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Let f € C*°[—1,1] and Jp € [1,2) such that Vk = 0,1,2,... ||f®)||c[_1 1
< c(f)p*2 5 Then it expands in the generalized Taylor series, which was

introduced by V.A. Rvachov in 1982. In this paper it is shown that if the
restrictions ||f("|| = o(Zn("ZH)), n — oo are imposed on the sum of this
series, and stronger restrictions |f("(z,, ;)| < CA(n), % < 2735 hold
for its coefficients, then these stronger restrictions will hold for the sum of
the series too. As a consequence the conditions of belonging to Gevrey class
and of real analyticity for the above-mentioned functions are obtained.

1. Introduction and statement of results

There exist several generalizations of the common Taylor series for the an-
alytic functions (J. Delsarte, V.A. Marchenko, G.V. Badalyan.) In this pa-
per we consider the generalized Taylor series which was introduced in 1982 by
V.A. Rvachov in [1] (detailed exposition see in [2]). Let us put ||g|| = [|g]|c[-1,1;
d(k) = k(k +1)/2 . It was shown in [2] that if f belongs to the class C*°[—1,1]

and
3p € [1;2) : [|fP < e(f)pF2™®, k=0,1,2...,

then f expands in the generalized Taylor series, which is uniformly convergent

on [—1,1]:

F@) =" F (k) en (@),

n=0kEN,
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where
eni(z) =D ¢ up(e —127"), 2)
l
N, ={=20"1 .., 2" 1} n#£0; Ny ={-1,0,1}; zpp = Z,LL,I, n#0 k€ N,;
Tok = k, k € Ny.

In the generalized Taylor series the functions ¢, x(x), which are the finite
linear combinations of translates of the function up(z), are similar to the functions
z™ in common Taylor series.

The function

k
itx sint2~
27‘!’ / H 12—k
is a solution with a compact support of the equation
y'(z) = 2y(2z + 1) — 2y(2z — 1). (3)

The support of the function up(z) is [—1, 1]. It is an even function and positive for

(n,k)

—1 <z < 1,and |[up™|| = 24" For any fixed n, k coefficients ¢, can either be

found directly from the finite linear algebraic system of equations: gogbw;c) (Tm,s) =

opéy, m=0,1,2,... ,n, s € Ny, or derived by the recurrent formulae Z2.4), (2.5)
in [1]. (The values of cl(n’k) are not needed for the proof of the result of present
paper.)

Consider a function f belonging to the class C*°[—1,1] and satisfying the
condition 3 > 0:Vn € N |[f(™|| < r"n™. Then f is an analytic function on
[—1;1]. In virtue of the analyticity the condition |f(™(0)| < C Vn € N implies
|f™]| < Ce V¥n € N.

In this paper it will be shown that the function which expands in the general-
ized Taylor series behaves similarly: if norms of all the derivatives of the function
f satisfy some weak restrictions and some stronger restrictions are imposed on
£ (2,,1), then these stronger restrictions hold for norms of all the derivatives.
Still in this case it’s not sufficient to take condition (1) as weak restrictions.

In 1986 the following problem was stated ([3, p. 57, problem 15]):

Prove that if ¢ € C®[~1,1] satisfies (1) and |p™ (z,4)] < Cn™ Vn =
0,1,2,..., Yk € Ny, then either ¢ is an analytic function, or EHQD(")W““") >
0.

The result of the present paper is the following theorem which solves even
more general problem:

Theorem. For a function [ let the following conditions be valid:
1) |f(n ("Enk)| < CA( )7 Vn=0,1,2,... ,Vk € N,

where ET')I) < 2”+2
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2) ||f™]] = o(24™), n — o.

Then B

IIF®|| < CA(n), Vn =0,1,2,... .
Preliminary results were announced in [4].

R em ar k. This result is in a sense the best possible. If in condition 1)
instead of the set {z,x} we take its proper subset {z,_14} then the conclusion
of the Theorem will not hold. The function up(z/2) is a counterexample. If on
the other hand we drop condition 2) of the Theorem then the function wup(z) is
a counterexample.

Corollary 1. Let condition 2) of the theorem hold for the function f and
Ir>0: |f(")(:vn,k)\ <Cr™n", Vn=0,1,2,...,Vk € N,
Then f is analytic on [—1,1].

Let us remind that the Gevrey class of the order a (see [5, p. 335]) is the class
of C*°-functions g such that

g™l < C(g)(r(g))"n*", n=0,1,2,....

Corollary 2. Let a function f satisfy condition 2) of the theorem and there
exist 7 > 0 and a > 1 such that | ™) (z,, ;)| < Cr™n® ¥n =0,1,2,... .
Then f belongs to the Geuvrey class of the order a on [—1,1].

2. Proof of the theorem

For the proof we shall need the following result:

Lemma ( Lemma 6 in [2]; see also [6]). Let

p(z) = Z cipr,i(z), and |¢;| < M.
1€ N,

Then () —d(k)
(n) CM2Hm)—aE) n > k;
||(10 " || < { CMQd(n)—d(k)-f—n—k’ n < k.

o0
The function f can be represented in the form f(z) = ) Pg(z), where
k=0

Pe(z) =Y [P (zh)pni(x). (4)

1€ N,
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Hence, f(™(z) = 3 P,Sn) (z). It follows from the lemma and condition 1) of the
k=0

theorem that d(n)—d(k)
(n) CA(k)24m=dk) > k;
I <] o umptor-aty e e, ©

Let us choose any point zg € [—1, 1], which is not dyadic rational. We have

n—1
™) (o) = 'Y P™ (a0 +2P (w0)| = |1 (wo) + (o).
k=0

Let us estimate ®9(z), using (5):

o~ A(k),
P < A (k)+n—k
|®2(z0)| < C Z A(n)
2. A(k) An+1) yn)— -
9d(n)—d(k)+n—k
n) k; Ak — A(n)
o
< CA 22(k2—n )/2+d(n)—d(k)+n—k _ 22—% _ ) (6)
=0
n—1
Now we estimate ®1(zg) = > P,gn) (o). We have from (2) and (4)
k=0

= qusup(x —527F), vs € R.
S

Derivating this equality and using (3), we obtain

P]§k+1) (.’I)) — Z )\mup(2k+1$ + fm),
m

where &,,, are odd numbers.

Thus, Pk(kH) (z) is a linear combination of functions with compact supports
up(2¥*Tlz + &), the interiors of the supports of which do not intersect: the
length of the support of the function up(z) is equal to 2, hence, the length of the
supports of the functions up(2¥+t1z+¢,,) equals = o ; the shift along the x-axis of the
function up(2¥+1z +2m+1) with respect to the function up(2¥+1z +2141) equals
(20 +1— (2m +1))2=¢*+D) = (1 —m)27*, i.e., an integer multiple of the lengths of
the supports of the functions up(2¥*+1z + &,,). Let us choose and fix any k < n.
Let 2y € [0,1] and let the dyadic representation of zy be g = 0, p1paps - .. . Then
o belongs to some interval (—(I+1)2-k+1); (1 —7)2=(k+D) 2kt 11 <] < 1,
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and [ is an odd number. (The case z € [—1,0] is dealt with similarly.) Then

P,gkﬂ) (z0) = hLup(2¥+1zg + 1). Derivating and using (3), we obtain

P}gk+2) (3:0) _ (_1)Pk+1 h22k+2up(2k+2$0 + z),

where z is an odd number.

P}S") (z0) = (_1)pk+1+pk+2+...+pn—1hgc2(k+2)+(k+3)+---+nup(2n$0 +32),

where 7 is odd. Therefore,

n—1

@y (o) = 29y (20) Y 27 Wy (), (7)
k=0

where
Yaw0) = (=17 P APntyp (Mg + 3); (o) = (—1)PHP2E PR BB,

Using (5), we have

l

— — k+1
ok (o) | = 2~ *FV || = 27D P (- )

< 2—(k+1)CA(k)2d(k+l)—d(k) — CA(kJ),

therefore, the series

[e.e]
Z 27 4F) gy (o)
k=0

converges as A(k) < A(k — 1)2(’“_1)"'% < .. < A(1)2(°=1/2, By condition 2)
of the theorem |®; (o) 4+ ®2(zg)| = 0(24™), n — oco. It follows from (6) that
By (z0) = 0(24™), n — .

Therefore, from (7) we have ®;(zg) = 0(24™), n — .

o
We will show that > 2=k ay(2) = 0, i.e., that lim S, = 0, where S, =

n—1

3 2= 4k) o (). As g is not dyadic rational, in its dyadic representation zy =
k=0

0,p1p2 ... zero is infinite number of times followed by 1 and vice versa.

Let us choose the sequence {n; € N}2,, n; — oo such that p,, = 0 and
Pn;+1 =1 or p,;, =1 and pp,41 = 0. Then Vi € N

1

|’77L¢ ($0)| = 'u'p(2m10 + zm) > up <§> T2
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This is due to the fact, that, for instance, in situation p,, = 1 and pp,41 = 0 the
point zy belongs to the subinterval (—z,,2 ™; (1 — 22,,)2 (%t1)) of the interval

[—(zn; +1)27™; (1 — 2,,)27™], hence, up(2™izy + zn;) > up (2”% 2+1 +an) =

up (5) = % We have the similar situation in the case p,, = 0 and pp,4+1 = 1.
Therefore, the sequence {Sp,} tends to 0

n;—1

lim Sy, = lim Z 274k) . (0) = 0.

1—00 1—00

o

As the sequence {S,} converges to the sum of the series 3 274K qy(zg), then
k=0

{Sn, }, being its subsequence, converges to the sum of the series. Thus,

Z 27d(k)ak(.’£0) =0
k=0

So we have .
n— o0
> 27 Way () = =D 27 W ey (o).
k=0 k=n

Using this equality, we estimate |®1(zo)|-

[®1(z0)| < 2d("|22 oy $0|<CZA ) 24(m)=d0)

k=n
A(K) o d(n)—d(k) (k2 —n?)/2-+d(n)—d(K)
— <
Z o 2 CA(n )192_;12
= CA(n) Z 2"K)/2 = CA(n) 3277 = ChA(n).
k=n =0

Therefore,
|@1(z0) + @2(z0)| < [P1(20)| + [P2(70)| < CA(n).

Since the complement of the set of dyadic rational points is dense in [—1,1],
the theorem is proved.
The statements of the corollaries immediately follow from the theorem.
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