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A criterion of belonging to the Hardy class H,(C,) up to factor e?** is
obtained. It deals with functions f analytic in C,, having Blaschke zero-

sets, and satisfying the condition |f(z)| < exp{|Imz|~! exp(o(|2]))}, 2 — oo,
z € C+.

1. Introduction

According to the classical definition, a function f analytic in the upper half-
plane C; belongs to the Hardy class H,(C; ), 0 < p < oo, if

sup [|f(- +14y)llp < oo, (1)
0<y<oo

where
min(1,1/p)

o
1A()llp = / Ih(z)[Pdz . 0<p<oo
o0

| (-)]|oo = ess sup,cr|h(z))-
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On a criterion of belonging to the Hardy class H,(C,) up to exponential factor

This class is very important in analysis and its properties has been studied in
detail (see, [2, 5, 6]).

We are going to consider a bit wider class H,(C) consisting of functions f
belonging to Hy,(C;) up to an exponential factor. More precisely, we define

H,(Cy) ={f: f(z)e™* € Hy(Cy) for some k € R}.

The following properties of a function f € H,(C,) are easy corollaries of well-
known properties of functions of H,(Cy ).
(A) Zeros {z} of f satisfy the Blaschke condition

Imzy
DRI
— 1+ |z

(B) For some H > 0,

[l
0<y<H I+z
—0o0
(C) The estimate holds
|z +iy)| < Cpy~' P, 2=z +iyeCy, (2)

where Cy and ky are constants.

Assume that a function f is analytic in C; and satisfies (A), (B) and (C).
Then it is easy to check that f will belong to H,(Cy ) if it satisfies only a “small
part" of (1), namely

(D) For some H > 0,

sup [|f (- + iy)|lp < co.
O<y<H

Observe that simple examples show that there exist functions satisfying (A),
(B) and (D) which do not belong to Hy(Cy) (see, e.g., Example 4 below). Thus,
condition (C) cannot be dropped. On the other hand, it turns out that it can be
substantially weakened. Roughly speaking, right hand side of (2) can be replaced
with a function growing as exp[y~'exp(o(|z]))], z — oo, and this bound is in
some sense sharp.

The main result of the paper is the following.

Theorem. Let f be a function analytic in C; and satisfying (A), (B), (D)
and moreover,
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(E) There ezists a sequence {ry}, Ty — oo, such that

™

[ 10" 17 (re)lsinpdp < expfofr)}, =i = oc.
0

Then f € H,(Cy).

Let us consider examples showing that conditions (A), (B), (D), (E) are inde-
pendent, and moreover, (D) and (E) cannot be substantially weakened.

Example 1. Let
E = - > 1,
P(z) I;)F(l—f-k/p)’ P

be Mittag—Leffler’s entire function. It is known (see, e.g., [1, p. 275]) that the
following asymptotic formula holds as z — oo:

1 1
—————+0(—), & <argz<2r— I

2I'(1-1/p) |z277 20 — - 2p°
Ey(z) =

pezp+0(é), —5, Jargz < g
This implies that the function
[(2) = (2 +1) P By (—iz)
satisfies (B), (D), (E). Nevertheless, it does not belong to H,(C) because
Fliy) = ply +1)72/Pe" (1 + 0(1)) y — oo,

and this contradicts to (C). Here (A) is violated.
Example 2. The function

flz)=e™”

satisfies (A), (D), (E). But it does not belong to H,(C;) (e.g., since (C) is vio-
lated). Here (B) is violated.

Example 3. The function
@) = (z + i) Hre

satisfies (A), (B), (E), but f does not belong to H,(Cy). Here (D) is violated.
This example also shows that our Theorem ceases to be true if (D) is replaced
with || f(- + 0)||, < oco.
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Example 4. The function
f(2) = (z+1i) /P expexp(—ciz), ¢>0,

satisfies (A), (B), (D), but evidently it does not belong to H,(C,). Here (E) is
violated. This example also shows that our Theorem ceases to be true if “o" is
replaced with “O" in (E).

2. Proof of the theorem

L. Firstly, we prove the theorem under additional condition that f (z) is analytic
in the closed half-plane C and does not vanish on R.
Using (A), we can form the Blaschke product B(z) with the same zero-set as

f(z). Set )
9(2) = B()’ u(z) = loglg(2)|. (3)

The function g(z) is analytic and non-vanishing in the closed half-plane C, and

therefore u(z) is harmonic in C,. We will apply to u(z) the following result of
[3, 4]-

Theorem A. Let u(z) be a function harmonic in Cy and satisfy the following
conditions:

(o) There is a sequence {ry}, rr — 00, such that

™

/u+(7‘ew) sin pdp < exp(o(r)), r = — oo.
0

(B) There is H > 0 such that

sup /|um+zy dz < 0.
0<y<H . 1+ 2?2

Then the following representation holds

Y dv(t) .
U(Z):;/m‘l‘ky, z=z+iyeCy, (4)

—0o0

where k € R and v is a real-valued Borel measure on R such that

T d|(t)
v
/ 112 < o0

—oQ
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Let us check that conditions («), () are satisfied for the function u(z) defined

by (3).
We have
/u+(7‘ei“’) sin pdyp < /log+ |f (re®?)| sin pdg + /log_ | B(re')| sin pdp.
0 0 0

It is well-known (see, e.g.,[4]) that the second integral in the right hand side is
O(r), as r — oo. Therefore the condition («) follows from (E).
Further,

o0 o0
7 ute + iyl loglf (@ +a)l, . [ llog|Bla i)l
C14g2 U 14 22 1+ z2

—00 —0o0

dz.

It is well-known (see, e.g., [4]) that the second integral in the right hand side is
bounded on any finite interval of values of y > 0. For the first integral, we have

[ loglf(z+iy)ll , _ 7log+ farigl, 7 log™|f(s +iy)l

1+ 22 1+ 2? 1+ 22
— 00 —0o0 —0oQ
[ [ log™ |f(z + iy)
1 . og  |f(z + 1y
< = Pq dz.
< o [l apa s [P,
—00 —0o0

Therefore the condition (8) follows from (D) and (B).

So, Theorem A is applicable to function u(z) defined by (3), and hence the
representation (4) holds. Since u(z) is harmonic in the closed half-plane C, we
have

dv(t) = u(t)dt = log |g(t)|dt.

Since |B(t)| = 1 for t € R, we have
lg@)| = @), dv(t) =log|f(t)|dt.

Hence the representation (4) can be rewritten in the form

o0
oy [ logli(t) o
oglg(@) =L [ Lt vy, s=svipece.

—00

Taking into account that |f(z)| < |g(z)|, z € C;, we obtain

log | f(?)]

Y
1 <Z | B :
ong(Z)I_7r T LA

8\8
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Hence,
[ log( If
F@err < {7r T
)
Y t .
< Z dt = C..
< 7r/(:v—t)2+y2 , z=xz+yeCy
—0oQ

Using the well-known properties of the Poisson integral, we conclude that f(z)e** €

H,(C..).
IT. Now, we consider the general case.
Let s € (0, H) be such that f(¢ +1is) # 0 for t € R. Set

fs(z) = f(z +1s).

This function is analytic in the closed half-plane C, and does not vanish on R.
It suffices to show that fs(z) € Hp(Cy) because this means that

1f (- + i) e OB, (5)

is bounded for s < y < oo (for some k € R). Boundedness of (5) for 0 < y < s
follows from (D) because s < H.

In order to apply the result of Part I of the proof, we should check that
conditions (A), (B), (D), (E) are satisfied for fs(z). It is trivial that (B) and (D)
are satisfied with H — s instead of H because 0 < s < H.

To check (A), note that, if z is a zero of f(z), then zx —is is a zero of f4(z).
Therefore,

I —i 1 2 I
e IO DI R
s 1+ |z, — is] Imz>s 1 + |z — 48] Imaros 1+ |2k

It remains to check (E).
Let
Qrs={z:|z+1is] <R}NC;, R>s.

Since the function log™ |fs(2)| is subharmonic in the closure of Qg s, we have

1 8Go,.
g f,()| < 5 [ 108" IA(O1 5 (G2, # € Qe

6QR,S

where Gy ,(C,2) is the Green function of Qg and 9/0n is derivative in the
direction of the inner normal.
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Let
Krs={z:]z+1is| <R, Imz > —s}.

According to the principle of extension of domains, we have

0G Ky,

T(Caz) < o

Using the well-known explicit expression for the Green function of a half-disc, we
get (zs = z + 18, ps = arg z;)

(C’Z)a for C € BQR,S n BKR,Sa Z € QR,s-

oG
[ ot 1001 ¢ )l
OQR,sNOKR, s

G kp,

IN

10g+ |fs(€)|

6QR,smaKR,s

(¢, 2)ld¢]

m—arcsin(s/R)

= [ gty R S LR

|Rei9 - Zs|2|Reiw - Zs|2

arcsin(s/R)
4(R-|-|z|-|—s)3/7r o
—~—— " [ log* 4 0deo. 6
< TRy [os” £(Re)sin (6
0

Further, since Qr,s C C;, we have

BGQR,S
on

oG
(62) < =5, (¢,2), for ¢ € 9Qr,s\Cy., 2 € Qr.

Hence,

oG
log ™ |£5(0)| = (¢, )l

aQR,S\(C+
oG
< [ gt IR0l

6QR,S\(C+
VRIS )
: Y
—‘/R2783
< [ log |f(t+25)\m, (z=z+1y). (7)
—00
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Joining (6) and (7), we obtain

™

; 2 3 ,
log? |fs(re'?)] < %/logfL |/ (Re')| sin 0d
0
1 in @dt
- 1 + ¢ . rsin e ip ' 3
+7r / o8 |£( +w)|r2+t2—2rtcos<p’ re’” € Qrs. (8)
—00

For 0 < r < R — s, we have re¥ ¢ Qr,s for 0 < ¢ < m. Let us multiply
both sides of (8) by sin¢ and integrate with respect to ¢ from 0 to . Using the
relation

™

- 2
1 1
/ T sin” pdyp :ﬂmin —, =5 gl, forr > 1,
r2 +12 —2rtcosp 2 2’ t2 1412

0
we obtain
[ B(R+r+s) |
i +r+s ;

+ : + NI
/log |fs(’l“€up)|S1Il(PdQD < m/log |f(ReZ )|sm9d0
0 0

T dt
+ .
+ r/log |f(t+zs)|—1+t2. (9)
—0o0

Let {ry} be the sequence staying in (E). Put R =rg, r = r5/2 — s in (9). Then
we see that condition (E) is satisfied for fs(z) with {ry/2 — s} instead of {ry}. m
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