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We discuss a functional model for multidiagonal selfadjoint operators
with almost periodic coefficients that generalizes the well known model for
finite band Jacobi matrices. It give us an opportunity to construct examples
of almost periodic operators with different spectral properties. Main result
deals with an exact condition for the uniqueness of the model of the given

type.

1. Ergodic finite difference operators and associated Riemann
surfaces

The standard (three-diagonal) finite band Jacobi matrices |2, 4] can be defined
as almost periodic or even ergodic Jacobi matrices with absolutely continuous
spectrum that consists of a finite system of intervals. We wish to find a natural
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extension of this class of finite difference operators onto multidiagonal case. First
let us recall what is ergodic operator [1, 3], see also [5].

Let (Q,2(,dx) be a separable probability space and let T : @ — Q be an
invertible ergodic transformation, i.e., T' is measurable, it preserves dy, and every
measurable T-invariant set has measure 0 or 1. Let {q(k)}%zo be functions from
Lg;, more ¢(9 is positive-valued and ¢(% is real-valued.

Then with almost every w € €2 we associate selfadjoint 2d+ 1-diagonal operator
J(w) as follows:

d
Da= Y Wik T ={2a} o € (), (1)

k=—d

where q&k) (w) := ¢®)(T™w) and ¢ (w) := ¢B) (T Fw).
Note that the structure of J(w) is described by the following identity:

J(w)S = SJ(Tw), 2)

where S is the shift operator in [?(Z). The last relation indicates strongly that one
can associate with the family of matrices {J(w)},eq a natural pair of commuting
operators.

Namely, let LiX(IQ(Z)) be the space of I2(Z)-valued vector functions, z(w) €

12(Z), with the norm
|w%/mw%m
Q

(Jz)(w) = J(w)z(w), (§:v)(w) =Szr(Tw), z¢€ L%X(F(Z)).

Define

Then (2) implies
(J8z)(w) = J(w)Sz(Tw) = $J(Tw)z(Tw) = (STz)(w).

Further, S is a unitary operator and J is selfadjoint. The space L2 (12(Z+)) i

an invariant subspace for S. Tt is not invariant with respect to J but it is invariant
with respect to JS4. Put

Sy =812, (1%(Zy), (S84 = JSULE, (1(Z4)).

Definition 1.1 (local functional model). We say that a pair of commuting
operators Ay : H — H and Ay : H — H has a (local) functional model if there is
a unitary embedding i : H — Hp in a space Hp of holomorphic in some domain
O functions F((), ¢ € O, with a reproducing kernel (F — F((y), (o € O, is a
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bounded functional in Hp) such that operators i, Ay and i,As become a pair of
operators of multiplication by holomorphic functions, say

A1z — a1(Q)F(C), Az a2(C)F(¢)-

Existence of a local functional model implies a number of quite strong conse-
quences. In what follows b(¢) and A(¢) denote the functions (symbols) related to
operators S, and (JS?),. Let k¢ be the reproducing kernel in Hp and let k¢ be
its preimage i~ 'k¢ in LgX(ZQ(Z+)). Then

(Sike, @) = (k¢, Sta) = (k¢, bF). (3)
By the reproducing property

(k¢, bF) = b(¢)F(C) = (b(C)ke, F)-

Hence, o .

That is IAcC is an eigenvector of §j_ with the eigenvalue b(¢). In the same way, l?:g

is an eigenvector of (JS )% with the eigenvalue A(().
Thus, if a functional model exists then the spectral problem

Eil%CA = b(C)ifC (4)
(ST ike = MOk

has a solution lAc( antiholomorphic in (. Moreover, linear combinations of all lAcg
are dense in L7, (I*(Z+)). Vice versa, if (4) has a solution of such kind then we
define R

F(C) = (z,ke), |IFIP? = ||z

This provides a local functional model for the pair §+, (f§)+
The following lemma is evident.

Lemma 1.2. Let U : Lﬁx — LZX be the unitary operator associated with

the ergodic transformation T: (Uc)(w) = c¢(Tw), ¢ € L%X. We denote by the
same letter q both a function q € Lg; and the multiplication operator by q (e.g.,

(g0)(w) := g(w)c(w)).

Problem (4) is equivalent to the following spectral problem:

d — -
{ > U’“qw)bk(c)}cg — e, (5)

k=—d

where z(¢) :== A(€)/b%(¢) and c; is an antiholomorphic Lgx—valued vector function.
Moreover, {c¢} is complete in Lﬁx if and only if {/Acg} is complete in LﬁX(ZZ(ZQ).
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We may hope to glue a global functional model on a Riemann surface Xy =
D/T'y formed by functions (z,b). Of course, this model does not necessarily exist
(even existence of a local model requires some additional assumptions on the
ergodic map and the coefficients functions).

The surface Xy is in generic case of infinite genus. However we can reduce it
because X possesses a family of automorphisms. Let eg,} be an eigenvector of U
with an eigenvalue fif,}. The systems of eigenfunctions and eigenvalues form both
Abelian groups with respect to multiplication. Using (5), we get immediately that
{7} : (2,0) = (2, gy b) is an automorphism of Xy. Taking a quotient of X with
respect to these automorphisms, we obtain a much smaller surface X = D/T,
I' = {yT'y}. Note that z is still a function on X but b becomes a character
automorphic function. Finally, using z we may glue boundary of X and to get in
this way a compact Riemann surface X, such that X = X, \ E. The simplest
assumption is that the boundary F is a finite system of cuts on X,.

Thus, in a certain case we may expect that the triple {X,, z, E} characterizes
spectrum of a finite difference operator. If so we call it a finite band operator. We
point out that in fact every triple of this kind gives rise to a family of ergodic finite
difference operators. More precise and detailed characteristic of such operators is
given in the next section.

Now we would like to describe all triples of given type up to a natural equiv-
alence relation.

Definition 1.3. We say that two triples (X¢1,21,E1) and (Xco, 22, E2) are
equivalent if there exists a holomorphic homeomorphism h : X.1 — X9 such that
z1 = h*(22) and Ey = h(FE1).

Note, that for any triple (X, z, E) the holomorphic function z : X, — CP! is
a ramified coverings of CP!. It is quite convenient to describe equivalence classes
of ramified coverings in terms of branching divisor. Namely, a point p € X, such
that $—z|p = 0 where ( is a local holomorphic coordinate in a neighborhood of p is
called ramification point (or, critical point). Its image z(p) is called a branching
point (or, critical value). The set of all branching points of function z form a
branching divisor B(z) of z.

Clearly, branching divisors of equivalent functions are the same. Moreover,
the compact holomorphic curve X, is also uniquely determined by the branching
divisor and some additional ramification data (of combinatorial type). Namely,
assume that z has degree d and let z; € CP!,i =1,..., N, be branching points of
function z, w € CP! be a non branching point. Fix a system of nonintersecting
paths v = {v;}i=1,...,n. The ith path 7; connects w and z;. We want to construct
a system of loops I; C CP'. To construct I; we start from w and follow first ;
almost to z;, then encircle z; counterclockwise along a small circle and finally go
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back to w along —v;. Using [l;, we associate with each branching point an element
of permutation group o; € ¥4.

The point w has exactly d preimages. Let us label them by integers {1,...,d}.
Let us follow the loop [; and lift this loop to X, starting from each of the preimages
of w. The monodromy along path I; gives us a permutation o; € %4 of preimages.
Note that the product o;-. .. gq4 is the identity operator Id. Therefore, the function
z determines N branching points and N permutations. These permutations are
not uniquely defined, they depend on the labeling of preimages of w. Therefore,
they are determined up to a conjugacy by the elements of 3.

Given a set of branching points B(z) = {z;}i=1,..v C CP! and a system of
permutations o(z) = (01,...,0N) € Xg X -+ X Xg/%q, such that o1 ----- oq=1d,
where the last quotient is taken with respect to diagonal conjugation, we can
restore by Riemann theorem the surface X, and function z.

Hence, the triple (X, z, E) is equivalent to the quadruple (B(z),v,0(z), E).

2. The global functional model

Let 7(¢) : D — X be a uniformization of the surface X = X.\ E. Thus, there
exists a discrete subgroup I' of the group SU(1,1) consisting of elements of the
form

Yo1 Y22

such that 7(¢) is automorphic with respect to I, i.e., w(y(¢)) = 7({), Vy € T, and
any two preimages of Py € X are I'-equivalent. We normalize Z(¢) := (z o m)(()
by the conditions Z(0) = oo, (¢?Z)(0) > 0.

Note that I' acts dissipatively on T with respect to the Lebesgue measure dm,
that is there exists a measurable (fundamental) set E, which does not contain any
two I'-equivalent points, and the union U,ery(E) is a set of full measure. In fact
E can be chosen as a finite union of intervals. For the space of square summable
functions on E (with respect to dm), we use the notation Lzmm.

A character of T' is a complex—valued function a : I' — T, satisfying

= [7“ 712] ) Y11 = V3, Y12 = ¥ai, dety =1,

a(ny2) = a(m)alrz), 7, €r.

The characters form an Abelian compact group denoted by I'*.
Let f be an analytic function in D, v € T'. Then we put

f(v(Q)
(721¢ + 722)*

Notice that f|[y]e = f for all v € ', means that the form f(¢)d( is invariant with
respect to the substitutions ¢ — v(¢) (f(¢{)d¢ is an Abelian integral on D/T").
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Analogously, f|[y] = a(y)f for all y € T, @ € T'*, means that the form |f(¢)[? |d(|
is invariant with respect to these substitutions.

We recall, that a function f({) is of Smirnov class, if it can be represented
as a ratio of two functions from H* with an outer denominator. The following
spaces related to the Riemann surface D/T" are counterparts of the standard Hardy
spaces H? (H') on the unit disk.

Definition 2.1. The space A2(T', a) (AY(T, @)) is formed by functions f, which
are analytic on D and satisfy the following three conditions:

1)f is of Smirnov class,

2)fil=af (flvlz=aly)f) VyerT,
3)/|f|2dm<oo (/|f|dm<oo).

A%(T, «) is a Hilbert space with the reproducing kernel k%((, (y), moreover,

0 < inf k*(o, <o) < sup £%(¢o,Co) < oo. (6)
ael™ aeT*

Put

K0 = K(6.0) and Ko(Q) = KF0) = T

We need one more special function. The Blaschke product

b(e) — 7(0) — ¢ Y(0)]
© Cverllh 1 —~(0)¢ 7(0)

is called the Green’s function of I' with respect to the origin. It is a character—
automorphic function, i.e., there exists y € I'* such that b(y(¢)) = u(v)b(C).
Note, if G(P) = G(P, ) denotes the Green’s function of the surface X, then

G(r(¢)) = —log [b(C)]-

Let g := ker u, that is Tg = {y € I' : u(y) = 1}. Evidently, b(¢) and (Zb%)(¢)
are holomorphic functions on the surface Xy = D/T.
Now, assume that ag € I'g can be extended to a character on T, i.e.,

Qoo ={a el a|lg = ap} #0.
Note that the set of characters

Q ={ael":al'y =},
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where ¢(y) =1 for all v € 'y is isomorphic to the set (I'/T)*.
Let us fix an element &g € £24,. Since

{aeT": aly=ap}={a@pB: el :ply=1}
we can define a measure dxq, () on Q,, by the relation

dXao (O‘) = dXay (dO;B) = dXL(/B)a

where dx,(8) is the Haar measure on (I'/T'y)* (the measure dyq,(a) does not
depend on a choice of the element éy).

Obviously, Ta := g~ o is an invertible ergodic measure-preserving transfor-
mation on {2 = ), with respect to the measure dy = dxa,-

The following theorem is a slightly modified version of Theorem 2.2 from [5].

Theorem 2.2. Given o € I'*, the system of functions {b" K " },cz forms an
orthonormal basis in L(QimE. With respect to this basis, the multiplication operator
by Z is a 2d + 1-diagonal ergodic finite difference operator with Q0 = Qy,, dx =
dXay, Ta:= p ta and ay = a|Ty.

Moreover, the operators §+ and (j§d)+ are unitary equivalent to multiplica-
tion by b and (b%Z) in A2(To, o), respectively. This unitary map is given by the
formula

> fhle™ () = ) wa(at KT,

{7}€r /Ty nez 4

where f € A?2(To,a0) and the wvector function z(a) = {z,(a)} belongs to
L3 (P(Z4)).

3. Uniqueness theorem

Theorem 3.1. Assume that a finite difference ergodic operator has a finite
band functional model that is there exist a triple {X.,Z, E}, a character oy € T*
and a map F from Q to Q := Qu, such that FTw = p~'Fuw, x(F1(A4)) = x(4),
A C Q, withdy = dXag, here p is the character of the Green function b on X:A\E.
Moreover, ¢ (w) = ¥ (Fw), where the coefficients ¢¥) () are generated by the
multiplication operator Z with respect to the orthonormal basis {I;"Ka“_n tnez.-

If the functions Z and {dlog l;/dé} separate points on X, \ E then any local
functional model is generated by one of the branches of the function b.
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Proof. Put
[ 0 1 0 7
A(z;w) = : > : . (7
0 0 1
(—d)(T—dw) 2(¢)—q© (w) [ q@=0(Td-1)\
__ (qq(d)(wa) ) ce ( q(d) (('Ifdw) ) ce - (q q(d) (wa) )_
According to (5) L
Az w) fe(w) = b(Q) f¢(Tw) (8)

with

c¢ (T 4w)b=?(¢)
felw) = :
e (T w)b®=1(0)

Considering (if necessary) a subdomain O C O let us introduce one-to-one
map ¢ — 2. Then, let us put 7 = 2z assuming that {Z,dlogb/dz} is a point on
X\ E. Actually there are exactly d different preimages {b;}¢ with the given #
and different dlogb;/dz. Finally, since a pair (Z,b;) determines a point on X\ E
we can put K(a;z,by) = Kg(O) choosing one of preimages ( on the universal
covering.

Using this notation and identities Z = z, ¢*)(w) = ¢¥)(Fw), we write

b
Az w)K(z; Fw) = K(z; p7' Fw) ; (9)

b

where the matrix K is constructed from the reproducing kernels

K(pla; 2, El)I;ITd e K(u'a; 2, Egl)a
K(z,a) = : :

K(M_d+la; z, El)l;l_d e K(M_d+1a; 2, i)gl)a

Combining (8) and (9), we get

338 Matematicheskaya fizika, analiz, geometriya , 2004, v. 11, No. 3



Finite difference operators with a finite band spectrum

with

hi (w)
: = K(z,a)_lfg(w).
haq(w)

First of all, hgy;(w) = 0for I > 1 because |b;(¢)b(¢)| < 1. Since the spectrum of
U is discreet and b;(¢) as well as b(¢) are holomorphic the ratio b;(¢)/b(¢) should
be a constant if only hj(w) # 0. Making use of the assumption (logb;(¢)) #
(log b (€)', I # m, we obtain that only one of entries hi,(w) is different from
7€ro.

Therefore, c¢(w) = efy1 (W) K (Fw; 2, by,) with Uefyo} = B{y}€{ro}; and hence
Af = efyy}(w)f(Fw) is not only isometric but a unitary map from Lﬁi to Lgx
such that AU = UA. This means that By} is an eigenvalue of U and the local
model is given by one of the branches of the function b, c¢(w) = K (Fw; z, uby,)
with a certain 7. ]

The following example shows that in the case when the functions Z and
{dlogb/dz} do not separate points on X, \ E one can give different global func-
tional realizations for the same ergodic operator.

Example LetJ=8%+S5"% There exist a "trivial" functional model
with X, \ E ~ . In this case J is the multiplication operator by z = ¢ + (¢
with respect to the standard basis {¢'} in L2. Note that b = ¢, thus

w e dlogb 1 1
T odz A —¢dd’

that is 22 + (wd) 2 = 4, |(wd) ™! + 2| < 2.

On the other hand, let us fix any polynomial T'(u), degT = d, with real critical
values on R\ [~2,2] and define X, \ E =T~ }(C\[-2,2]) ~ C\T7![-2,2]. Asit
well known the last set is the resolvent set for a d—periodic Jacobi matrix [4], say
Jo. Moreover, T'(Jy) = J, and — log |b| is just the Green function of this domain
in the complex plain. So, using the standard functional model for Jy with the
symbols u and b we get a functional model for J with z = T'(u) and the same b.

Note that as before 22 + (wd) 2 = 4, |(wd) ' + 2| < 2 with w := dl(;ng‘ u
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