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We obtain necessary and sufficient conditions for existence on a topologi-
cal group of a stronger o-compact locally compact topology. An application
of the obtained result for measurable topological group with an invariant
measure are given.

The concept of the condensation or the i-isomorphism is a very important one
in the category of topological groups (see [6]). A mapping p : X — G is said
to be a condensation (i-isomorphism) if p is algebraically an isomorphism and p
is continuous. A group G is called a condensation of group X (or we said X
condensates onto G) if there exists an i-isomorphism p from X onto G.

The main goal of this paper is to find conditions for a topological group G
which guarantees existence of a stronger o-compact locally compact topology
on G. In fact, we give an answer to the following question: When a topological
group G is a condensation of a o-compact locally compact group X7

Evidently such group G is o-compact. Thus our problem is just to characterize
the smallest class A of topological group such that A is closed with respect to
condensation and A D A, where A is the class of o-compact locally compact
groups.

As a conclusion of the paper we consider an application of the main result to
the theory of invariant measures on groups.

Let F be a subset of G. Define F(™ by induction: F() = F, F(+1) = . p(n),
Vn € N. Denote by w(X) the weight of a space X. Denote also by Bx the Borel
o-algebra of X. In this paper all groups are Ty-group.

The following theorem is the main result of this paper.
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Theorem 1. A group G is a condensation of a o-compact locally compact
group X iff G is a o-compact and there exists a compact set F C G such that:

(i) there exist yi,y2,- -+ € G such that G = U2y, - F ;
(i) F is symmetric;
(iii) there exist z1,...,zy, such that F - F C U} z; - F.

Assume, in addition, that p is a condensation of X onto G. Then p is a Borel
isomorphism, w(X) = w(G), and if a group Y € A condensates onto G, then X
and Y are topologically isomorphic.

P roof. Necessity. Let U be a symmetric neighbourhood of e in X with
the compact closure such that U generates an open subgroup X. It is obvious
that F = p(U) satisfies conditions (i)—(iii).

Sufficiency. Let [F] be the subgroup generated by F'. By condition (i) the col-
lection of left cosets is at most countable. Therefore it is sufficient to prove the

following theorem.

Theorem 2. Let G be a topological group. The following conditions are equi-
valent:

1. There exists an i-isomorphism p of a o-compact locally compact compactly
generated group X onto G.

2. There exists a symmetric compact set F' C G such that F generates G and
there exist x1,...,zy such that F - F C U} z; - F.

3. There exists a symmetric compact set F' C G such that F generates G and
the collection of sets Vg = {V : there exists ny such that Vn > ng there is
a neighbourhood Uy, of the identity e in G with V = UnﬂF(")} 18 not empty.

Moreover, p is a Borel isomorphism, w(X) = w(G) and if a group Y € A
condensates onto G, then X and Y are topologically isomorphic.

Condition 2 connects topological properties of G (i.e., Condition 1) with al-
gebraic properties of F (i.e., a compact subset which generates G). Hence this
result we can consider as an answer (in our case) on question III [6].

Proof 1.= 2. Let U be a symmetric neighbourhood of e in X with the
compact closure such that U generates X. It is obvious that F = p(U) satisfies
Condition 2.

2. = 3. Without loss of generality we can assume that e € F. (Let F; =
F U{e}. Then we have F} - F; = F-FUF U{e} C U ,z; - F1 U Fy). Therefore

FO ¢ FU+D Let us show that Vi is not empty.
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First, we prove that for all natural [ > 2 there exists a neighbourhood U; of e
such that
FOnu =FYnu, 1>2. (1)

In fact, an induction argument based on Condition 2 shows that F) ¢ Uit 2 F.
If z;; € F, then e & z;-F. Let W be a neighbourhood of e such that WNz;-F = (
for all indices 7 such that z;; € F. Let J ={i: z; € F}. Then

FONW C (Uicszis- F)NW C(F-F)nW = FOnw c FO nw.

Hence, FO NW = FONW. Set up U; = W to get (1).

Let {Ug }acs, be a set of all neighbourhoods of e such that Uy' satisfies equa-
tion (1) for I = k. Set up Wi = Uaes, U a symmetric neighbourhood of e
satisfying equation (1) for I = k. Set up Vi, = F*) nW},. To prove Condition 3
(i.e., Vi # (), it suffices to show that Vi = Vi for all k£ > 4. Since

FOn Wit C F®)n Wi C F+1) 0 Wiy = F®n Wigt1,

then Wiy C Wy, and Vi1 C Vg, for all k > 2.

Prove the inverse inclusion. Let z € Vy = FEI W), = FONW,. If k > 4 we
choose a symmetric neighbourhood W, of e such that F&+3) W, = F2 n W,
and z - W, C Wj. Then

(z-Wy) NF®) = (. W,) N FEHD, (2)

In fact, an element z € (z - W) N F®+1) may be represented in the form z =
z-y e F-HD where

y=z - zeWyn(F@ . FEDy = w, n FE3) —w, n FO c FO,

Therefore z =z -y € (z- W) N (FP . F®) = (- W) N F® C (z- W,) N F®.
Put W} = Ugev, (- W) C Wg. Then Wy N F*) =V, = Wy N F®?), and we
have

Vi = Wi N F®) = (Ugey (2 - W,)) N F®) = Ugey, (- W, 0 FK))

= Ugev, (- We NFED) = (Ugey, (z- W) ) N FEFD = wrnFEHD = winF®).

Hence, W} C Wy and Vi, = W N F®) c Wy, n FEHD = 1.

3. = 1. It is easy to prove that the system of sets {z -V} and {V -z}, where
z € G,V € Vg, is an open base of a topology 7 on G.

For this we verify five conditions (i)—(v) of Theorem 4.5 [1] . Note that if
V € Vg and U is a neighbourhood of e then VNU = (U, NU) N F™ € V.
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(i) Let U be a neighbourhood of e in G such that U®) C Us,,. Let W =
VNU € Vg. Then

W = (v nU)-(VNU) = [(Uy NU)NFT] . [(Up, NU) N FT0)]

C (Upy NU)A n[Fmo) . pro)] ¢ g2 0 FEm0) ¢ Uy, 0 FEr) =7,

(ii) Let P = P~! be a neighbourhood of e in G such that P C U,
([1, Theorem 4.6]). Then W = PNV = P71 NV € Vg and

wWl=P!lnvi=pP'nu,!nFm cplnr)cy, nFm =v.

(iii) Let V = U, N F™ n > ng, £ € V and U be a neighbourhood of e in
G such that z-U C U,y NUszp,. Set up W =V NU € Vp. Since z € V, then
z € F(0) thus ¢ - F("0) ¢ F(2n0)  Then

- W=z-VNz-U=z -UpyNz -UNz-F) CUpyn F0) =y

(iv) Let V=U,NF™ n>ngand z € G, then z € F™ for some n. Let U
be a neighbourhood of e in G such that z-U -z~ ! C Ung+2n- Set up W =UNV,
then

- W-zl=@-U-z7 )Nz - V-2

=(z-U-z7Y)N(z Uy -z N (x- FT) . 271 C Upypon N FM0t20) =y,

(v) Let V4,Vo € Vp,V; = U};OF("),n > nb,i = 1,2. Set up ng = max(ng,n3).
Then for all n > ng we get

VinVe= U NUAHNF™ € Vp.

Let us show that 7 is locally compact. It will be proved if we show that
F is compact in 7. Let {Ay}aer be an open covering of F. We can assume
without loss of generality that A, = = -V, where V, € Vp,z € F. Then F C
Uger(z - Upg Nz - F("w)),ngc > 2. In particular, ' C Ugepx - Uy . Thus there
exist x1,...,Zm, such that F C UM ;- Uy g,. Put Vi, = Uy, N FMei). Since
F Cuz;-F® Cg;- F(":) then

Ui Vo, = UZi[(®i - Unggi) 0 (@i - FO20)] D U (- Ungy) N F)

If 21,29 € G then there exists a neighbourhood U of e such that zo € 21 - U.
Let V€ Vp. Then VNU € Vg C 7 and 29 & z1 - (UNV). Therefore the
topology 7 has the property Ty and hense is Hausdorff (]2, 4.8]).

Let X be G as an abstract, equipped with the topology 7. Then X is a com-
pactly generated locally compact group (F' generates G). Let p be the identity
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map from X onto G. Then p is continuous. In fact, let U be a neighbourhood
of ein Gand V € Vp. Then VNU € Vg is a neighbourhood of e in X and
p(VNU)=VNU CU. Condition 1 is proved.

Let us prove the rest of the statements of the theorem. First, we prove that
p(Bx) = Bg. It is sufficient to prove that p(Bx) C Bg because p is continuous.
Since p is bijection, X is generated compactly and Bx is the smallest o-algebra
containing all open sets, it is sufficient to prove that By = AN F®) € Bg, where
A € 1,k > ng. Moreover, we prove that

B,=ANF® =, nF®), (3)

where Cy is open in the original topology.
For all z € By, there exists V,, € Vg such that -V, C Aand V;, = U, N
Fe) o> 2k, Since z € F®) and ng > 2k then F®*) c - F("=)_ Hence,

By = F®) N [Ugep, - (Upp N FM))] = F®) 0 [Upep, (z - Upp Nz - F2)))

= Upe, (3-Up oNz-FM)INF®) = Uyep (2-Un o NF®) = FON(Ugep, (4-Un)).

Denote by Cj the open set Ugep, (¢ - Up ). Thus equality (3) is proved.

Let us show that w(X) = w(G). Let {Uqy}aer be a base of the topology in G
and let z -V be an element of the base of the topology on X,z € F) vV c F(").
Then F(™*) contains the open set z - V. According to (3), there exists an open
set U in G such that z-V = FH) NU. Let U = UpesUs. Then z-V =
Upes [F"HF)NUg). Moreover, F"tHINU; = (F"FNU)NUz = UgNz-V is open
in X. Thus some subcollection M of the set E = {U,NFW, acI,1=1,2,...}
forms the topology in X. But Card(M) < Card(E) < Card(I x N) = Card(I).
Hence, w(X) < w(G). The inverse inequality follows from Theorem 3.1.22 [1].

Let G = t(Y), where t is a condensation of a o-compact locally compact
group Y onto G. Let 7’ be the topology on G induced by the topology on Y
(U € 7' iff t 1(U) is open in Y). Since the original topology is weaker then 7 and
7’ therefore 7 = 7/ (|2, 6.19]). Hence X and Y are topologically isomorphic. The
theorem is proved. [

Remark. It may happen that conditions (ii) and (iii) of Theorem 1 are
redundant.

Now we give an application of Theorem 1 to A. Weil’s Theorem |[3].

Definition. A group G is called a measurable topological group with a non-
trivial o-finite (left) invariant measure y if:

1) G is a topological group;

2) p is regular on Bg;
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3) there exists a o-algebra B C Bg such that (G, B) is a measurable group (i.e.,
conditions (M) and (M’) are hold, (see [3, Appendiz 1])).

The definitions of a locally limited topology and a limited neighbourhood are
represented in [3].

Theorem 3. Assume that G is a measurable topological group with a nontriv-
ial o-finite (left) invariant measure p. Assume also that there exists a compact
subset F C G such that u(F) > 0. Then G = p(X), where p is a condensation
of a o-compact locally compact group X and p = p(mx), where mx is the Haar
measure on X.

Proof A Weil has shown [3, Appendix 1] that on G we can impose
a locally limited topology 7*. Let F be a compact subset such that urp > 0.
Then there exist symmetric limited neighbourhoods U and V of e in 7* such that
V-V CcU C F-F~![3]. Hence, there exist z1, ..., T, such that V-V C UL z;-V.
Let V be a closure of V in 7. Then V is a symmetric compact and

V. VcVv.-VcUl,z -V=ULz-V.

Let [V] be the subgroup generated by V. Since u is o-finite, the collection of
(left) cosets is at most countable. Thus V satisfies the conditions of Theorem 1
on F. It follows from uniqueness of the Haar measure that the last assertion is
valid. .

We remark that this result is well known for a standard group G (see [4]).
In a more general situation, an analogue of Theorem 3 (with a quasi-invariant
measure) is known for groups of the second category only [5].
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