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Ðàññìàòðèâàåòñÿ äâèæåíèå âÿçêîé íåñæèìàåìîé æèäêîñòè ñ áîëü-

øèì ÷èñëîì ìàëûõ òâåðäûõ øàðîîáðàçíûõ ÷àñòèö áîëüøîé ïëîòíîñòè,

âçàèìîäåéñòâóþùèõ ìåæäó ñîáîé. Èçó÷àåòñÿ àñèìïòîòè÷åñêîå ïîâåäå-

íèå ìàëûõ êîëåáàíèé òàêîé ñèñòåìû, êîãäà ðàäèóñû ÷àñòèö, ðàññòîÿ-

íèÿ ìåæäó áëèæàéøèìè ÷àñòèöàìè è ñèëû âçàèìîäåéñòâèÿ ìåæäó íè-

ìè ñîãëàñîâàííî óìåíüøàþòñÿ, à ïëîòíîñòü âåùåñòâà ÷àñòèö ñîîòâåòñò-

âóþùèì îáðàçîì óâåëè÷èâàåòñÿ. Âûâîäÿòñÿ óðàâíåíèÿ, îïèñûâàþùèå

óñðåäíåííóþ ìîäåëü òàêîé ñèñòåìû.

Ðîçãëÿäà¹òüñÿ ðóõ â'ÿçêî¨ íåñòèñëèâî¨ ðiäèíè ç âåëèêîþ êiëüêiñòþ

äðiáíèõ òâåðäèõ êóëÿñòèõ ÷àñòîê âåëèêî¨ ãóñòèíè, ùî âçà¹ìîäiþòü ìiæ

ñîáîþ. Âèâ÷à¹òüñÿ àñèìïòîòè÷íà ïîâåäiíêà ìàëèõ êîëèâàíü òàêî¨ ñèñòå-

ìè, êîëè ðàäióñè ÷àñòîê, âiäñòàíi ìiæ íàéáëèæ÷èìè ÷àñòêàìè òà ñèëè

âçà¹ìîäi¨ ìiæ íèìè óçãîäæåíî çìåíøóþòüñÿ, à ãóñòèíà ðå÷îâèíè ÷àñ-

òîê âiäïîâiäíèì ÷èíîì çáiëüøó¹òüñÿ. Âèâîäÿòüñÿ ðiâíÿííÿ, ùî îïèñó-

þòü óñåðåäíåíó ìîäåëü òàêî¨ ñèñòåìè.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì îãðàíè÷åííóþ îáëàñòü 
 â R3 ñ ãëàäêîé ãðàíèöåé @
, êîòî-

ðàÿ çàïîëíåíà âÿçêîé íåñæèìàåìîé æèäêîñòüþ, ñîäåðæàùåé áîëüøîå ÷èñëî

N" = O("�3) ìàëûõ øàðîîáðàçíûõ òåë Qi

" (â äàëüíåéøåì áóäåì íàçûâàòü

èõ ÷àñòèöàìè). Îò ìàëîãî ïàðàìåòðà " çàâèñÿò ðàäèóñû ÷àñòèö r"
i
= ri"

3,

ðàññòîÿíèÿ ìåæäó áëèæàéøèìè ÷àñòèöàìè r"
ij
= cr

ij
", ñèëû âçàèìîäåéñòâèÿ

ìåæäó íèìè f "
ij

= c
f

ij
"2 è ïëîòíîñòü âåùåñòâà ÷àñòèö �"

s
= cs"

�6; ïîëàãàåì,
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÷òî 0 < c1 � cs, c
r

ij
, c

f

ij
, ri � c2 < 1, ãäå ïîñòîÿííûå c1 è c2 íå çàâèñÿò îò ".

Áóäåì ïðåäïîëàãàòü, ÷òî ÷àñòèöû âçàèìîäåéñòâóþò äðóã ñ äðóãîì. Êðîìå òî-

ãî, ñ÷èòàåì, ÷òî ÷àñòèöû, íàõîäÿùèåñÿ íà ðàññòîÿíèÿõ, ìåíüøèõ C" (C>0),

îò íåïîäâèæíîé ãðàíèöû @
, âçàèìîäåéñòâóþò ñ íåé. Ôîðìàëüíî ìîæíî ïî-

ëàãàòü, ÷òî ýòè ÷àñòèöû âçàèìîäåéñòâóþò ñ íåêîòîðûìè äðóãèìè ÷àñòèöàìè

Qi
"
, ñîâïàäàþùèìè ñ ÷àñòÿìè íåïîäâèæíîé ãðàíèöû @
; äëÿ íèõ ui

"
= 0 è

�i" = 0. Ñèñòåìà ïðè íóëåâîé ñêîðîñòè òå÷åíèÿ æèäêîñòè íàõîäèòñÿ â ðàâ-

íîâåñíîì ñîñòîÿíèè. Òîãäà ýíåðãèÿ âçàèìîäåéñòâèÿ ÷àñòèö äðóã ñ äðóãîì â

îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ ìîæåò áûòü çàïèñàíà â âèäå

H"(u") = H"(0) +
1

2

N"X
i;j=1

hCij

"
(ui

"
� uj

"
); ui

"
� uj

"
i+ h(u

"
); (1.1)

ãäå ñêîáêè h ; i îáîçíà÷àþò ñêàëÿðíîå ïðîèçâåäåíèå â R3 , ui" � ñìåùåíèå öåíò-

ðà ÷àñòèöû Qi
", u" = (u1"; : : : ; u

N"

" ), à ÷åðåç h(u") îáîçíà÷åíà âåëè÷èíà áîëåå

âûñîêîãî ïî jui"�uj"j ïîðÿäêà ìàëîñòè. Ìàòðèöà C
ij

" îïðåäåëÿåòñÿ ðàâåíñòâîì

Cij

" u = kij"2h u

jxi" � x
j

"j
; eij" ieij" ; (1.2)

ãäå 0 < k1 � kij � k2 < 1, ïîñòîÿííûå k1 è k2 íå çàâèñÿò îò ", à e
ij

" =

xi" � x
j

"

jxi
"
� x

j

"j
.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:


" = 
 n
NS
i=1

Qi

" � îáëàñòü, çàíÿòàÿ æèäêîñòüþ;

� � óäåëüíàÿ ïëîòíîñòü æèäêîñòè;

� � äèíàìè÷åñêàÿ âÿçêîñòü æèäêîñòè;

�"
s
� óäåëüíàÿ ïëîòíîñòü âåùåñòâà ÷àñòèö;

xi" � ðàäèóñ-âåêòîð öåíòðà ÷àñòèöû Qi
", îòâå÷àþùèé ðàâíîâåñíîìó ïîëî-

æåíèþ ÷àñòèö;

�i" � âåêòîð óãëà ïîâîðîòà ÷àñòèöû Qi

";

mi
" � ìàññà ÷àñòèöû Qi

";

Ii" =
2

5
mi

"(r
i

")
2 � ìîìåíò èíåðöèè øàðîâèäíîé ÷àñòèöû Qi

".

Òîãäà ëèíåàðèçîâàííàÿ ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ ìàëûå íåñòàöèî-

íàðíûå äâèæåíèÿ æèäêîñòè ñ òâåðäûìè ÷àñòèöàìè, ìîæåò áûòü çàïèñàíà

â âèäå

�
@v"
@t

� ��v
"
= rp"; divv

"
= 0 x 2 
"; (1.3)

v
"
= _ui

"
+ _�

i

"
� (x� xi

"
); x 2 Si

"
; (1.4)
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mi

"
�ui
"
+

Z
Si
"

�[v
"
]� ds = �rui

"
H"; (1.5)

Ii
"
��
i

"
+

Z
Si
"

(x� xi
"
)� �[v

"
]� ds = �r

�
i

"

H"(� 0): (1.6)

Çäåñü v
"
= v

"
(x; t) � ñêîðîñòü æèäêîñòè, p" = p"(x; t) � äàâëåíèå, � �

åäèíè÷íûé âåêòîð âíóòðåííåé íîðìàëè ê ïîâåðõíîñòè Si
"
÷àñòèöû Qi

"
, à �[v] =�

�kl[v] = �
�@v

k

@xl
+
@v

l

@xk

�
� p"Ækl

	3
k;l=1

� òåíçîð íàïðÿæåíèé.

Ýòó ñèñòåìó óðàâíåíèé äîïîëíèì ñëåäóþùèìè íà÷àëüíûìè óñëîâèÿìè

v
"
(x; 0) = v

"0(x); x 2 
"; (1.7)

ui
"
(0) = 0; _ui

"
(0) = vi

"
; �i

"
(0) = 0; _�

i

"
(0) = �i

"1 (1.8)

è êðàåâûì óñëîâèåì íà @


v
"
(x; t) = 0; x 2 @
: (1.9)

Òåîðåìà 1. Çàäà÷à (1:3)�(1:9) èìååò åäèíñòâåííîå ðåøåíèå.

Îñíîâíîé öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ èçó÷åíèå àñèìïòîòè÷åñêîãî ïî-

âåäåíèÿ ïðè " ! 0 ðåøåíèÿ çàäà÷è (1.3)�(1.9). Çäåñü ìû ïðåäïîëàãàåì, ÷òî

ïëîòíîñòü âåùåñòâà ÷àñòè÷åê íåîãðàíè÷åííî âîçðàñòàåò, êîãäà èõ äèàìåòðû

ñòðåìÿòñÿ ê íóëþ. Ñëó÷àè ìåëêèõ è êðóïíûõ ÷àñòèö, ïëîòíîñòü êîòîðûõ �"s
íå çàâèñåëà îò ", áûëè ðàññìîòðåíû â ðàáîòàõ [1] è [2].

Ïåðåä òåì, êàê ñôîðìóëèðîâàòü îñíîâíîé ðåçóëüòàò, ââåäåì íåêîòîðûå

ïðåäïîëîæåíèÿ è îïðåäåëåíèÿ.

2. Äîïîëíèòåëüíûå ïðåäïîëîæåíèÿ è îñíîâíîé ðåçóëüòàò

Ðàññìîòðèì êóá Kx

h
ñ öåíòðîì â òî÷êå x 2 
 è ðåáðîì h (" � h � 1).

Áóäåì ñ÷èòàòü, ÷òî ðåáðà êóáà ïàðàëëåëüíû êîîðäèíàòíûì îñÿì. Îáîçíà÷èì

÷åðåç N(x; "; h) ìíîæåñòâî ðåøåò÷àòûõ âåêòîð-ôóíêöèé w", îïðåäåëåííûõ

â òî÷êàõ xi" 2 Kx

h
(w"(x

i
") = wi

"). Îïðåäåëèì íà ýòîì ìíîæåñòâå ôóíêöèîíàë

E



"h
(w

"
; x; T ) =

1

2

X
i;j

K
x

h

hCij

"
(wi

"
� wj

"
); wi

"
� wj

"
i

+h�2�
"3
X
i K

x

h

jwi

"
�

3X
q;r=1

Tqr'
qr(xi

"
� x)j2; (2.1)
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ãäå

'qr(x) =
1

2
(xre

q + xqe
r);

T = fTqrg � íåêîòîðûé ïîëîæèòåëüíûé ñèììåòðè÷åñêèé òåíçîð âòîðîãî ðàí-

ãà, 0<
<2, à
P
i K

x

h

ðàñïðîñòðàíÿåòñÿ íà òå i, äëÿ êîòîðûõ xi
"
2 Kx

h
. Ñóùåñòâó-

åò ìèíèìóì ýòîãî ôóíêöèîíàëà, ÿâëÿþùèéñÿ êâàäðàòè÷íîé ôóíêöèåé êîì-

ïîíåíò òåíçîðà T :

min
w
"
2N(x;";h)

E



"h
(w"; x; T ) =

3X
n;p;q;r=1

a
npqr(x; "; h)TnpTqr; (2.2)

ãäå a



npqr(x; "; h) � êîìïîíåíòû òåíçîðà ÷åòâåðòîãî ðàíãà, îïðåäåëÿåìûå ôîð-

ìóëîé

a

npqr

(x; "; h) =
1

2

X
i;j

Kx

h

hCij

"

�
wnp(xi

"
)� wnp(xj

"
)
�
; wnp(xi

"
)� wnp(xj

"
)i

+h�2�
"3
X
i K

x

h

hwnp(xi
"
)� 'np(xi

"
� x); wqr(xi

"
)� 'qr(xi

"
� x)i: (2.3)

Çäåñü ÷åðåç wnp îáîçíà÷åíà ðåøåò÷àòàÿ âåêòîð-ôóíêöèÿ èç N(x; "; h), ìèíè-

ìèçèðóþùàÿ ôóíêöèîíàë (2:1) ïðè T = T np =
1

2
(en 
 ep + ep 
 en). Áóäåì

íàçûâàòü òåíçîð (2:3) òåíçîðîì óïðóãîñòè ñèñòåìû âçàèìîäåéñòâóþùèõ ÷àñ-

òèö. Êðîìå òîãî, ðàññìîòðèì òåíçîð ñîïðîòèâëåíèÿ fCkl(Q
i

")g ÷àñòè÷êè Qi

"

ïîòîêó æèäêîñòè. Â íàøåì ñëó÷àå (êîãäà ÷àñòè÷êè ïðåäñòàâëÿþò ñîáîé øà-

ðèêè) êîìïîíåíòû ýòîãî òåíçîðà èìåþò âèä

Ckl(Q
i

") = 6�� ri"Ækl:

Ïîñòðîèì òåïåðü ïî ðåøåíèþ fv"(x; t); ui"; �i"; i = 1; N"g çàäà÷è (1.3)�(1.9)
âåêòîð-ôóíêöèþ

~v"(x; t) = �"(x)v"(x; t) +

N"X
i=1

�i"(x)[ _u
i

" +
_�
i

" � (x� xi")] (2.4)

è êóñî÷íî-ëèíåéíûé ñïëàéí

w
"
(x; t) =

N"X
i=1

_ui
"
(t)Li

"
(x); (2.5)
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ãäå �"(x) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ îáëàñòè 
", çàïîëíåííîé æèäêî-

ñòüþ, �i
"
(x) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ÷àñòè÷êè Qi

"
, ôóíêöèÿ Li

"
(x

j

") =

Æij , à â îñòàëüíûå òî÷êè îíà ïðîäîëæàåòñÿ ïî ëèíåéíîñòè.

Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

2.1) íà ãåîìåòðèþ:

öåíòðû ìàññ xi
"
÷àñòè÷åê íàõîäÿòñÿ â âåðøèíàõ ñèìïëåêñîâ, òðèàíãó-

ëèçóþùèõ îáëàñòü 
, ïðè÷åì òåëåñíûå óãëû ïðè âåðøèíàõ ñèìïëåêñîâ

ðàâíîìåðíî ïî " îòäåëåíû îò 0;

2.2) íà õàðàêòåð âçàèìîäåéñòâèÿ:

âçàèìîäåéñòâóþò ìåæäó ñîáîé ÷àñòèöû Qi
"
èQ

j

", íàõîäÿùèåñÿ íà ðàññòî-

ÿíèè O("), òàê ÷òî ìàòðèöà âçàèìîäåéñòâèÿ C
ij

" = 0, åñëè dist(Qi
"
; Q

j

") �
C1" (C1 > 0); ïðè ýòîì îáÿçàòåëüíî âçàèìîäåéñòâóþò ïàðû ÷àñòèö, ñî-

åäèíåííûõ îáùèì ðåáðîì ñèìïëåêñà;

2.3) íà íà÷àëüíûå äàííûå:

a) ïîñëåäîâàòåëüíîñòü âåêòîð-ôóíêöèé w
"0(x) = w"

(x; 0) îãðàíè÷åíà

ðàâíîìåðíî ïî " â H1(
), à ïðè "! 0 ñõîäèòñÿ â L2(
) ê íåïðåðûâíîé

âåêòîð-ôóíêöèè w0(x);

b) ïîñëåäîâàòåëüíîñòü âåêòîð-ôóíêöèé ~v"0(x) = ~v"(x; 0) ïðè "! 0 ñõî-

äèòñÿ â L2(
) ê íåïðåðûâíîé âåêòîð-ôóíêöèè v0(x);

2.4) ôóíêöèÿ �1"(x) = �"
s

NP
i=1

�i
"
(x) ïðè " ! 0 ñõîäèòñÿ â ïðîñòðàíñòâå îáîá-

ùåííûõ ôóíêöèé D0(
) ê íåïðåðûâíîé ôóíêöèè �1(x) > 0;

2.5) ðàâíîìåðíî ïî x 2 
 ñóùåñòâóþò ñëåäóþùèå ïðåäåëû:

a) lim
h!0

lim
"!0

a



npqr(x; "; h)

h3
= lim

h!0
lim
"!0

a



npqr(x; "; h)

h3
= anpqr(x);

b) lim
h!0

lim
"!0

1

h3

X
i K

x

h

r"
i
= r(x) > 0;

ãäå fanpqr(x)g � íåïðåðûâíûé ïîëîæèòåëüíî îïðåäåëåííûé òåíçîð,

à r(x) � íåïðåðûâíàÿ ôóíêöèÿ.

Îñíîâíîé ðåçóëüòàò ýòîé ðàáîòû ñîñòîèò â ñëåäóþùåì.

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 2.1)�2.5). Òîãäà âåêòîð-ôóíê-

öèÿ ~v
"
(x; t), îïðåäåëåííàÿ â (2:4), äëÿ ëþáîãî T>0 ñõîäèòñÿ ñëàáî â L2(
 �
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[0; T ]) ê âåêòîð-ôóíêöèè v(x; t) òàêîé, ÷òî ïàðà fv(x; t); w(x; t)g ÿâëÿåòñÿ

ðåøåíèåì ñëåäóþùåé íà÷àëüíî-êðàåâîé çàäà÷è:

�
@v

@t
� ��v + C(x)[v � w] = rp; div v = 0; x 2 
; t > 0; (2.6)

�1
@2w

@t2
+ C(x)

@w

@t
�

3X
n;p;q;r=1

@

@xp

�
anpqr(x)eqr[w]

�
en = C(x)

@v

@t
;

x 2 
; t > 0; (2.7)

v(x; t) = w(x; t) = 0; x 2 @
; (2.8)

v(x; 0) = v0(x); w(x; 0) = w0(x);

@w(x; t)

@t

���
t=0

=
1

�1(x)
� C(x)

�
v0(x)� w0(x)

�
; x 2 
;

(2.9)

ãäå C(x) = 6�� r(x); anpqr(x) è r(x) îïðåäåëåíû óñëîâèåì 2.5), à

n
eqr[w] =

1

2

�@wq

@xr
+
@wr

@xq

�o3
q;r=1

� ëèíåàðèçîâàííûé òåíçîð äåôîðìàöèé.

Çàäà÷à (2:6)�(2:9) èìååò åäèíñòâåííîå ðåøåíèå.

3. Âàðèàöèîííàÿ ôîðìóëèðîâêà çàäà÷è

Ïåðåéäåì ê ïðåîáðàçîâàíèþ Ëàïëàñà èñêîìûõ ôóíêöèé ïåðåìåííîé t, ñî-

õðàíÿÿ çà ïðåîáðàçîâàíèÿìè ïðåæíèå îáîçíà÷åíèÿ: ~v"(x; t)! v"(x; �), p"(x; t)

! p"(x; �), u
i

"(t) ! ui"(�), �
i

"(t) ! �i"(�). Çäåñü Re� > 0. Ó÷èòûâàÿ ñâîéñòâà

ïðåîáðàçîâàíèÿ Ëàïëàñà è (1.1), ïåðåïèøåì çàäà÷ó (1.3)�(1.6) â âèäå

���v
" + ��v" �rp" = �v"0(x); div v" = 0; x 2 
"; (3.1)

v" = �[ui
" + �i" � (x� xi")]; x 2 Si"; (3.2)

�2mi

"
ui
"
+

Z
Si"

�[v
"
]� ds = �

X
j

i

Cij

"
[ui
"
� uj

"
] +mi

"
vi
"
; (3.3)

�2Ii
"
�i
"
+

Z
Si"

(x� xi
"
)� �[v

"
]� ds = Ii

"
�i
"1; (3.4)

v"(x) = 0; x 2 @
: (3.5)
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Çäåñü
P
j

i

îáîçíà÷àåò ñóììèðîâàíèå ïî âñåì ÷àñòèöàì Q
j

", âçàèìîäåéñòâóþ-

ùèì ñ ÷àñòèöåé Qi

"
. Áóäåì ïðîäîëæàòü âåêòîð ñêîðîñòè v

"
(x; �) íà ÷àñòèöû

Qi

"
ðàâåíñòâîì (3.2), ñîõðàíÿÿ çà ïðîäîëæåíèåì òî æå îáîçíà÷åíèå.

Çàôèêñèðóåì òåïåðü � > 0. Òîãäà çàäà÷à (3.1)�(3.5) ýêâèâàëåíòíà âàðèà-

öèîííîé çàäà÷å

�"(v") = min
v0
"
2

Æ

J"(
)

�"(v
0

"
); (3.6)

ãäå
Æ

J" (
) � êëàññ ñîëåíîèäàëüíûõ âåêòîð-ôóíêöèé èç
Æ

H1 (
), ðàâ-

íûõ ai
"
+ bi

"
� (x� xi") íà ÷àñòè÷êàõ Q

i
"
(ai" è b

i
"
� ïðîèçâîëüíûå ïîñòîÿííûå

âåêòîðû), à

�"(v") =

Z



�
2�

3X
k;l=1

e2
kl
[v
"
] + �h�v

"
; v

"
i � 2h�v

"0; v"i
	
dx

+
1

2�

N"X
i;j=1

hCij

"
[v
"
(xi

"
)� v

"
(xj

"
)]; v

"
(xi

"
)� v

"
(xj

"
)i

+�

N"X
i=1

hmi

"
v"(x

i

"
); v"(x

i

"
)i � 2

N"X
i=1

hmi

"
vi
"
; v"(x

i

"
)i: (3.7)

Ðàññìîòðèì òàêæå çàäà÷ó ìèíèìèçàöèè

�0(v; w) = min

(v0;w0)2
�

Æ

J(
)�
Æ

H1(
)
��0(v

0; w0); (3.8)

ãäå
Æ

J (
) � êëàññ ñîëåíîèäàëüíûõ âåêòîð-ôóíêöèé èç
Æ

H1 (
), à

�0(v; w) =

Z



�
2�

3X
k;l=1

e2
kl
[v] + hC(x)[v � w]; v � wi+ �h�v; vi � 2h�v0; vi

+
1

�

3X
n;p;q;r=1

anpqr(x)enp[w]eqr[w] + �h�1w;wi � 2h�1w0; wi
	
dx: (3.9)

Ëåãêî âèäåòü, ÷òî ðåøåíèå ýòîé çàäà÷è óäîâëåòâîðÿåò ñëåäóþùåé ñèñòåìå

óðàâíåíèé:

���v + C(x)[v � w] + ��v = �v0 +rp; divv = 0; x 2 
; (3.10)

��1w �
1

�

3X
n;p;q;r=1

@

@xp

�
anpqr(x)eqr[w]

�
en + C[w � v] = �1w0; x 2 
; (3.11)
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v(x; t) = w(x; t) = 0; x 2 @
: (3.12)

Áóäåì èçó÷àòü òåïåðü àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè " ! 0 ðåøåíèÿ

âàðèàöèîííîé çàäà÷è (3:6).

Òåîðåìà 3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 2.1)�2.5). Òîãäà ðåøåíèå çàäà÷è

(3.6) äëÿ ëþáîãî � > 0 ñõîäèòñÿ ïðè " ! 0 ê ðåøåíèþ
�
v(x; �); w(x; �)

	
çàäà÷è (3.8) â ñëåäóþùåì ñìûñëå:

v
"
(x; �) ���!

"!0
v(x; �) â L2(
);

w"
(x; �) ���!

"!0
w(x; �) â L2(
):

Äîêàçàòåëüñòâî ýòîé òåîðåìû áóäåò ïðåäñòàâëåíî â ðàçä. 4, 5.

4. Êîìïàêòíîñòü ñåìåéñòâà ðåøåíèé

âàðèàöèîííîé çàäà÷è (3.6)

Çäåñü íàì ïîíàäîáèòñÿ äèñêðåòíîå íåðàâåíñòâî Êîðíà äëÿ ñïëàéíîâ (2.5)

(ñì.[3]):

kw
"(x)k2H1(
) � c �

X
i;j

hCij

" (wi

" � wj

"); w
i

" � wj

"i; (4.1)

ãäå wi

"
= w"(x

i

"
) = v"(x

i

"
) (wi

"
= 0 ïðè xi

"
2 @
), à ïîñòîÿííàÿ c íå çàâèñèò îò ".

Çàìåòèì, ÷òî â ñèëó îïðåäåëåíèÿ (2.5) ñóùåñòâóþò êîíñòàíòû c2 � c1 > 0, íå

çàâèñÿùèå îò " è òàêèå, ÷òî

c1 � kw"
(x)k2

H1(
) � "
X
i;j

0

jwi

"
� wj

"
j2 + "3

X
i

jwi

"
j2 � c2 � kw"

(x)k2
H1(
);

ãäå ñóììèðîâàíèå
P
i;j

0

ðàñïðîñòðàíÿåòñÿ íà âñå ïàðû ÷àñòèö, öåíòðû ìàññ êî-

òîðûõ ñîåäèíåíû ðåáðàìè ñèìïëåêñîâ, òðèàíãóëèçóþùèõ îáëàñòü 
. Îòñþäà

è èç óñëîâèÿ 2.3a) ñëåäóåò, â ÷àñòíîñòè, ðàâíîìåðíàÿ ïî " îãðàíè÷åííîñòü

âåëè÷èí
N"X
i=1

mi

"
jvi
"
j2 � C: (4.2)

Ïóñòü, äàëåå, v"(x; �) áóäåò ðåøåíèåì çàäà÷è (3.6). Òîãäà, ïîñêîëüêó
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0 2 Æ

J" (
), ìû èìååì �"(v") � �"(0) = 0. Ñëåäîâàòåëüíî,

Z



�
2�

3X
k;l=1

e2
kl
[v
"
] + �h�v

"
; v

"
i
	
dx

+
1

2�

N"X
i;j=1

hCij

"
[v
"
(xi

"
)� v

"
(xj

"
)]; v

"
(xi

"
)� v

"
(xj

"
)i+ �

N"X
i=1

mi

"
jv
"
(xi

"
)j2

� 2k�v
"0kL2(
) � kv"kL2(
) + 2

� N"X
i=1

mi

"
jvi"j2

�1
2 �
� N"X
i=1

mi

"
jv"(xi")j2

�1
2 :

Îòñþäà ñ ïîìîùüþ âòîðîãî íåðàâåíñòâà Êîðíà

kv"k2H1(
) � c
�Z



3X
n;p=1

"2np[v"] dx+

Z



jv"(x)j2 dx
	

(4.3)

è äèñêðåòíîãî íåðàâåíñòâà Êîðíà (4.1) ëåãêî âèäåòü, ÷òî

kv
"
k2
H1(
) + kw

"
k2
H1(
) +

N"X
i=1

mi

"
jv
"
(xi

"
)j2 � C: (4.4)

Èç ýòîãî íåðàâåíñòâà ñëåäóåò, ÷òî ìíîæåñòâà âåêòîð-ôóíêöèé fv"(x; �),
" > 0g è fw"(x; �), " > 0g (ñì. (2.5)) îãðàíè÷åíû â H1(
) è, ñëåäîâàòåëü-

íî, ñëàáî êîìïàêòíû â ýòîì ïðîñòðàíñòâå. Äàëåå, â ñèëó òåîðåìû âëîæåíèÿ

ýòè ìíîæåñòâà êîìïàêòíû â ïðîñòðàíñòâå L2(
). Òåïåðü ìû ìîæåì èç ïî-

ñëåäîâàòåëüíîñòåé fv
"(x; �); " > 0g è fw"(x; �); " > 0g âûäåëèòü ïîäïîñëå-

äîâàòåëüíîñòè, ñõîäÿùèåñÿ ê íåêîòîðûì âåêòîð-ôóíêöèÿì v(x; �) è w(x; �),

ñîîòâåòñòâåííî (ñëàáî â H1(
) è ñèëüíî â L2(
)). Êàê áóäåò ïîêàçàíî äàëåå,

ïàðà fv; wg ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3.8). Íî ïîñêîëüêó ýòà çàäà÷à èìååò

åäèíñòâåííîå ðåøåíèå, òî è ñàìè ðàññìàòðèâàåìûå ïîñëåäîâàòåëüíîñòè îêà-

çûâàþòñÿ ñõîäÿùèìèñÿ

v
"
* v ñëàáî âH1(
); v

"
! v ñèëüíî âL2(
);

w" * w ñëàáî âH1(
); w" ! w ñèëüíî âL2(
):
(4.5)

ßñíî, ÷òî v(x) 2 Æ

J (
), w(x) 2 H1
0 (
). Â ðàçäåëå 5 ìû ïîêàæåì, ÷òî ïàðà

âåêòîð-ôóíêöèé fv; wg ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3.8).

5. Äîêàçàòåëüñòâî îñíîâíîãî íåðàâåíñòâà

Ìû ïîêàæåì, ÷òî äëÿ ëþáîé ïàðû fv0; w0g 2
� Æ
J (
)�H1

0 (
)
�
èìååò ìåñòî

íåðàâåíñòâî

�0(v; w) � �0(v
0; w0); (5.1)
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ãäå âåêòîð-ôóíêöèè v(x) è w(x) îïðåäåëåíû â (4.5). Äëÿ íà÷àëà ïî çàäàí-

íîé ïàðå fv0; w0g 2
� Æ
J (
) � H1

0 (
)
�T

C2
0 (
) ïîñòðîèì ñïåöèàëüíóþ âåêòîð-

ôóíêöèþ v
"h
2 Æ

J" (
) òàêóþ, ÷òî

lim
h!0

lim
"!0

�"(v"h) � �0(v
0; w0): (5.2)

Ïðîâåäåì ýòî ïîñòðîåíèå ñëåäóþùèì îáðàçîì. Ïîêðîåì îáëàñòü 
 êóáà-

ìè Kx�

h
ñ öåíòðàìè â òî÷êàõ x� 2 
 è ðåáðàìè äëèíû h, ïàðàëëåëüíûìè

êîîðäèíàòíûì îñÿì: 
 � S
�2�

Kx�

h
. Ïóñòü öåíòðû êóáîâ x� 2 
 îáðàçîâû-

âàþò êóáè÷åñêóþ ðåøåòêó ñ ïåðèîäîì h � h1+



2 , 0 < 
 < 2. Îáîçíà÷èì

÷åðåç Kx�

h
0 êîíöåíòðè÷åñêèå ê Kx�

h
êóáû ñ ðåáðàìè äëèíû h

0

= h � 2h1+



2 .

Êàê èçâåñòíî, ñóùåñòâóþò òàêèå ôóíêöèè f��(x) 2 C10 (
)g�2� (íàçûâàåìûå

ðàçáèåíèåì åäèíèöû), ÷òî

��(x) =

(
1; x 2 Kx�

h

0; x 62 Kx�

h

; 0 � ��(x) � 1; jr��(x)j �
c

h1+



2

;
X
�2�

��(x) � 1; x 2 
:

(5.3)

Ïîñòðîèì òåïåðü äèñêðåòíóþ âåêòîð-ôóíêöèþ

w
"h(x

i

"
) =

X
�2�

fw(x�) +
3X

n;p=1

"np[w(x�)]v
np

�
(xi

"
)

+

3X
n;p=1

wnp[w(x�)] 
np(xi

"
� x

�
)g � ��(xi"); (5.4)

ãäå

"np[w(x�)] =
1

2

�@w
n

@xp
(x�)+

@w
p

@xn
(x�)

�
; wnp[w(x�)] =

1

2

�@w
n

@xp
(x�)�

@w
p

@xn
(x�)

�
;

âåêòîð-ôóíêöèÿ  np(x) îïðåäåëÿåòñÿ ðàâåíñòâîì

 np(x) =
1

2
(xne

p � xpe
n);

à âåêòîðû v
np

� (xi
"
) ìèíèìèçèðóþò ôóíêöèîíàë E




"h
(v; x�; T

np), îïðåäåëåííûé

â (2.1).

Âûáåðåì òåïåðü ïðîèçâîëüíóþ ÷àñòèöó Qi
" � 
 è ðàññìîòðèì ãðàíè÷íóþ

çàäà÷ó

��vik = rp; div vik = 0; x 2 R3 nQi

"; (5.5)

vik = ek + qik � (x� xi"); x 2 Si"; (5.6)
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vik(x) ����!
jxj!1

0; vik(x) 2 H1
�
R3 nQi

"

�
: (5.7)

Ýòà çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå
�
vik(x); qik(x)

�
. Áóäåì ïðîäîëæàòü

ýòî ðåøåíèå íà ÷àñòèöó Qi

"
ðàâåíñòâîì (5.6). Îáîçíà÷èì, äàëåå, ÷åðåç Bi

r"

è Bi

R"
øàðû ðàäèóñîâ 2r"

i
è

R
i
"

2
ñ îáùèì öåíòðîì â òî÷êå xi

"
. Çäåñü ÷åðåç

Ri

"
îáîçíà÷åíî ðàññòîÿíèå îò ÷àñòèöû Qi

"
äî

S
j 6=i

Q
j

"

S
@
. Êàê ïîêàçàíî â [1],

ñóùåñòâóþò âåêòîð-ôóíêöèè ~vi(x) è ~vik(x) òàêèå, ÷òî

rot ~vi(x) = v(xi
"
)� v(x); div ~vi(x) = 0; x 2 Bi

r"
; h~vi(x); �i = 0 íà @Bi

r"
; (5.8)

rot ~vik(x) = vik(x); div ~vik(x) = 0; x 2 Bi

R"
; h~vik(x); �i = 0 íà @Bi

R"
: (5.9)

Äëÿ äàííûõ âåêòîð-ôóíêöèé v(x) 2 Æ

J (
)
T
C2
0 (
) è w(x) 2 C2

0 (
) îïðåäå-

ëèì âåêòîð-ôóíêöèþ v"h(x) ñëåäóþùèì îáðàçîì:

v"h(x) = v(x) +

N"X
i=1

rot[~vi(x)'ir"(x)] +

N"X
i=1

3X
k=1

[w"h

k
(xi")� vk(xi")]rot[~vik(x)'iR"(x)]:

(5.10)

Çäåñü

'ir"(x) = '
� jx� xi

"
j

2ri
"

�
; 'iR"(x) = '

�2jx� xi
"
j

Ri
"

�
:

Ôóíêöèÿ '(r) 2 C2
0(0;1) ðàâíà 1 ïðè r < 1

2
è 0 ïðè r > 1. Ôóíêöèè vk(x) è

w"h

k
(xi

"
) ÿâëÿþòñÿ êîìïîíåíòàìè çàäàííîé âåêòîð-ôóíêöèè v(x) è äèñêðåòíîé

âåêòîð-ôóíêöèè w"h(xi
"
), ïîñòðîåííîé â (5.4).

Ìîæíî ïîêàçàòü, ÷òî

v
"h
(x) 2 H1

0 (
); div v
"h
(x) = 0; x 2 
;

v"h(x) = w"h(xi"); x 2 Qi

":

Èòàê, v"h(x) 2 Æ

J" (
). Áóäåì òåïåðü âû÷èñëÿòü äåéñòâèå ôóíêöèîíàëà (3.7)

íà âåêòîð-ôóíêöèþ v"h(x). Â ðàáîòå [1] ïîêàçàíî, ÷òî

lim
h!0

lim
"!0

Z



�
2�

3X
k;l=1

e2
kl
[v"h] + �h�v"h; v"hi � 2h�v"0; v"hi

	
dx

=

Z



�
2�

3X
k;l=1

e2
kl
[v] + �h�v; vi+ hC(x)[v � w]; v � wi � 2h�v0; vi

	
dx: (5.11)

Çäåñü ôóíêöèÿ C(x) = 6�� r(x), à âåêòîð-ôóíêöèÿ v0(x) îïðåäåëåíà â 2.3b).
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Â ðàáîòå [3] ïîêàçàíî, ÷òî

lim
h!0

lim
"!0

1

2

N"X
i;j=1

hCij

"
[v
"h
(xi

"
)� v

"h
(xj

"
)]; v

"h
(xi

"
)� v

"h
(xj

"
)i

�
Z



3X
n;p;q;r=1

anpqr(x) � "np[w(x)] � "qr[w(x)] dx: (5.12)

Ïîêàæåì òåïåðü, ÷òî

lim
h!0

lim
"!0

N"X
i=1

hmi

"
vi"; v"h(x

i

"
)i =

Z



h�1w0; wi dx: (5.13)

Äåéñòâèòåëüíî,

N"X
i=1

mi

"
hvi

"
; v

"h
(xi

"
)i =

N"X
i=1

mi

"
hw0(x

i

"
); w(xi

"
)i+

N"X
i=1

mi

"
hw

"0(x
i

"
)� w0(x

i

"
); w(xi

"
)i

+

N"X
i=1

mi

"hvi"; w"h(x
i

")� w(xi")i = I1 + I2 + I3:

Â ñèëó óñëîâèÿ 2.3a) lim
"!0

I2 = 0. Ñëàãàåìîå I3, ñ ó÷åòîì (4.2), íå ïðåâîñõîäèò

I3 � c
� N"X
i=1

mi

"jw"h(x
i

")� w(xi")j2
�1
2 :

Ïîñêîëüêó w(x) 2 C2(
), èìååò ìåñòî ñëåäóþùåå ïðåäñòàâëåíèå:

w(x) = w(x�) +

3X
n;p=1

�
enp[w(x

�)]'np(x� x�)

+wnp[w(x
�)] np(x� x�)

�
+O(h2); x 2 Kx�

h
:

Îòñþäà ëåãêî âèäåòü, ÷òî

jw"h(x
i

")� w(xi")j2 � Cjvnp� (x
(")
i
)� 'np(xi" � x�)j2 +O(h4); xi" 2 Kx�

h
:

Òîãäà

N"X
i=1

mi

"
jw

"h
(xi

"
)� w(xi

"
)j2 � c

X
�2�

X
i K

x�

h

"3jvnp
�
(x

(")
i
)� 'np(xi

"
� x�)j2 +O(h4):
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Ñëàãàåìîå X
i K

x�

h

"3jvnp
�
(x

(")
i
)� 'np(xi

"
� x�)j2 = O(h5+
)

ââèäó (2.3) è óñëîâèÿ 2.5a). Ýòî, â ñâîþ î÷åðåäü, îçíà÷àåò, ÷òî I3 = O(h1+



2 )

è â ïðåäåëå ïðè h ! 0 äàåò 0. Äàëåå, ââèäó íåïðåðûâíîñòè âåêòîð-ôóíêöèé

w0(x) è w(x), à òàêæå óñëîâèÿ 2.4), ñëåäóåò, ÷òî

lim
"!0

I1 = lim
"!0

N"X
i=1

�1"(x
i

"
)hw0(x

i

"
); w(xi

"
)i � jQi

"
j

= lim
"!0

Z



�1"(x)hw0(x
i

"
); w(xi

"
)i dx =

Z



h�1w0; wi dx:

Èòàê, ñïðàâåäëèâîñòü ôîðìóëû (5.13) óñòàíîâëåíà.

Àíàëîãè÷íûì îáðàçîì äîêàçûâàåòñÿ, ÷òî

lim
h!0

lim
"!0

N"X
i=1

hmi

"
v
"h
(xi

"
); v

"h
(xi

"
)i =

Z



h�1w;wi dx: (5.14)

Ñîïîñòàâëÿÿ òåïåðü (5.11)�(5.14), ïîëó÷àåì íåðàâåíñòâî (5.2). Äàëåå, èç (5.2)

è î÷åâèäíîãî íåðàâåíñòâà �"(v") � �"(v"h) ñëåäóåò îöåíêà ñâåðõó:

lim
"!0

�"(v") � �0(v
0; w0); 8fv0; w0g 2

� Æ
J (
)�H1

0 (
)
�
: (5.15)

Äîêàæåì òåïåðü îöåíêó ñíèçó

�0(v; w) � lim
"!0

�"(v"); (5.16)

ãäå âåêòîð-ôóíêöèè v(x) è w(x) îïðåäåëåíû â (4.5).

Ñíà÷àëà áóäåì äîêàçûâàòü ýòî íåðàâåíñòâî â ïðåäïîëîæåíèè ãëàäêîñòè

ïðåäåëüíûõ âåêòîð-ôóíêöèé: v(x) 2 Æ

J (
)
T
C2
0 (
), w(x) 2 C2

0 (
). Êàê ïîêà-

çàíî â ðàáîòå [1],

lim
"!0

Z



�
2�

3X
k;l=1

e2
kl
[v
"
] + �h�v

"
; v

"
i � 2h�v

"0; v"i
	
dx

=

Z



�
2�

3X
k;l=1

e2
kl
[v] + �h�v; vi+ hC(x)[v � w]; v � wi � 2h�v0; vi

	
dx: (5.17)
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Èç ðàáîòû [3] èìååì

lim
"!0

1

2

N"X
i;j=1

hCij

"
[v
"
(xi

"
)� v

"
(xj

"
)]; v

"
(xi

"
)� v

"
(xj

"
)i

�
Z



3X
n;p;q;r=1

anpqr(x) � "np[w(x)] � "qr[w(x)] dx: (5.18)

Äàëåå, àíàëîãè÷íî (5.13) è (5.14) óñòàíàâëèâàåì, ÷òî

lim
"!0

N"X
i=1

hmi

"
vi
"
; v

"
(xi

"
)i =

Z



h�1w0; wi dx; (5.19)

lim
"!0

N"X
i=1

hmi

"
v"(x

i

"
); v"(x

i

"
)i =

Z



h�1w;wi dx: (5.20)

Ñîïîñòàâëÿÿ òåïåðü (5.17)�(5.20), ïîëó÷àåì íåðàâåíñòâî (5.16). Çàìåòèì,

÷òî ýòà îöåíêà ïîëó÷åíà â ïðåäïîëîæåíèè ãëàäêîñòè ïðåäåëüíûõ âåêòîð-

ôóíêöèé v(x) è w(x). Ïîñêîëüêó ýòî çàðàíåå íåèçâåñòíî, íåîáõîäèìî ââåñòè

ãëàäêèå àïïðîêñèìàöèè v�(x) è w�(x) ýòèõ âåêòîð-ôóíêöèé, äëÿ íèõ ïîëó-

÷èòü íåðàâåíñòâî, àíàëîãè÷íîå (5.16), à çàòåì ñäåëàòü ïðåäåëüíûé ïåðåõîä

ïî � (ñì. [1]). Çäåñü ìû íå áóäåì íà ýòîì îñòàíàâëèâàòüñÿ.

Íåðàâåíñòâî (5.1) ñëåäóåò èç (5.15) è (5.16). Òåîðåìà 3 äîêàçàíà.

6. Äîêàçàòåëüñòâî òåîðåìû 2

Çàìåòèì, ÷òî ñõîäèìîñòü â òåîðåìå 3 äîêàçàíà òîëüêî äëÿ � > 0. Èçó÷àÿ

àíàëèòè÷åñêèå ñâîéñòâà ñåìåéñòâ ðåøåíèé çàäà÷ (3.1)�(3.5) è (3.10)�(3.12),

ñîîòâåòñòâåííî, à òàêæå èõ ïîâåäåíèå ïðè j�j ! 1, ñ ïîìîùüþ òåîðåìû

Âèòàëè óäàåòñÿ ïîêàçàòü, ÷òî ïðè Re� > �0 > 0

v"(x; �)� v(x; �) â L2(
) (6.1)

ðàâíîìåðíî ïî � = s+ i�.

Òàê êàê ðåøåíèÿ v
"
(x; �) è v(x; �) çàäà÷ (3.1)�(3.5) è (3.10)�(3.12) ÿâëÿ-

þòñÿ ïðåîáðàçîâàíèÿìè Ëàïëàñà ðåøåíèé ~v
"
(x; t) è v(x; t) çàäà÷ (1.3)�(1.9) è

(2.6)�(2.9), ñîîòâåòñòâåííî, ìû èìååì

~v"(x; t) =
1

2�i

2�0+i1Z
2�0�i1

e�tv"(x; �) d�; v(x; t) =
1

2�i

2�0+i1Z
2�0�i1

e�tv(x; �) d�: (6.2)
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Îáîçíà÷èì ÷åðåç  (x) ïðîáíóþ âåêòîð-ôóíêöèþ êëàññà L2(
), à ÷åðåç

'(t) � ïðîáíóþ ôóíêöèþ êëàññà C1
0 (0; T ). Ïîêàæåì òåïåðü, ÷òî

lim
"!0

TZ
0

Z



h~v"(x; t)� v(x; t);  (x)'(t)i dx dt = 0; 8T > 0: (6.3)

Äåéñòâèòåëüíî, èñïîëüçóÿ (6.2) è óñëîâèå '(t) 2 C1
0 (0; T ) (èç ýòîãî óñëîâèÿ

ñëåäóåò, ÷òî
TZ
0

e�t'(t) dt = O
� 1

j�j
�
); (6.4)

ïîëó÷àåì

lim
"!0

???
TZ
0

Z



h~v
"
(x; t)� v(x; t);  (x)'(t)i dx dt

???

= lim
"!0

???
TZ
0

Z



h 1

2�i

2�0+i1Z
2�0�i1

e�t
�
v"(x; �)� v(x; �)

�
d�;  (x)'(t)i dx dt

???

= lim
"!0

1

2�

???
2�0+i1Z

2�0�i1

d�

Z



h
�
v"(x; �)� v(x; �)

�
;  (x)i dx �

TZ
0

e�t'(t) dt
???

� c lim
"!0

+1Z
�1

kv
"
(x; 2�0 + i�)� v(x; 2�0 + i�)kL2(
)

d�

�

= c lim
"!0

� pZ
�p

kv"(x; 2�0 + i�)� v(x; 2�0 + i�)kL2(
)

d�

�

+

�pZ
�1

kv"(x; 2�0 + i�)� v(x; 2�0 + i�)kL2(
)

d�

�

+

+1Z
p

kv"(x; 2�0 + i�)� v(x; 2�0 + i�)kL2(
)

d�

�

�
: (6.5)

Íåòðóäíî ïîêàçàòü, ÷òî âäîëü ïðÿìîé Re� = 2�0 ïðè j�j ! 1 âûïîëíÿ-

þòñÿ îöåíêè
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kv
"
kL2(
) �

C"

j�j ; kvkL2(
) �
C

j�j :

Îòñþäà ñëåäóåò, ÷òî ïîñëåäíèå äâà èíòåãðàëà ïî � â (6.5) ìàëû ðàâíîìåðíî

ïî " äëÿ äîñòàòî÷íî áîëüøèõ p. Ïåðâûé èíòåãðàë ïî � èñ÷åçàåò ïðè " ! 0

â ñèëó (6.1). Èòàê, ôîðìóëà (6.3) óñòàíîâëåíà.

Óòâåðæäåíèå òåîðåìû 2 ñëåäóåò èç òîãî, ÷òî ìíîæåñòâî âåêòîð-ôóíêöèé�P
i

 i(x)'i(t);  i(x) 2 L2(
); 'i(t) 2 C1
0 (0; T )

	
ïëîòíî â L2(
� [0; T ]).

7. Êîýôôèöèåíòû óïðóãîñòè â ñëó÷àå ïåðèîäè÷åñêîãî

ðàñïîëîæåíèÿ ÷àñòèö â æèäêîñòè

Ïðîâåðêà óñëîâèé 2.1)�2.4) è 2.5b), î êîòîðûõ ìû ãîâîðèëè â ðàçä. 2, íå

âûçûâàåò êàêèõ-ëèáî çàòðóäíåíèé. Îñîáîãî âíèìàíèÿ çàñëóæèâàåò ïðîâåðêà

óñëîâèÿ 2.5a). Ýòî äåëàåòñÿ â êàæäîì êîíêðåòíîì ñëó÷àå ðàñïîëîæåíèÿ ÷àñ-

òèö â æèäêîñòè. Íàïðèìåð, äëÿ ïåðèîäè÷åñêîãî ñëó÷àÿ, êîãäà âçàèìîäåéñò-

âèå ìåæäó ÷àñòèöàìè îñóùåñòâëÿåòñÿ òîëüêî ïî ðåáðàì (äëèíû ") êóáà, åãî

äèàãîíàëÿì è äèàãîíàëÿì åãî ãðàíåé, à kij = k (ñì. (1.2)), ïðåäåëû 2.5a)

ñóùåñòâóþò. Ïðè ýòîì òåíçîð anpqr(x) îêàçûâàåòñÿ îðòîòðîïíûì, è åãî êîì-

ïîíåíòû îïðåäåëÿþòñÿ ôîðìóëàìè annnn = k(1 +
p
2+

4

9

p
3), annpp = anpnp =

k(
1

2

p
2 +

4

9

p
3), n; p = 1; 3, anpqr = 0 âî âñåõ îñòàëüíûõ ñëó÷àÿõ.

Â çàêëþ÷åíèå àâòîð âûðàæàåò ïðèçíàòåëüíîñòü Å.ß. Õðóñëîâó çà èíòåðåñ

ê ðàáîòå è ïîëåçíûå çàìå÷àíèÿ.
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Small oscillations of viscous incompressible �uid with

small solid interacting particles which have a large density

M.A. Berezhny

The motion of viscous incompressible �uid with large number of small

solid ball-shaped interacting particles, which have a large density, is con-

sidered. The asymptotic behaviour of small oscillations of such a system is

studied, when radii of the particles, distances between the nearest particles

and interaction power between them are accordingly decreased but the den-

sity of particles' substance is accordingly increased. The equations, which

describe the homogenized model of such a system, are derived.
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