysis to know whether the
function ® has an H-multiplicator (for details, see [4]).

2. Completely regular growth

A function f € A(p) is called a function of completely regular growth in sense
of Levin—Pfluger (CRG-function) if

A" log |f(M)] — h(f,arg A) = 0

when A\ — oo outside some small set (a Cy-set) (for details, see [7, Ch. 2, 3]). To
be a CRG-function is an asymptotic property of an entire function. This class
of entire functions has been studied completely and plays an important role in
applications [6, Ch. 2].

3. Total families

There exist numerous asymptotic characteristics of growth of entire functions.
Now we recall some of them and their connection to the CRG-functions.
The lower indicator in sense of A. Gol’dberg is defined by the equality

h(f,¢) == sup{ lim inf M}

3.1
Eecg (r—oo,r¢E TP (3-1)

where & is a class of “small” sets F C [0, c0) satisfying the condition
mes{EN[0,R)} = o(R)

as R — oo.

The sets E serve for excluding the influence of zeros of the function f. If the
function has no zeros in some open angle containing the ray {arg A\ = ¢}, then
the right side of (3.1) can be replaced by a standard lower limit.

The family H := {h(f,¢),h(f, ) : ¢ € [0,27)} is total, i.e., it gives a possi-
bility to learn whether a function f € A(p) is a CRG-function.

Theorem A (A. Gol’dberg). (See [5]). A function f € A(p) is a CRG-
function iff

h(f,d) = b(f, ), V¢ € [0,2m). (3.2)

The family H is also “minimal” in some sense. Namely, if we claim that the
equalities (3.2) hold for ¢ € [0,27) \U where U is an open set, then the function f
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need not be CRG-function. Moreover, for any U there exists a function f € A(p)
such that the equalities (3.2) are broken exactly for ¢ € U ([2, 3]).
Consider another family of asymptotic characteristics. Set

2
5 [ log|f(re'®)| coskpdp, for k=0,1,2,...,
Ck(f’ lr) = 0 27.(. )
—o [ log|f(re')|sinkedg, for k=—1,-2,...,
0

the Fourier coefficients of log | f|.
The corresponding asymptotic characteristics are defined by

Tk (f) := limsup M;gk(f) := lim inf ck(f’T), ke Z.

=00 T r—00 TP
The family F := {¢;(-),¢(-) : kK € Z} is also total:
Theorem B (V. Azarin, A. Gol’dberg). (See [1], [6, Ch. 3, Theorem
11]). A function f € A(p) is a CRG-function iff

k(f) = e (f) (3.3)

forall k € Z.
The family F is also “minimal”. If we claim the equalities (3.3) not for all k € Z

the function f need not be a CRG-function. Moreover, for any decomposition Z
into two subsets A and Z\ A, there exists f € A(p) such that the equalities (3.3)
hold for k € A and do not hold for k € Z\ A (see [1]).

4. The main result

The author was going to study a connection between the property of a function
® of having a multiplicator and the described above asymptotic characteristics
but it turned out, that the result is negative as the following theorem shows

Theorem 4.1. For any smooth, strictly* p-trigonometrically convex function
H(¢) there ezist two functions ®1, P9 € A(p), p > 1/2 such that

h(¢15¢) = h’(¢23¢)a ﬁ(¢1,¢) = h(¢23¢)5 V¢ € [0’27T) (41)

ck(®1) = Ck(P2), (P1) = 4 (P2), VK € Z, (42)

but ®1 has an H-multiplicator and ®9 does not have anyone.

* It means that v from (1.1) is summable and strictly positive.
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