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On the growth of meromorphic functions
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We obtained the estimates for upper and lower logarithmic density of

the set A(y) = {r : kilﬁ(r, ag, f) < 2B(fy,A(0,f’))T(r,f)}, where B(y, A)

is Shea’s constant, A(0, f') is Valiron’s deficiency of the derivative of the
function f at zero.

We formulate the fundamental result on deficient values, obtained by Nevan-
linna.

Theorem A [1]. Let f(z) be a meromorphic function in €. Then

1) §(a, f) <1 for each a € T,

2) > 6(a,f) <2.

aclT

In 1969 V.P. Petrenko developed a theory of the growth of meromorphic
functions. We recall its main characteristics. For each number a we set [2]

L(r,a, f) = lrg‘gglog m L(r,00, f) = mg§10g+ | f(2) |

The magnitude of the deviation in the sence of Petrenko is defined by:

R IGYY )
/B(a'af) T 11‘—>oof T(‘l",f) -
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This value characterizes the deviation of the function f(z) from the value a in
a stronger metric than a deficiency é(a, f). It was shown that for meromorphic
functions of a finite lower order the properties of 3(a, f) are similar to the prop-
erties of §(a, f). Thus V.P. Petrenko has obtained a sharp estimate for 3(a, f)
and also some estimate for Y G(a, f).

(a)

Theorem B [2]. For meromorphic functions of a finite lower order A

A : 1
s i A< g,
san<{H* L3¢

> Bla, f) < 816m(A +1)°.
(a)

In the case A < % the inequality in the theorem B was proved by A.A. Goldberg

and I.V. Ostrovskii in 1961 [3].
In 1990 together with my student A.I. Shcherba we have obtained a sharp
estimate for the series > B(a, f) which is an analogue of the deficiency relation

(a)
for the magnitudes B(a, f) [4].

Theorem C [4]. If f(2) is a meromorphic function of a finite lower order A,
then o )
- .
mov L A< g,
(2):5(“’10)5{ omA, if A> L
a

In 1970 D.F. Shea (see [2, 5]) has obtained the sharp estimate of the deviation
of a meromorphic function of a finite lower order in terms of the Valiron deficiency.
We put

A

A(A) = {A:OSx\SO.5and sin%)\g 5},

[ WAETD), i A g AA),
B(\A) = { A (1—(1—=A)coswA), if AeA(A). (1)

sin7A

Theorem D [5]. Let f(z) be a meromorphic function of a finite lower or-
der X. Then for each a € €

Bla, f) < B(A,A),

where A = A(a, f) is Valiron’s deficiency of f(z) at the point a.
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For meromorphic functions of infinite lower order the magnitude S(a, f) can
be equal to co. Therefore the following result of W. Bergweiler and H. Bock [6]
is interesting in this case.

Theorem F [6]. For meromorphic functions of infinite lower order

max log™* | f(2)]

In connection with (2) A. Eremenko has introduced the quantity

. o L(ra, f)
bla, f) = llgg}fm )
where A(r, f)m is the area, counting multiplicity of covering, of the image on the
Riemann sphere of {z : |z| < 1} under f(z) [7]. From the estimate (2) it follows
that
b(a, f) < .

A. Eremenko has proved an analogue of the deficiency relation for b(a, f).

Theorem G [7]. Let f(z) be a meromorphic function such that the set
{a : b(a, f) > 0} contains more than one point. Then

> b(a, f) < 2.

= o}

In 1998 I have obtained the estimates for b(a, f) and )’ b(a, f) in the terms
(a)

of Valiron’s deficiency.

Theorem K [8]. Let f(z) be a meromorphic function of infinite lower order.
Then

(a) bla, f) < 7VAla, f)(2 - Ala, ),
(®) Y bla, f) < 2m/A@O, )2 = A, /).

acC

Corollary. For a meromorphic function f(z) we have

E(f)y={a: bla,f) >0} CcV(f)={a: Ala,f)> 0}
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We recall the definition of upper and lower logarithmic densities of a set. Let
FE be a measurable set on a positive half-axis. The quantities

_ 1
logdens E = limsup / dt

R—o0 logR t’
EN[1,R]
1
logdens E = liminf @
— R—co log R t
EN[L,R)

are called an upper and a lower logarithmic density respectively. We put

Y i 1

my, if >3,

Theorem L [9]. Let f(z) be a meromorphic function of a finite lower order
A and order p, 0 <y < o00,a€C,

E\(v) = {r: L(r,a,f) < BMT(r, f)}-

Then

_ A
logdens By (y) > 1 — ;, logdens By (y) > 1 — g

For the case when f(z) is an entire function and a = oo this theorem has been
obtained by M. Essen and D.F. Shea [10].

Theorem M [9]. Let f(z) be a transcendental meromorphic function of a
finite lower order A and order p, 0 < v < o0; {ak}Z:1 € C is a finite set of
distinct complex numbers,

q
Bs(y) = {r Y L(ryap, f) < 2B(v)T(r,f)} :
k=1

Then

logdens Es(y) >1— %, logdens Es(y) > 1— P

v

We note another result in this direction.

Theorem N [11]. Let f(z) be a meromorphic function of a finite lower order
A and order p, T >0, a € €, € > 0 is an arbitrary number,

E3(y) =A{r: L(r,a,f) < B(y,Ala, f))T(r, )}, if Ala,f) >0,

Matematicheskaya fizika, analiz, geometriya , 2002, v. 9, No. 4 645



I.I. Marchenko

B3(y) = {r: L(r,a,f) <eT(r, )}, if Ala, f) =0,
where B(vy,A) is the function defined in (1). Then

ks

. — A
logdens F5(y) > 1— —, logdens E3(y) >1— —.
Yo Y

We have the following results.

Theorem 1. Let f(z) be a meromorphic function of a finite lower order \
and order p, 0 < v < 00, {ak}zzl € C is a finite set of distinct complex numbers,
€ > 0 is an arbitrary number,

A(y) ={r: Y L(r,ak, f) < B(y, A0, f)T(r, f)}, if Ala, f) >0,

k=1

q

A() ={r: ) L(r,ax, f) <eT(r, )}, if Ala, f) =0,

k=1

where B(vy,A) is the function defined in (1), A(0, f') is Valiron’s deficiency of
f'(2) at 0. Then

logdens A(y) >1— i, logdens A(y) >1— P
v v

Corollary 1. For a meromorphic function f(z) of a finite lower order X it is
true the inequality

> Bla, f) <2B (A A0, 1),

aclC

where B(y,A) is the function defined in (1), A(0, f') is Valiron’s deficiency of
the derivative of the function f at zero.

The proof of the Theorem 1 is similar to the proof of the Theorem M [9]
with use of the methods of A. Baernstein [12], R. Gariepy and J.L. Lewis [13],
A. Weistman [14], P. Barry [15] and [4, 8, 9].
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